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ON NEW CLASSES OF UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

SHIGEYOSHI OwaA*

1. Introduction

Let & denote the class of functions f(z) of the form
1.1) f(=) ':z+§ apt

which are analytic in the unit disk %= {z : |2|<1}. We denote by  the subcl-
ass of univalent functions f(2) in @ and by J* and K the subclasses of < whose
members are starlike with respect to the origin and convex in the unit disk %,
respectively. A function f(z) in 4 is said to be starlike of order a(0=a<{1) in
the unit disk % if and only if
2f (=)
(1.2) Re{ L }>a
fo z=. Further, a function f(2) in # is said to be convex of order & (0=a<1)
in the unit disk % if and only if
. Zf” (22.
(1.3) Re{1+ i }>a
for z€%. We denote by S*(«) and &K (a) the subclasses of A4 whose members
satisfy (1.2) and (1.3), respectively. Then, it is well-known that J*(a) CJ¥,
K(a) c K for 0<a<1 and that S*(0)=*, K(0)=X for a=0.
Ruscheweyh [9] introduced the classes &, of functions f(z) in 4 satisfying

on (n+1)
(1.4) Re{ ((;nflgf()z)))(n) }> n—gl

for ne% U {0} #=1{1,2,3,--}) and z€% and showed the basic property

(1.5 K1 C K,y
for each ne# U {0}, where K,=3*(1/2) and X, =&.
Let

*This research was completed while the author was visiting at the University of Victoria,
Victoria, British Columbia, Canada.
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(o) — 22 ()P
(1.6) D*f(2) =

for ne% U {0}. This symbol D"f(z) was named the nth order Ruscheweyh deri-
vative of f(z) by Al-Amiri [2]. We note that D'/ (2) =f(2) and Df(2) =2f' ().

The Hadamard product of two functions f(2) €4 and g(z) €4 will be denoted
by fxg(2), that is, if f(2) is given by (1.1) and g(2) is given by (1.1) and g(2)

given by

1.7 g(z):z+i:2] byt
then
1.9 Frg(@) =2+ 3 aibi

By using the Hadamard product, Ruscheweyh [9] defined that

1.9 D) == ) @) (B2 -1

which implies (1.6) for 3&#% U {0}. With this notation {1.9), we can observe
that the necessary and sufficient condition for a function Sf(2) in 4 to be in the
class &, is

(1.10) Re{ D;}f(g—)— }>~:12-— (z€l).

Furthermore, in this notation (1.10) also a class &K_; can be defined as the class
of functions f(z) in 4 satisfying

(1.11) RefLlzL|> 1. (=€),

Since K=5*(1/2) €S*CS, Ruscheweyh’s result implies that X,CS*C.S for each
ne¥ U {0}.

Recently, by using the nth order Ruscheweyh derivative of f(z), Singh and
Singh [10] introduced the subclass @, of & whose members are characterized by
the following condition

Dntl (z) n
(1.12) Re{ D"f{z) }> n+1 (x€)
for n€%U {0}. We can see that Ry=ct* and ®,C X, for each nc#, immediat-
ely. Hence R, is a subclass of J*C<S for each n=# U {0}. Further we can show
that &,,,C R, for every nc¥ U {0}.
In the recent years, many classes of functions defined by using the »th order
Ruscheweyh derivative of f(z) were studied by Al-Amiri [2],[3], Bulboaca (4],
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Goel and Sohi [5], [6] and Owa [7], [8].
In the present paper we introduce the following classes &R,* by using the zth
order Ruscheweyh derivative of f(2).

DEFINITION. We say that f(2) is in the class &, * (&% U {0}), if f(2) defi-
ned by

(1.13) fle)=2z— ,E__ZJ at (a:=0)

satisfies the condition (1.12) for n&% U {0}.

2. Distortion theorems

THEOREM 1. Let the function f(2) be defined by (1.13). Then f(2) is in the
class R,* if and only if

. (k+a—1)1k
2.1 % G-

Equality holds for the function defined by

akgnl.

