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ON THE AUXILIARY GEOMETRIC MEAN OF ENTIRE FUNCTIONS 

By Satendra K. Vaish and Harvir S. Kasana 
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M(r) , μ (r) and v(r) are called respectively the maximum modulus, the maxi­

mum term and the rank of thc maximum term of f (z) fo1' Izl =r. 

The concept of (p, q) -order and Jower (p, q)-order of f(z) having an index 

pair (p, q) , (p르 1 ， q르1. Þ르q) ， was in troduced by Juncja , Kapoo1' and Bajpai 

[1] . Thus f (z ) is said to be of (p, 이-order p and lowe1' (p, q)-orde1' 2, if 

(1. 2) Iim s-=,p 팩암꽉익=ρ(p， q)탁 
，-∞ inf !og [,J r .. Æ.(p. q)드A 

where log [OJ x =x and Jog ["J x=log(log[n-1J x) for O< Jog[n-ll x<∞. For the 

definition of index-pair etc. (않e J uneja ct a J. 1976). 

The geometric mean of f (z) for Izl = r has been defined as [15, p. I44] 
2:: 

(1. 3) G(r) =exp {깐!Jog lf“8) 1 dO} 
o 

The fo lJowing tvνo geometric means g.(r) and g강(r) were introduced by Kam. 

than 110]. and , Jain and Chugh [8]. respectively 

(1. 4) g써)=exp많뷰lJogG(X)dx) ， kER~ 
、 r " ’ 

k+ l ( __ -1 n __ ' __ ,kL ,.." '" ~ 1 
(1. 5) 양(r) =exp \. r'-~τi'1 J x : (log x)" Jog G(x) d셔 ， kER+, ‘ (logr)"T' 'i 
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A number of properties regarding the growths of gk(r) with respect to G(r) 

and other auxiliary functions fo r an entire function of order ρ(2， 1) were 0 b 

tained in ([3]. [4]. [9]- [14]. [16]- [18] etc.). AIso, some authors ([6] 一 [8]. 

[20]. [21] etc.) investigated the growth relations of thc geometric mean g，*C서 

for an entire function of order p(2, 2). 

1n the present paper we are introducing a unified geometric mean J k , m(γ) ， 

kER+, which we shall term as Auxiliary Geometric Mean (a.g.m.) of f(z) 

and is given by 

(1ιL“.6야) J. _(rωr) =cx폐p{ k+ 11 t (이lkog{센싸m-카에lμ1"치￠써l에k야log G(xωLd 
l ，끼10gIm-애11 r)'+μl 2 V싸21 Cx) “ιJ 

”‘ [il where mEI+ , V [씨 (r) = 꾀l log r and ro IS a constant dependlng on m. 

Our aim in this papcr is to investigate certain growth properties of the a. g. 

m. with respect to GCr) and η (r) (number of zeros of f(z) in I z I 든r) for an 

entire funcion of (p, q) -order ρCP， q) and lower CP, q)-order λCP， q). The results 

that we obtained herc gcncralize. improve and combined many of the known 

results (see e. g. [5]. [6]. [8]. [9]. [l1J - [14]. [18] etc.) 

2. Staternents of thcorerns 

∞ 

THEOREM 1. Lef f(z) = ε: ι n be an enUre functioll haν…，g cp， q) -oγ'der 
’‘~O ‘ 

p(p, q) and lower (p , q)-order λ(p， q) , then 

(2.1) lll] sup 쁘한낫ιL-p(P， q)三P
r→￡ lnf log [qj r 2(p, q)프λ， 

where F(r) may be replaced by G(r) or J k. m (r). 

THEOREM 2. Let f(z) be all el1 fire f，κllction haνzηg (p , q) -order p and f(O) 7'0, 

then 

(2. ,) 
δη l og[G(r)/Jb …(r)) 

---二--든 lim inf … 
k+p+l ，→。o (log[q-1J r)" 

log [G(r)/J" _(r)} δ1 
르 lim sup rn 11 … sτ~^ r→∞ (log(q-11 r)p = k+p+l ’ 

where’ 

(2.3) 
‘ sup n(r)V (m-: I :r) δl 
f많 lllt 강닮도I]r)P-1 = δ2 δl' δZER+U{이. 



THEOREM 3. 

(2.4) 

toe IIaue 

(2. 5) 

where’ 

(2. 6) 
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For a class o[ entire [nnctiolls [or tulliCh 

l 펀꾀꽉L im +∞， 
，-∞ \og ‘’., r 

,,_ sup \og\3
J 1 k 판) \og L~ 

:$lnf )1굶파간 log [ ' 

!많뜸n옮쩔앉r}l/l앵 m!r=5-
∞ 

THEOREM 4. Let [(z) = ε.a"z’ 6e an enlire [U/lClion having (p, q) -order (J , 
n=u 

lotuer CP, q)-order λ aηd [ (0) ,<00, I"en 

(2.7) 
lim sup 1Dg \P-1J (n(r) 10따 r ) p 1m 
，-∞ inf , __ \qJ 1og l

'l J r 

where n(r) represenls IIIe n"1Ither o[ zeros o[ [(z) in Iz l 르r. 

