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EVOLUTION EQUATION OF TYPE —%‘—4—14521 =0
IN L=(0)

K: Six Ha

1. Introduction.

Let 9 be a measure space of bounded measure. For [<
p<+o0, L'(Q) denotes the Lebesgue space of @ with norm
i -1, Let A be an operator of L*(Q) and B:@XR—-F(R)
a mapping. Define the operator A8 of L*(Q2) by

AB={[u,w]eL*(Q) X L*(Q)[there exists veL’(Q) such
that [2,w]eA and a.e¢. xe2, v(x)ef(x,u{x))}.
The purpose of this paper is to study the Cauchy
problem
B 1 Apu D0, u(0)=uo
in L~(Q).
Suppose that the following conditions are satisfied:
(H1) A is an m-accretive operator of L*(0) and mon-
otone in 12(Q),
(H2) a.e.xeQ, reR—p(x,7)e#(R) is maximal monotone
in R,
(H3) for every reR, there exists veL=(2) such that a.e.
xeQ, v(x)e B(x,r),
(H4) for every fel=(0) and 2>>0, there exists at most
one solution z#eL=(Q) of u#-+AABu &f.

Taeorem 1. ({5])
Let (H1)-(H4) be satisfied. Suppose AB7¢. Then AS
is m-accretive in L>(Q).
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2. Solutions of %-l—Aﬂu €0 in L=(0).

By [1] and Theorem 1, we have the following theorem
on the integral solution in the sense of Bénilan of the
equation:

Taeorem 2, Let (H1)-(H4) be satisfied. Suppose AB7#2.
Let geLY(0,T5L=(Q)) for T >0. ‘Then for every #
eD(AB), there exists a unique integral solution « on [0,
T] of du/dt+APusg, u(0)=u,. Moreover u(t) eD(AB)
for every te[0, T].

Suppose the following condition is satisfied:

(HC) A is m-accretive in L*(Q) and cyclically monotone

in L2(2) ((2]).

Remark 3. ([4]).

Let (HC) be satisfied. Then (HI) is satisfied and there
exists a proper lower semi-continuous convex function ¢
defined on L%(Q) into (—oo,+ 0] with 8¢=A, ,where A,
is the closure of A in L2(0).

THEOREM 4.
Let (HC), (H2)—(H4) be satisfied. Then for every
#sc D(AB), there exists wew ([0, T }; L°(Q)) such that

g_;‘(z)ezﬁ(o,'r; a(L2(2), L1((2))))

_;{_;‘HjLAﬁu(t)eo a.e. on (0,7)

ﬂ(O) =Uqg
for T>(.

Proor. By Theorem 1, AB is m-accretive in L=(9).
Consider the approximation equation
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. A AL R T A GE (t>0)
l #(1) = (#<0)

for every £>>0 in L*(Q). The equation (1) is written by
f 2. (8)=(I+cAB) u (t—¢) (¢>0)
Lo () =u, (#<0)

and it has at most one solution

u. (2) = +eAB) Yuy for every le((k—1)e, ke]
or

#. (1) =(I4-eAB) ' uy for every $>0.

By [31, w.(f) converges to z(¢) in L=(@) uniformly on
everv compact interval of {0,o0) as ¢—0+ and if we put
u($) =S ug, then S{¢) is a nonlinear semigroup of cont-
raction generated by A8. By [1], the limit u(¢f) is the

integral solution on (0, co) of ‘fi—z;-i—Aﬁu =0, u#(0)=up

and Wu(l) —2(S) </t —s|iABudle for every £,5>0. Thus
a.e. te(h, o), u(t) is weakly differentiable in L*(2). We
put

_ ue(t)—us(t—e)
w, ()= A .

For every {20,
@ w0 (B a=s T+ €AY sy (T+ A/ Hlutgl.
<1 Aol

Hence w, is bounded in L=({0, )X 2). Let »,(¢)el>(Q)
such that

(3 w, (1) + Av,(£)30

and a.e.xeQ, v.(f,x)ef(x,u.(¢,x)). Since z, is bounded in
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L=((0, 00) X 2), by (H3), v, is bounded in L=((0, o) XQ).
There exists {¢.}, &,>0, ¢,—0+ such that v, —» and w»,,
—w in L*((0,00)X0). As in the proof of Theorem [.8
in {41, we have

