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EQUIVALENT CONDITIONS IN TOTALLY UMBILICAL
SUBMANIFOLDS OF A KAHLERIAN MANIFOLD

Yone Ho Suin ano Har Gon JE

0. Introduction

In the past seventies, Ako{1], Blair and Ludden({2]-
(4. Yano([21, [3], [26]-[33]), Okumura({4], [17],
(181), Chung[5], Eum[6], Ki([5]-[13], [31]-(33]), Kim
(117, Pak((12], (133.{191), Kwon[14], Lim and Choe[15],
and Shin{[20]-[22]), studided a structure induced on a
hypersurface of an almost contact manifold or a sub-
manifold of codimension 2 of an almost complex manifold,
During the last 10 years, in spite of their vigorous efforts,
the investigation about the submanifold of codimension
2 of a Kdhlerian manifold was not carried out success-
fully.

In 1967, Okumura[17] proved the following theorem
A and in 1971, Ki[7] extended the theorem A under
some conditions.

Tueorem A. Let M be a complete, connected 2n-dimen-
stonal totally umbilical submanifold with non-zero mean
curvature vector u of a (2n+2)-dimensional Kiklertan
manifold.

(*) Suppose that for any tangent wvector X to M the

~J
coparignt derivatives of the mean curvalure vector yyH
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ui:u‘gh' vi:v'g“,
Z,, being the Riemannian metric on M?”* induced {rom

that of Men+2
From the equation (1.2) and (1.4), we have

[ fr==8"tvu*+v,0%,
g, =g —uui—v,0,
(1.5) Flu,=2v; or flu'=—20%,
Ff'lo.=—2u, or flro'=2Aut,
wt' =o' =112, up'=0.

Putting f,.=f,'g., we can easily find that f, isskew-
symmetric, that is, M?7admits an (f, g, %, v, )-structure,

We denote by { ﬁ} and p, the Christoffel symbols for-

med with g,, and the operator covariant differentiation

with respect to i ;;} respectively.

Then the equations of Gauss and Weingarten are

| v,B. =0,B "+ [ﬁ’:}(; } BB —B,* {k}

72
=h,.C"+k,.D"
(1.6) ~ . .
piC*=0,C*+ {5} BfC'=—h/B+1,D",

| 7,0 =0,D+ [ ;fﬂ B/D*= —k, B —1,C*

where %;, and #,, are second fundamental tensors of A2”
with respect to the normals C* and D* respectively, 4, =
kg k'=k,g'" and I; is the third fundamental tensor,

Differentiating (1.4) covariantly along M?” and taking
account of (1.3) and (1.6). we obtain
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VJfL(::-'h.iiuh'%"k)kua_ijvh+k1ﬁvin
(1. 7) Py = "h’l .fc —Jk,-,-}—l,v,,

710.: --k,,f.‘—'bzk,‘,-—z,%”

v,A=k,u'—h,0'.

The mean curvature vector field H* of M2n+2 is defined
by H*=aC*+8D",

h ':_I ¢ =—1_ f
where a Z%h” 8 an,.

The mean curvature of Mz#in M3%+2 is the maghitude
of the mean curvature vector field, that is,

p=ar4- g,

If the second fundamental tensors of M2% are %,,=:ag,,
K;=B8g,, then M2% is said to be totally umbilical [17].

I. Equivalent conditions in totally umbilical
submanifolds.

In this section we assume that AM2# is totally umbilical

submanifold of A2"+2, Then we have from (1.7)

(2' 1) V)f!h: —aghuh_{—aafhut - ﬁg)lvh+ﬁafhvi'
(2'2) V,u,:af,-,hlﬁg},-}—f,v,,

(20 3) V;?)l:ﬁfﬁ"}_zagjlﬁl}u“

(2.4) Vylzﬁ“j_avu

respectively,

First of all we prove

Lemma 2.1, Let M?* pe g 2n-dimensional totally um-

bilical submanifold of a (2n4-2)-dimensional Kihlerian
manifold.
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Ther the following conditions are equivalent to each
other;

(1) The covariant derivative of the mean curvature
vector

v, H* is tangent to M,
(2) ria=pli, v.p=—al,,
(8) The equations of Codazzi are
{V*k;,-—V,h,,::l,k,,-l,k,,,
Uik, —7 k=, — Uik,
(4) 7, 2= —(a?+ %) 2g,,.
Proor, (1)<=(2) see[17].
(2)=>(3): Since M2” js a totally umbilical submanifold
of hﬁ'/!”“?, we easily have

Vihik _thh = (Vka)gin - (VJa)gbxz(ﬁlk}gn‘ - (51;){,’“

=lkk“““‘zzkk‘
Viku'_VJk&z :(V&.’s)gu — (V/ﬁ)ghz(“-azk)gn’ - ("‘alj)gﬁs
zli;zti—z)kh'

with the aid of (2),

(2)=(3): Transvecting g? to the equation of Codazzi,
we find the equations in (2).

