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ON THE DOMAIN OF NULL-CONTROLLABILITY OF
A LINEAR PERIODIC SYSTEM

Byung Ho YooN

0. Introduction

In [1], E.B. Lee and L. Markus described a sufficient condition for which the
domain of null-controllability of a linear autonomous system is all of R?. The
purpose of this note is to extend the result to a certain linear nonautonomous

system. Thus we consider a linear control system

4 _ AW+ BOu
dt
in the Eculidean n-space R® where A(t) and B(¢) are nXn and nXm matrices,
respectively, which are continuous on 0<¢< co and A(#) is a periodic matrix of
period w. Admissible controls are bounded measurable functions defined on some finite
subintervals of [0, o¢) having values in a certain convex set @ in R™ with the
origin in its interior. And we present a sufficient condition for which the domain
of null-controllability is all of R”.

1. Preliminaries

Consider a linear control system in R*
1.1) %%:A@x+B@u

Where A(t) and B(z) are nXn and nXm matrices, respectively, which are con-
tinuous on [0, ©0) but not necessarily periodic.

For any bounded measurable control #(¢) on [#y,¢,] (t,>0) and for any initial
state xp at zo, (1.1) has a unique solution 2 (#) with x (¢,) :=z, existing on [¢, #;]
and this solution is given by

(1.2) () =F@g;t) xo+F yst) 5ty F1{tg;8) B u(s)ds
where F(ty;¢) is a fundamental matrix of the homogeneous system
dr
—dt_ =A (t) xT

with F(to:te) =1 (the identity matrix).
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DEeFINITION 1. We say that the system (1.1) is completely controllable at £,>>0
if, for any xg, 2; in R” there exists a bounded measurable control «(¢) on some
finite interval [y, #1] with values in R™ such that.

14
2= Fty:8) 2o+ Flto3 1) [ "F1(t0:) B(s)u(s) ds,
o o
that is, there exists a bounded measurable control on some finite interval [ty, ¢,
which steers xy to xy.

It is well known that the system (1.1) is completely controllable at #, iff, for
any £ >fn, the matrix

Mt 1) f i F'(to:) BOB () FV (to:8) dt

is nonsingular where the prime denotes the transposed matrix.

2. Domain of Null-Controllability

Let @ be a given convex set in R™ containing the origin in its interior and
consider a linear control system in R”

©2.1) %:A(m- FB(Ou, ue0

where A(#) and B(¢) are same as in (1.1) and admissible controls are bounded
measurable functions on some finite subinterval of [0, <¢) having values in Q.

DEerINITION 2. The domain of null-controllability of (2.1) at #,>>0 is the set
C(29) of those points xy in R* which can be steered to the origin by some
admissible control; that is, there exists a bounded measurable control () on
some interval [#, t;] having values in © such that

Ftosty) g+ F(ty; tl)fjl Flgs)Buls)ds=0
cquivallently,
T —ft' F~ty:8) B(s)u(s) ds
4]

It is clear that C(z)) is convex and 0c:C(¢,).

THEOREM 1. The domain C(t,) of null-controllability at t,>0 contains a
neighborhood of the origin iff the system (2.1) is completely controllable at t,.

Proof, For ¢, >ty let
Mto, £)) ﬁf F(te:) BB (O F Y (ty:6) dt
to

Then M(¢y, t;) is a symmetric matrix which is positive semidefinite.
Suppose that the system (2.1) is completely controllable at z,. Then M(z, #;)
is nonsingular for any #;>f. Choose any ¢, >#,. Since F~1(t5;¢) and B(t) are



On the domain of null-controllability of a linear periodic system a7
continuous on [ty 1], there exists a constant K; >>0 such that |F™1(z; 0) | <K,
and |B@) | <K for all g<t<<ey. Let

IM(t, t) | = Kp>0.
Choose r>0 so that |u|<r implies u=Q. Let x be any point in R" such that
r .
l.r!<m. If we let, for ty<<t<¢,,

E=—MGt) e, u(=B @®F Y (t;;)¢
then
lu(@) | =B OFY (1:0)& <K2Ksla|Tr
so that 2 (t) €0 for all to<it<t;. Moreover,
»«Jt’ F Uty ) B u () di — —ft' FlGta)BOB (OF™Y (t:8) & dt
‘f‘i“M(tos t)é=ur. !
Thus & C(ty); that is C(¢y) contains the set

TER"; rc‘(f——f——vl
{ SRR |
Conversely, suppose C(#;) does not contain a neighborhood of the origin. Then
C(ty) lies on a hyperplane passing through the origin. Thus there exists a nonzero
vector £ in R” such that, for any #;>#, and for any admissible control «(¢) on

Tto.t1l,

13

J CF N to; ) B@u () dt=0.

Lo
For any #;>>#;, consider the control u(£) =B () F™V (t¢;)T" on [ty, #;]. For [{]
sufficiently small # () €Q for all #<{t<#, and we must have
LR Yt t) BB (O F ™V ()0 d .
to
=L My, )T = 0.

Thus M(zy, #;) is singular so that system (2.1} is not completely controllable at
to.

(31

3. Linear Periodic System

Now consider a linear periodic system in R”

(3.1) %:A(t)ow(t)u, w0

where A(t), B(t) and @ are same as in (2.1) and, in addition, we assume that
A(#) is a periodic matrix of period @ on [0, <o).
If F(¢) is a fundamental matrix of the corresponding homogeneous system

(3' 2) mail' =A (l) @&
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then, by Floquet’s theorem, there exists a periodic nonsingular matrix P{&) of
period w and a constant matrix R such that F(t) =P()exp(tR). We call the
eigenvalues of the nonsingular matrix exp(wR) the multipliers of the system(3.2)
and the eigenvalues of the matrix R are called the characteristic exponents of the
system (3.2).

Following lemma is well know.

LEMMA. If all the characteristic exponents of the system (3.2) have negative
real parts, then the zero solution of (3.2) is asymptotically stable.

Combining Theorem 1 and the above lemma, we obtain the following theorem
which is the main result.

THEOREM 2. For the linear periodic system(3.1), suppose
(1) 0 is in the interior of
(2) system(3.1) is completely controllable at every t >t,
(3) characteristic exponents of (3.2) have negative real parts.
Then the domain C(t,) of null-controllability of (3.1) ai ty is all of R".

Proof. Let x; be any point in R* and choose the control #(#) which identically
zero for all ¢>0. If x(z) is the solution of (3.1) corresponding to u(¢) with z ()
=y, then, by condition(8), x(¢') belongs to C(¢') for sufficiently large #'. But
then there exists an admissible control ©(¢) on some interval [¢',#,] which steers
x(¢') to the origin.
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