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ON SEMIGROUP RINGS( )

Tae Youvne Hur anp Caor On Kim

In this paper K will be a field, S-a semigroup ring
of the semigroup S with coefficients in K will be denoted
by K[S] {(c.f. Clifford[(2]).

We shall prove that if K[S] is right Artinian with a
cancellative semigroup S, then S must be finite. Thus,
we get a result related to the Woods’” Theorem{5]} for
semigroup ring case.

We-recall that a semigroup S will be called camcelia-
tive if G=SS"! be a group and for all s,/¢S, there exist
51,11 € S such that s#t==f;s;"\

We begin with the following well-known result which
is a kind of common denominator theorem.

Lemma 1. Let S be a cancellative semigroup and G=
SS1 be a group. If sy, 8-, 5.5, then there exist 7,7y,

v, 7,68 and seS such that s t=rst for 1<i<in.

Proor. The proof will be by induction on #. For n=1,
take s=s? and 7;=s;. Assuming the result to be ture for
all positive integers less than ». By induction hypothesis,
there exist r¥,7¥, -, 75, ¢S and s* &S such that

sil=r¥s*

for 1<i<n—1. Since S is cancellative, there exist 7,

reS such that s,7,—=s* r=s say. Hence s;!=r s7..Set 7,=

r*r for 1<i<<n—1 so that s!'=r¥s*i=(rFr)(ris*1)
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e (r’: r)(s*r)l=rs1

for 1<i<z-—1. This completes the induction and conclu-
des the proof,

Okninski[4] showed that if a semigroup ring XK[S]
is left and right Artinian, then S is finite. In order
to consider the above theorem to the semigroup ring
case with one sided Artinian, we start with the foll-
owing.

Lemma 2. Let K be a field and S- cancellative semig-
roup, If I is a right ideal of group ring K[G], then I
K[S] is a right ideal of K[S] and (JNK[S]) K[G]=1I.

Proor. It is easy to see that [ JK[S] is a-right ideal
of K[S]. Also we get ({NK[SHK[GICT K[G]CI because
of INK[{SICI.

On the other hand, let e=a;g} 2283+ ++a.g. be an
element of I. Since G=SS71, there exist s,¢.eS such that
g.=s.ti! for 1<i<<n. Thus a=a,5it;1+assat3 4 +a.s.til.

From lemma 1, we get {il=s, ¢! for 1<i<n. Set 5,5/
=a,eS. Then we have a={(a;5,5) 4+ +a,8,5, )t =(aa+
cotaa )ttt and af=a@(+--+a,a,.e I because of ae I
Since (a1t -+ a,e,) eINK(S], a=(@ai+-+a,a,)t?
e(INKISHKIG]. Thus ICUINK[SHKLG].

Now we are in a position to prove one of our main
results.

TueeoreM 3. Let K be a field and S a cancellative sem-
igroup. If semigroup ring K[S] is right Artinian, then
S is finite.

Proor. Let £;D1,D--- be a descending chain of right
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ideals of K{G]. Then [NK{SIDLNK[S]=2-- is also de-
scending chain of right ideals of K[S]. Since K[S] sat-
isfies descending chain condition on right ideals of K{S],
there is an integer N such that I, K[S]=1y for all &>
N. Since (I.NK[SDHK[G]=IL, I,=I, for all k>N. It
means that K{G] is right Artinian. By Connell(3, The-
orem 3.11, G is finite. Hence S is also finite.

The ring R is called right perfect if R is semilocal
(i.e. R/J(R) is Artinian) and the Jacobson radical J(R)
is right T-nilpotent, or equivalently, R satisfies the
descending chain condition on principal left ideals [1,
Theorem 28.4,p.315].

S.M. Woods [4] has showmr-that the groupring K{G] 1s
right(left) perfect if and only if R is right(left) perfect
and G is finite.

Now let us consider the perfect semigroup ring case.

Treorem 4. Let S be commutative cancellative semigr-
oup. If K[S] is left perfect, then S is finite.

Proor. By Woods’ result, we must show that K[(G] is
left perfect, Let a), as a3 --- be elements of K[S] and
o K[G]D2a, K[ G1Da; K{ G132+ be a descending chain of
principal right ideals of K[G]. By lemma 1, a,=8,s:* for
some B,6K[S] and seS. Thus we get BS{IK[G1D8.5;' K
[G]=- and B K[G]D2B; K[G]=2-- because of SCK[G].
Since f,=B;01e8: K[GICHK[G], Bo=B:r for some reK
[G]. Hence 7=7yt"! for some 7,¢K[ST and ¢eS. Thus, we
have B,=87¢ £ and {8,=8:f =BT £8:K[S]. Finally we
get 18, K[S]CH, K[SI.

By the same reason 8, K[S]Dt(8; K[S] for some £,
S. Continuing in this fashion, we get the descending
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chain B K[S]2728:K[S1D738:K[S]>--- of principal
right ideals of K[S]. Since K[S) is left perfect, therg
exists an Iinteger N such that 7,8,K[S]=r48+K[S] for
all k>N, Since S is commutative, B,r K[ S]=8xnK[S]
for all 2>N. Thus B,r;K[SIK[G]=BxtxK[SIK[G] for
all k>N and 8,0, K[G)=Bx7xK[G] for all k>N. So for
all #>N, B, K[G]=BxK{G] and B,s, ' K[G]=8ys+1K[G],
we get aiK[GJ=ayK[G] for all %>N. Therefore K[G]
satisfies the descending chain condition on the principal
right ideals of K[G]. Hence K[G] is left perfect and the
proof is complete.

Corollary. If K is any field, then KJx] is not perfect,

Proor. We have kmown that S={x'i=0,1,2,—} 5 a
cancellative semigroup and K[S] is just the polynomial
ring K[x] of x over K. So by the theorem K[x] never
perfect since S is finite.

References

f1] F. Anderson and K.R.Fuller, Rings and categories of modules,
Springer-Verlag, Berlin, Heidelberg and New York, 1574.

f2] A.H.Clifford and G. B. Preston, The algebraic theory of semig—
roup, Providence, 1961.

{3} 1. G.Connell, On the group ring, Canad., J. Math. 15(1963)
650-685.

{41 J. Okninski, Artinian semigroup rings, Communication in Alg-
ebra, 10(1982), 109-114.

[5] 8. M. Woods, On perfect group rings, Pro. Amer. Math. Soc.
27(1971). 49-52.

Pusan National University