(2)=>(4): Differentiating (2.4) covariantly along M,
and using (2.2),(2.4), we obtain

(2.5) P, A=—(a®+£0)2gs,+ (7iB+al)u;— (7,a—Bl)v,.

If the equations in (2) hold on whole M2 from(2.5)
we obtain

7l A= —(a®+-§%)2&;..
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(@)= @) If 7up,2= — (a+p2)2gs, holds in M
we also have from (2.5)

(2.6) (riBtal)u,—(Fa—Bl)ov,=0

To begin with, let us consider the following two
cases.

(Case 1) If there is some open set in {P=M2*3(p)=
1}, then #,=v,=0 holds on the open set because of 1—212
=(.

Differentiating these covariantly and using (2.2) and
(2.3), we find

af}i—zﬁgn:o' ﬁfil"i_xagnh__o

Since f,, and g;, are skew-symmetric and symmetric
with respect to 7 and 7 respectively, we easily verify
that a=8=0.

Hence the equations in (2) hold on the open set.

(Case ) If 1—-22#0 a,e.,on an any open set {PcM27 |
A2(p)+#1}, then transvecting {2.6) with #’ and v’ respec-
tively yields

pibt+al,=0, rra—Bi,=0. (Q.E.D.)

According to the equations in (2), the mean curvature
vector p is constant.

Now, let us consider this result case by case

(i) p=a?24-$2=0 implies k; =k, =0.

(ii) p#0 implies p;;7.i=—(a®+82)Ag,.,
where we have used (2.4).

Summarizing the above results (i), (ii) and Obata’s
theorem{16], we obtain

Treorem 2.2. Let M?" be a ocomplete cnnected totally
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umbilical submanifold of codimension 2 of Kahelridn

manifold Men+2,

If one of the conditions in Lemma 2.1 holds on M?»,
then M?” is a toally geodesic submanifold or a sphere
Sz,

. Submanifold of codimension 2 with normal
(f, &, u,v,)-structure,
We now define a tensor field N of type (1,2) as follows:
Nnk:[.f' f]u'k_F‘ (V}”i_yaaj)u*'}‘ (Vjvl—_ﬁlv;)vhl
where [f,f],.* is the Nijenhuis tensor [26] formed with
f,} defined by
S =K f L o f = if = f

The (f,g,%,0,2)-structure is said to be normal ([27])-
{33]) if N,;* vanishes identically,

In this section, we assume that the totally umbilical
submanifold M?* with (f, g,%,v, 2)-structure is normal,
Then we have

G o~ )ut — a1 u)v* =0
because of (2.1).(2.2) and (2.3).

Applying (3.1) with %, and ¢ successively, we obtain
3.2) I,(1-22)2=0

with the aid of (1.5).
If there is some open set in {Pe=M?2%[32(P)=1}, then
we can easily verify that

P, A= —(a?+B2)Ag,;
because of (2.5) and (1.5).
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And if 1—22%0 a.e¢., then (3.2) gives {,=0,
Now, differentiating (2.2) covariantly, we obtain

F&V}z‘lt ‘—7&7;2'11ZZ(V&a)fn+2a(“agk;&h+agkiu1
—Bgu it Bguiv)

because of (2.1) and the fact /,=0, from which, using
Ricei identity,

(3.3) (7ra)fut+ (7o) f ot (7.0) f1:=0.

Transvecting (3.3) with f#, we find.
3.4 (7:0) (n—14+2%) —pa+ (w'y je) e+ (077, 0)0:=0.
If we transvect »* and »* to this respectively, and make
use of (1.5), it means

{3.5) w'y, a=0, v*p, a=0

provided that dimM?#>2,
Substituting (3.5) into (3.4), we see that a=constant,
Similarly, we can verify that g8=constant from (2.3).
Therefore, taking account of (2.5), a=constant, 8=
constant and /,=0, we have

77, A= —(a*+p2) g0
Combining theorem 2.2 and the above result, we conclude

Theorem 3.1. Let M2% be a complete connected toially
umbilical submanifold of codimension 2 of a Kahlerian
manifold Moz,

If the induced(f, g, u,v,2)-structure is normal and dim
M >2, then M2 is the same type of Theorem 2.2.
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V. Submanifold of codimension 2 in a locally
Fubinian manifold