%;i —w in D'(0, 003 L¥(@))

and by (2), u%(t)umgmﬁauuw

Let j: @XR—(—oco,00] be a proper lower semi~contin-
uous convex function such that a.e.xeQ, 95(x,.)=§(x,.).
We define J: I2(Q) »(—o0,] by

Tay= | g 1@ if j@eLi@
{ +oo otherwise

for every 2zeL2(Q). Then J is a proper lower semi-conti-
nuous convex function on L2(Q) into (—oo,o0] and the
subdifferential 3J of J is the prolongation of 8 to L2(Q)
({2)). Since u,,—u, v.,—v in L>((0,0)X2) and
(4) v, ($)ed]u., (1),
it follows that w(#)eD(a]) and v(¢) edfu(t) a.e.te(Q, o).
Thus
(5) v($)efu(t) a.e. te(Q, o).
By (4), we have

B [ pun ey () =ty (E— € )) > T e, (8) — Tt (22

By Remark 3, there exists a proper lower semi-continuous
convex function ¢ defind on L2(Q) into (— oo, 0] with
d¢=A,. Let T>0. We define &: L2((0, T) X 2)—(—co, 0)
by

siy= | [ Jo 82 if $(2eLr((0, T)%0)

+ o0 otherwise
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for every zeL?((0, T)XQ). Then ¢ is a proper lower semi-
continuous convex function on L*((0, T) X ) into (—oo0, 00]
and the subdifferential 20 of © is the prolongation of 3¢
to L2((0, T)X@). By (3), w., ({)+Aw, (£)30 and thus w.,
4-89v, 30. For every zeL?((0, T)X0),

0(2)—0(2,) =] [o(~w.) (z~v.,)

:I: IQ (“wsn)Z",‘I: _[Qw‘nv’n'

By (6),
JT w, v, I teo() — 00, (1 ~2,) v
Py n Ean e 7
:Jf ](uc,.(t))‘_j(z‘e,,(t'!"Sn))

€n

L j“” J (s () — T (. (E—€,)))

1= < Cislde,

ke €

el(j.(* De,, ](”’n (T))—"Ioﬂ j(uﬂ))
@) =] ()T ),

where T=ke,. By (2], {—=]J(u(¢)) is absolutely continuous
and a.e. te(0,7),

(8) T @)= o9 ),
By (8),

[y fo®Ze =] L utt)) =T (T~ T (o)

©) ZJ(u(T))—](uzn(T))+](uen(T)~](ua)-
By (7)-(9),
0200, )+( | (~w.)z
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+fo | 28 L (1) 4] (e, (T ] ().

Since 9(0)<C, ' 9(s.,) and J(u(:))gefifg TG, (T,

o@20@)+{ [ (~ Lyt | | 0 2%
Hence for every z eL2((0, T) X9,
0@~0@)=f; | (L) (z—0).

Thus — d“ B c24(), that is d’; O +Aw() 2 0 a.e.t (0,
T). Since v(#)eL=(2), -——(t)—I—Av(t) 30 a.e.te(0, T).

By (5), (i)+Aﬁu(i) 3 0 a.e.1e(0, T).

3. Example.
Let ¢:L2(2)—[0, co] be a function with ¢(0)=0 satisfying:

(10)  ¢Cus— panr— pQur—u2)) -+ ¢ (22 + D1 —us))
< (1) + ¢ (22)

for every ui, #,eL2(Q) and pesgl(R) with 0<p'<1, »(0)
=0.

If ¢:L2(Q)—{0,00] is a lower semi-continuous convex
function with ¢(0)=0 satisfying (10), then A=02¢{L>
(@) X L*(0) satisfies (HC){[4]).

Let 2 be a bounded open subset of RY¥ with smooth
bord r. Let j: R—[0, 0] be a lower semi-continuous con-
vex function with 7(0)=0 and r=27. We define a funct-
ion ¢ on L2(Q) by
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(1D ¢<u>:f 5% lgradul®+{ j(u) if usH(Q)
+oo otherwise,

Then ¢:L2(Q)—-[0,00] is a lower semi-continuous convex
function with ¢(0)=0 and the subdifferential 3¢ of ¢:

(12) 0d={(u,v)e L) X L} Q) ue H2(Q), v=—Lu a.e. on Q@

du .
and W—H(n)so a.e. on [},

ou

where B is the exterior normal derivative({4]).

By [4], ¢ of (11) satisfies (10). Thus A=04"L=(2) X
L=(Q) for a¢ of (12) satisfies (HC) ([41D).
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