2.2 f(2) :z—?—(’—?il) 22,

Proof. Assume that the inequality (2.1) holds and let |2]|=1. Then we get

Dn+1f(z)
(2.3) D) -1 ]

I S 1) (bt n—2) -k (k- Daget!
(41— (2 +1) g'_i:z@mml) (Bt n—2)--kage*1

% (k+n—1) (k-+-n—2)-k(k—1)az|z|¥!

= m+D1—(n+1) ki;(k 1) (k+n—2)-kay|z|*!
- i_::(kfi-n-ﬂ) (h+n-—-2)--k(k—1)ap

(D)1= (D 35 (kb n—1) (kb -n—2) oohay
21

This shows that the values of D" f(z)/D*f(2) lie in a circle centered at w=1

whose radius is 1/ (n4-1). Thus we can observe that the function f(2) satisfies
(1.12) hence further, f(2)=®,*.

For the converse, assume that the function f(z) belongs to the class ®,*. Then
we have
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2.4 Re{-—%—{}(—)@—}

(n+1)! -g (k+n) (b-+n—1) - bagzt!

=Re 2
4+ —(n+1) ?::2} k+n—1) (k+n—2) - -kazet1
n
> n+1

for z€%. Choose values of z on the real axis so that D" f(z) /Daf(2) is real.
Upon clearing the denominator in (2.4) and letting 2—1- through real values,
we get

2.5 DI=3 k) btn—1) ke

>< n
“\n+1

which gives (2.1).
Further we can see that the function f(z) given by (2.2) is an extreme one
for the theorem. Thus we have the theorem.

>{(n+1) L= (241 55 Gkt 1) (k+n~2)---ka,,}

COROLLARY 1. Let the function f(2) defined by (1.13) be in the class R,*.
Then

nl(k—1)!
@9 =TT TE

SJor kz2. The equality holds for the function f(2) of the form

o) — o =D
2.7 f(2) =2 mz*

THEOREM 2. Let the function f(z) defined by (1.13) be in the class (R,*. Then

we have

(2.8) Sz =]~ |22

2(n +1)

and

(2.9) F@ S lel el (212

Jor 2&U. The results are sharp.

Proof. Since f(2) €R,*, in view of Theorem 1, we obtain

] i . (k+n—1)k
(2.10) w12 2 as 3 ST

= nl
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which implies that

- - 1
ST oap e,
(2. 1D = k= 2(n+1)

Therefore we can show that

(2.12) FOIETE EEI Ry
R SR
=l 5y I
and
(2.13) HOIEIERANE f; a
=lzft 2(71#1) lz]?
for 2=l

Finally, by takmg the function

COoN e 1 2
(2.14) S=) ==z FICEIRA
we can see that the results of the theorem are sharp.

COROLLARY 2. Let the function f(z) defined by (1.13) be in the class K*.
Then f(2) is included in a disk with its center at the origin and radius r given
by

5 1E 4;; T)__‘_
(2.15) A TrRR

THEOREM 3. Let the function f(z) defined by (1.13) be in the class R,*. Then
we have

(2.16) 7@ 121= (A=)
and
(2.17) FECIESEREs i)lzi

for zc¥. The results are sharp.

Proof. In view of Theorem 1, we obtain

(2.18) (n FI)! k“‘ kay=< 2—;‘ %ﬁak

= ol
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which implies that
(2.19) ka1

Hence, with the aid of (2.19), we have

(2.20) @121 151 3 b
wq {1 .
1-(54y) =

and

(2.21) FHOIEIEa puy
gu-(n-}—l)lzi

for z&%. Further the results of the theorem arc sharp for the function f(2) gi-
ven by (2.14).

