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ON EXISTENCE OF FIXED POINTS IN
2-METRIC SPAECS

YeoL JE CHo

In this paper, several fixed point theorems for a pair
of mappings of a (S, T)-orbitally complete 2-metric space
into itself are proved. In [2] and {63, L.B. Ciric and
R.E. Smithson introduced the concepts of orbital comp-
leteness and orbital continuity of mappings on metric
-spates and K. Iseki extended the concepts of orbital
completeness and orbital continuity of mappings on
metric spaces and K. Iseki extended the concepts of
orbital completeness and orbital continuity to 2-metric
spaces ([3]). Especially L.B. Ciric proved the {ollowing
theorem ([2]) : Let (X,d) be a T-orbitally complete
metric space and a mapping 7T of X into itself be orbit-
ally continuous. If T satisfies the following condition:

min {d(Tx, Ty¥), d{(x, Tx), d(y, Ty)}—min{d(x, Ty),
d(y, Tx)} <ad(x,y)

for every x,v in X and for some a (0<a<(1), then for
each x, in X, the sequence {7"x,} converges to a fixed
point of 7.

Motivated by this result of L.B. Ciric, J. Achari ([173),
K. Iseki ([4]) and S.N. Mishra ([5]) extended this res—
ult to multivalued mappings on metric spaces and 2-
metric spaces, respectively.
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Before going our main theorems, we need the follo-
wing definitons:

DeriniTioN 1. -In a 2-metric space (X,d}), if d{(x.,, x,
2) converges to ( for all z in X as #—oo, we say that
a sequence {x,} in X converges to x and x is called the
limit of this sequence.

DermviTioN 2. In a 2-metric space (X,d), if d(x.,
%X, 2) converges to ( for all zin X as m, n—oo, we say
that a sequence {x,} in X is called a Cauchy sequence in
X. If every Cauchy sequence is convergent, X is called
complete.

DeriniTion 3. Let S and 7T be two mappings from a
2-metric space (X,d) into itself. For any x, in X, a
sequence 0(xp S, T) ={x=x, %,=Sxs X2=Txp X3.=
TXonels Xonp1=S%gny w2+ } is called an orbit of S and T at
the point x; in X.

DeriniTION 4. A 2-metric space (X, d) is (S, T)-
orbitally complete if every Cauchy sequence contained in
the orbit of S and 7 at some point converges in X.

If S=T in Definition 3, then 0(zy, S, T) is called an
orbit of T at the point x, in X, and a 2-metric space
(X,d) in which every Cauchy sepuence contained in the
orbit 0(xy, T, T)=0(%p, T) converges is called T-orbitally
complete.

Remark 1. Every complete 2-metric space is (S, T)-
orbitally complete but the converse is not true. For
example, Let X=(0,11X(0,1] and define a 2-metric 4 on
X by
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for every x=1(x3,%3), y=(¥1, ¥2) and z=1(2;, z5) in X, Let

— (Xl vt
T(x7 y)‘_ 2 r 2
¥ in X. Then a 2-metric space (X, d) is (S, T)-orbitally

complete but not complete.

) and S(x, ¥)=(x, y) for every «x,

Derinttion 5. A mapping T of 2-metric space (X,d)
into itself is said to be sequentially continuous if for
every sequence {x,} such that d(x,, x, z) converges to 0
for all z in X as #n—o0, d(Tx., Tx, 2) converges to 0
as #—oo. A mapping T is talled orbitally comtinuous if
for all zin X, d(T"x, ¥, z) converges to as z—co implies
that d(T"*x, Ty, z) converges to ( as #xu—oo. Every
sequentially continuous mapping is orbitally continuous.