In this section, we consider a submanifold AM?2” in a
locally Fubinian manifold, that is, a Kihlerian manifold
of constant holomorphic sectional curvature. Then its
curvature tensor is given by

(40 l) %yplﬁzK(vaGpl__Gpthl—!’-Fv Fﬂl_Fﬂanl—szﬂFis)t

where K is constant(see[8],[17]).
Substituting (4.1) into the equations of Gauss, Coda-

zzi and Ricci,
yp)lB;,Bj’Bier‘=R&i;h""khhh1i+hikhki-“khhkﬁ'f‘k;hkus
vﬂ:B:B;"BiIC‘ZV&hIa —thki_lﬁk)i+llk£n
,,,“B,"B,"B,"D’ =7kkja*7.ykki+lkhu‘*lkﬂu'o

B, BYBACD =g 0,0 Lt bk — B ki,

AL WL AN

we have respectively

4.2) K(gug—En&ut+Funfii—Funfs—2ffin)
=Rinn—Rush, tBisky, —Rinki Rk,
(4. 3) {Vihii —ijbl —-z‘k,ﬂ +z1kk£:K(”kfh _'uffi{ _'2ul'fﬁ))'
Piki—V ikt Lk, — L =KOuf i —0,fii —20.f3i),

(4.4) vid,—vilit k) —hi kS =K, —v,0, 23 f 1) -
Throughout this section, we assume the submanifold
M?” is Bg,,.. Then the first equation in (4.3) can be

transformed into
(4.5) (rie—Bl) gn— (Fia—Pl)gv.=K(urf i —wif ¢, —2¢0: 1)
Transvecting gi'to (4.5) and using (1.5) yields
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(4.6) (2n—1)(Fia—Bl)y=—32Kv,.
Substituting (4.6) into (4.5) X (2#z—1), we easily have
(4. 7) —32Kv;g‘,,+331{v,gu:(27@—1)K(%*f;e-uifu—2%sf&;)-
Transvecting (4.7) with #, and using (1.5) gives

3AKv,u;=(2n—1)K{(1—22) f ;i —u,(—Av;) —2u;(—2v;) }.

Again, transvecting »xz to the above equation, we
also obtain

3AK(1—22)2=3(n—1) KA(1—4%)2.

If 2(1—2A2)%0 a.e., we have K=(2n—1)K, which means
K=0, if »n>1.

Furthermore we have from (4.6)
4.8) V=B,

On the other hand, from the second equation of (4.3),
we get
4.9) Fb+al)g, — . Btal)g.=K@if ;.—0,fu—20.f1s)s
where we have used z,;=ag,, and k,,=§g,..

Transvecting g,; to (4.9), we also obtain

(4.10) 2n—1) (Fb+aly) =32Ku,.
Substituting (4.10) into (4.9)X (2z—1) yields
(4.11) (31Ku.) g,,— (3AKu,) g:,= (2n—~1) K(0s f .

=0, fri—20.f4:).
Transvecting v* to (4.11), we easily have
—31Ku 0, = 2n—1)K{(1 -2 f,;—v;(3u,) —20.(24;) }.
And also, transvecting #’ with the above equation
gives
—32(1—A2) Kv,= —-30@2n—1)2(1-2%) Kv;,,

where we have used (1.5).



124 SriNn YonGg Ho anp Je Har Gaw

Now, if 2(1—2%)%0 a.e, then K=(.

This means

4.12) 7= —al,.
To begin with, let us consider the following two cases,

(Case T) If there is some open set in {PTM2#{1(P)=0},
we oBtain from (4.6) and (4.10)

vit=ps(al+B2) =2(ara4-r.8) =2(afl;—apl,) =0.
This means that g=a2482% is constant.

(Casell) If 230 a.e, on any open set {P=M?2#i(P)
20},

then we also think the following two cases (A) and
(B), that is,

(A) if 1—22%0 a.e., on the open set, from (3.8) and
(3.12) we obtain that u=a?+82 is constant,
. (B) if there is some open set in {P=M2*((1 —22)(P) =0},
then #,=v;=0. Hence we deduce (4.8) and (4.12)
from (4.6) and (4.10). By usingithe same method, we
know that g=a?4 B2 is constant on M2* ., Hence, by mak-
ing use of theorem 2.2, we have

Theorem 4.1. Let M?* be a complete connected totally
umbilical submanifold of codimension 2 in a locally Fu-

binian manifold Moan+2, If dim M?>2 then the submani-
Jold M is a totally geodesic or a sphere S2=,
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