COROLLARY 3. Let the function f(z) defined by (1.13) be in the class (B,*.
Then f'(2) is included in a disk with its center at the origin and radius R gi-
ven by

_nt2
(2.22) Re=t

THEOREM 4. Let the function f(z) defined by (1.13) be in the class R,*. Then

we have

. - 2
) 0 ”n Pa / )
(2.23) [f7(2) ] <51
Sor z&4.
Proof. With the aid of Theorem 1, we can see that
5 . D! s pen 1y e s ktn—1) 1k

ol

which gives that

¢ 14 EL‘ —_ 2
(2.25) %k(k 1>ak<n+1-
Consequently we have
(2. 26) L7 ()15 5 k(= Dasiz|*2
<2

nt-1°
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COROLLARY 4. Let the function S(z) defined by (1.13) be in the class R*.
Then f"(2) is included in a disk with its center at the origin and radius
2/ (n+41).

3. Closure theorems

THEOREM 5. Let the functions

(.1 O R e (as,i220)
be in the class (R,* for every i=1,2,3,-,m. Then the function h(z) defined by

(3.2) h®) =3 e fi2) (¢:20)

is also in the same class &*, where

m

(3.3 Y =1,
F:x1
Proof. By means of the definition of h(z), we obtain

(3. 4) h(z)=g— i; (?LIJ Cz'ale,i) 2k,

Further, since Ji(z) are in R,* for every 1=1,2,3,+-,m, we get

(:)5) \'Niw (k“{'ﬂ—'])!k

<l
’ = (D) ks
for every j=1, 2,3,-+-,m. Hence we can see that
o o o (Rt -1 1k Vo )
(-3- ()) 2__2; %‘(k_—:[)"!" (\ﬁ Czuk,z

S ey etk )
-?_T, c’{%:_:zl _T“ljf—_—ak"f
”(‘\;l‘ c,v)nf

=gt

with the aid of (3.5). This proves that the function A(z) is in the class R,* by
means of Theorem 1. Thus we have the theorem,

THEOREM 6. Let

@7 Jilz) =2
and
(3.8) Si() mp— KDl

Grr-1E"
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Jor k€¥—{1}. Then f(2) is in the class R,* if and only if it can be expressed
in the form

(3.9) F®&=3 MA@,
where 2,20 and

(3.10) s Ap=1

S
i

Proof. Assume that

(31D FO=5 WhH®

pym (A=D1 !n! b
SR GEasD R

Then we have
. > f(k+n—Dk (k=D !nl <
(3.12) .:z{ F=DT  Gtn—D% bjsn.
Consequently we can see that f(z) is in the class &,* by means of Theorem 1.

Conversely, suppose that f(2) is in the class *®R,*. Again, with the aid of
Theorem 1, we get

o 1 < _(k—1)!n!
(3.13) U= G a1) 1k

for k&% — {1}. Setting

. _ (k+n—1 1k
(3- 14) Z —Wa

for k&#%— {1} and
(3.15) 21:1—-;%‘ At

we obtain the representation (3.9). This completes the proof of the theorem.

4. Modified Hadamard product
Let f(z) be defined by (1.13) and g(z) be defined by

@.1) g(2)=2— 3 bt B:20).
And let fxg(2) denote the modified Hadamard product of f(z) and g(z), that is,

4.2) frg@=2— 3 abih.



On new classes of univalent functions with negative coefficients 51

THEOREM 7. Let the functions f;(z) defined by (3.1) be in the class Ry, for ea-
chi=1,2,3, -, m, respectively. Then the modified Hadamard product Jrxfokekf(2)
belongs to the class R,*, where n:{rgl_in {n}.

Proof. Since fi(z) ER,* for each i=1,2,3, -, m, we have
1 .
. = “ee
(4.3) @S (i=1,2,3--,m)

by using Theorem 1. Therefore we can see that

o (k- lk( S
= O] (”ﬁ“ﬂ>
n!2(n+1)

i 2(n+1)

4.4

iIA

n!

A

with the aid of (4.3), where nzer_ign{n,-}. This shows that the modified Had-
amard product fykfoxe-f,,(2) is in the class &,*.

COROLLARY 5. Let the functions f;(2) defined by (3.1) be in the same class R,*
Jor every i=1,2,3,-,m. Then the modified Hadamard product fixfax---%fm(2)
also is in the class R,*.
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