Now we are ready to give our main theorems:

Tueorem 6. Let (X,d) be a (S, T)-orbitally complete
2-metric space and mappings S and 7 of X into itself be
sequentially continuous. If mappings S and T satisfy
the following condition (A):

(A) min {d(Sx, Tw, 2), d(x, Sx, 2), d(y, Ty, 2),
a(Sx, TSx, 2), d(y, TSx, z)}

+kmin {d(x, Ty, z), d{y, Sx, 2}, d(x, STy, z),
d(Ty, TSx, 2)}< ad(x,,2)

for every x, y, z in X, where ac={(0,1) and k is a real
number, then the orbit of § and T at x, 0(xe S, T),
converges to a point # in X and # is a common fixed
point of S and 7. If £>>a, then S and 7 have a unique
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common fixed point in X.

Proor. For given %, in X, consider the orbit of S
and T at the point xy 0(%p, S, T)={xe=%, £1=S¥%y %2=
Tx1y s Xgw=T Xgn1s Xaps1 =SKgny w+eene }. If, for some m,
Xp=Xa+1, then S and 7 have a common fixed point «,
in X. Thus we suppose that x, % %, for all m=1,2,3,
From the condition (A), for x==x,, and ¥ =%z,+1, we have

min{d(Sxz., T%zn+15 2)y d{Xan, Sxaw, 2),
d{%2nt1, THza41, 2), d(S%y, TS%s., 2),
d(X3n1y T'SXzay 2)}

+kmin{d (€2, Txza11, 2), d(X2nt1, SXae, 2),
d(X2ny ST%onr1, 2), d{TX2a11, TS%2n, 2)}
ad(X3ny X3nr1, B)

or

min{d(x2n+19 Xant2y Z), d<x2:u X2nt1y Z)}
<ad (Xzay Xantt, 2)

for every non-negative integer ». Since (X,d) is a 2-
metric space, d{(Xg, ¥2nr, 2) 7 0 for some z in X, Hence
if d(%2ny, %zpa1, 2) <d{X3u41, Xat2, 2), then we have d
(%20, %2001, 2) <ad (%2, %ans1, 2) for e=(0,1), which is
impossible and so we have d (%1, Xzas2, 2)<ad(Xxs,
X.+1, 2). Similarly, we have &(%3., %gut1, 2)<@d(%gy.1,
Xaay 2). Therefore d{xn, Xm+1, 2)<a@{(Xni, %n, 2) for
every non-negative integer # and hence since d(x,, i,
Xpn) K d{Xp, Xyy Xm1)F (X, Xpoty, L) +d(Xpoy, %1, %)=
d{Xoy %1y Xper) +d(Xny Xmoy, X2) 48 (Xmy Xm-1, %1), We have

d(xl]’ X1, xm) <d (x{)r X1, xm-l)""am’l (d(xlv Xy xﬂ)
+d(xl9 Xos xl)):d(x(h X1, xm-l)

éd(x(), X1y xm-Z)
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<d (%9, X3, %3)
Lad{%q, %g, X1)
=().

m~n-2

Therefore, from d{(x,, x, z2}< god(xm, Kntky Xntatr) T

) (d (%9, %1, 2)+d (X, X1, 2)),

i
k% A(Xnrsy Xniariy, 2) <
it follows that {x,} is a Cauchy sequence. Since (X,
d) is a (S, T)-orbitally complete, {x,} converges to some
point % in X. Using the sequential continuity of S, we

have

«
1l—a

0<d(u, Su, z)
<d(u, Sty Xpnr1)+d U, Xgni1, )+ d (%2041, S, 2)
:d(us Su’ szn)'i'd(ua Xontly z)'i'd(sxmn S“s 2‘)

— {} as n—o0,

Therefore d(u, Su, z)=0 for all z in X. Thus = is a
fixed point of S. Similarly, = is also a fixed point of
T, that is, # is a common fixed point of S and 7. Next,
let 2 >a and to prove the uniqueness of a common fixed
point of S and T, let » and v be common fixed points
of S and 7. Since (X,d) is a 2-metrics pace, there exi-
sts a point w in X such that d(v, #, w)7 0, For this
w in X,

min {d(Sv, Tu, w), d(v, Sv, w), d(u, Tu, w),
d{Sv, TSv, w), d(u, TSv, w)}
+kmin {d(@, Tu,w), d(u, Sv, w), d(v, STu,w),
d(Tu, TSv, w)}
wad(v, u, w)

gives
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[ 4

k

which is impossible. Therefore #z=v». This proves that
S and 7 have a unique common fixed point # in X.

dw, u, w)<—-d@, u, w),

Remark 2. In Theorem 6, if we take S=7, we havea
sequence {x,}, where x,=T"x, such that d(x,, », 2)
converges to (0 as #—oo. Since T is sequentially contin-
uous, it is orbitally continuous. Hence we have d(7x,,
Tu, z) converges to ( as #—oo. Thus, in Theorem 6, if
T=S is orbitally continuous, {7"x,} converges toa fixed
point # of 7. If k=—1 and (X,d) is a bounded complete
9-metric space, this result is similar to the result of
S.N. Mishra ([5]).

CoroLrary 7. Let (X,d) be a (S, 7)-orbitally com-
plete 2-metric space. 1f mappings S and T of X into
itself satisfy the following condition (B):

(B) min{d(Sx, Ty, 2), d(x Sx,z), d(y, Ty, 2}
+kmin{d(x, Ty, 2), d(y, Sx, 2z}}
<ad(x, y, 2)

for every x, y, z in X, where & &(0,1) and k is a real
number, then the orbit of S and T at x5, 0(x0, S, T),
converges to a point # in X and  is a common fixed
point of S and 7. If £>>a, then S and T have a unique
common fixed point in X.

We note that in Corollary 7 if we put S=7 and k=-1
and if (X,d) is a bounded complete 2-metric Space and
T is orbitally continuous, then we have the result of K.
lseki ([3]), which extends the result of L.B. Ciric([2]}
to a 2-metric space.
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For any positive integer powers of S and 7, we have
the following theorem from Theorem 6:

Tueorev 8. Let (X,d) be a (S, T)-orbitally complete
2-metric space and mappings S and 7 of X into itself
be sequentially continuous. If mappings S and T satisfy
the following condition (C):

(C) min{d(S’x. T, 2), d(x, S'x, z), d(y, Ty, 2),
d(y, T'S'x, z), d(y, T'S’x,2)}
+kmin{d(x, Ty, 2), d{(y, S'x, 2), d(x, S'T'y, 2),
d(T'y, T'S’x, z)}
<ad(x, ¥, 2),

for every x, », z i X mmt for seme positive integers 5
and {, where a= (0,1) and k£ is a real number such that

k>a, then S and 7 have a unique common fixed point
in X.

Proor. If we take P=S' and @=7T", by Theorem 6,
P and Q have a unique common fixed point # in X,
that is, Pu=@Qu=u. From this,

Su=PSu=QSu and Tu=PTu=QTu,

that is, Sz and Tu are common fixed points of P and
Q. 1f we put x=Sx and y= T« in the condition (C), we
obtain d(Swu, Tu,2) <ad(Su, Tu, z) for a&= (0,1), which
means Su=Tu, Therefore the wuniqueness of # implies
that #=Swu=Tu, that is, # is a unique common fixed
point of S and 7.

Treorem 9. Let (X,d) bea (S, T)-orbitally complete
2-metric space and {S,} and {7.} be sequences of seque-
ntially continuous mappings of X into itself and let {s,}
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and {¢,} be sequences of positive integers such that for
any positive integers pair p, g (p#q).

min{d(S;*(x), T#(»), 2), d(x, SP¥), 2),
d(y, Ty, 2). d(S§x), T S#(x), 2),
d(y, TSP (%), 2)}

+Ekmin{d(x, TE(y), 2), d(y, Si*(x), 2),

d(x, STy (9).2), d(T# (), TES(x),2)}
<ed(x,y,7),

for every x,y,z in X, where &(0,1) and %2 is a real
number such that £ >a. Then the sequences {S,} and
{T.} have a unique common fixed point # in X.

b

Proor, If we take any pair of positive imtegerspair
and ¢ (p#£q), then, by Theorem 8, S, and T, have a

unique common fixed point in X. Since p and g are arb-
itrary, this theorem follows.
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