THEOREM 5. For an entire f씨1Clion [ (2) o[ CP, q)-order p, lozuer CP, q)-order 

ì., [ω)낯Om여 Nω= Jn(x)! x dx, lQe [ind 

(2. 8) 
「‘- 1)

lirn sup 」므휴-펴!ZL- p 
，-∞ inf \og [qJ r ?, • 

THEOREM 6. For r2> η> 0， 

(2. 9) (OOg […- ll r2)k+l- (log [m-ll rl)*+ l} log G(rl) 

트 (loglm-l1 72)*+l log f tm(r )-(logIm-ll rl)k+ llog lk，，u(η) 든 

{(Iog\"’-ll 72)k+l ( logIra--Il r l)k+ l} log G(r 2)· 

THEOREM 7. Lel [1 (z) and [2(2) be tzuo entire [nnclions o[ CP, q)-orders r l ' 

P2 alld 10lOer CP, q)-orders ì.1' Î.2’ 
respectively aJl(I [(z) 6e all entire [nnclioll 

salis[ying 

(2.10) log\þ-l\ F(r, [ ) _[{Iog[þ-IJ F (r.!)l a {log[þ-I) F(r, [2)}βJ. 

a , ßER+ 

Then the CP, q)-order p and lower CP, q)-order λ o[ [(z) are 60“’'zded 6y 

(2.11) aì.I+ßÆz든λ르p든a，o l +ßpz. 
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mld tf, 

log[PI F(r.J)~ (log [PI F(r.J1) I r (log [PI F(r , 1
2
)} 1- r, rE(ü,l) (2, 12) 

Ihen 
Pl - 7 

9 

∞ 

For every entire luncli01z I (z) = ε~an z“ 01 (p, q)-order .0, 
n= u 

지 λ; r르A든p르p~ (2, 13) 

we 

l g [써 { r원싼;L} 

THEOREM 8. 

liηd 

e 

-1/8 TT _ ___ L (l) 
in tlze neiglzb。“rhood of þoittts wlzerc l(z)>M(r) (v(r)) Here f" '(Z) de-

ttoles Ihe I1‘rsl deη’vatiνe oll(z) and 
p=P(1θ)르p(e， þ, q) =e if þ> q 

= 1+e il þ=q=2 

=max C1 , e ) il 3든þ=q<∞ 

il þ=q=∞. 

lim sup 
，-∞ 

(2. 14) 

=∞ 

O듣8든∞. 

Lemmas 3 

In this section we provc !l few lemmas which are nccded in the sequel. 

log G(r) is aη i"creasing co1tvex jzmctim‘ 01 log r, 1 (0) 동0， LEMMA 1. 

we havc 

X J “ 뾰
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By Jensen's formula , PROOF. 

= log G(에+J쁨L dx 

’‘( r ) is a 000-smce r , 

This gives, 
d [lOg G(r)} 
캠띔핸ιL각，(r) ， 

The right hand side is a noo-decreasing function 

decreasing function of r and tends to infinity as r→∞. 

of 

of co;zvex J，μηctiOll t1tCreaSl 1tg au (Iog(m- l1 T) k+ l (logG(r ) } 2 is 

( 1) η necd not be the same at each ocCurence 

LEMMA 2. 
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(lOg[m- l] r) k+ l log J.,m(r) , 

PROOF, We have 
d (m- l1 , k+ lfl __ ...... , _,, 2 
강~[(log " -, r ) ' - (log G(r)ll 

서 「 } ( loglm- l1 xf log G(x) 씨 
숲|(k+ l” axj t L Vl’11 - 2ì (x) J 

‘ 2V[m_lj(r) G’ (r) 
=log G(r)T (k+ l ) G(7) 

which increases with y for large values of y. 잉ncc， by lemma 1, log G(r ) is 
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an incrcasing convex functioD of log Y. 

LE:v1MA 3. For R> r르O. 

(R+r)/R-r (3. 1) G(η르M(r)든 (G(r)l 

PROOF. This can easily be proved with the help of (1. 3) and the Poisson­

Jcnsen formula 

l F α，2 까 loglf(R영)ldØ 
log lf (z) 1 =꺼r ! 9 ” 

“ ~ R" -Rrcos(8-rp)+ r ‘ 
￡ loglE파단이 
μ=1 ' R(r c‘“ -0) 

LEMMA 4. For R> r> 1. 

(10g["'- I] R) k+ l 
(3.2) [og Jk m(r) 르 log G(r) 든 [ ll K+l I”t l! k+l log fk, m(R). 

(log lm- " R)" +' -(log 

PR∞F. From (1.6) , we have 

(3.3) log J ... (r) =-τ한LTτ 
(log ‘’ ‘-. , r ) ‘ r 

} (10g[m-l] xl' 101{ G( x) l v “、 dx르 log G(r) . 
:. r [m-인 

Further , 

[ .. - 1] k+ '~ ( log '.'- " x)^ log G(,,) 
l얘 110 ... ( R )> r ... :-;;J. " .. 1 r 

ι m '--' - (log[m-l] R) k +l J V [’ _2] (") 
r 

"".1k+ !l log G( r) -; (]Og lm- l] x )k 
L • " ‘ ’ , _, ax Oog Lm- I.J R)"T' J " (m_2)\.X) 

[m-l ] ",k+l r 1 _ _ […- 1] 、k+ l( logLm- ' J R)"'T' _ (lOg l ... . '1 r ) 

(log [m- l] R)k+ 1 
log G( r). 
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(3.3) and (3. 4) complete the proof of lemma 4. 

4. P roofs of theorems 

THEOREM 1. For R = Kr , K > 1, ( 3. 1) aJ띠 (3.2) give 

loglÞ] G (γ) 르 log [Pl M(r)르 log lP} G(Kr)+Q(I) 

and log ]k.m (Kr)르 (lo~ [m- lIK 상댐 (1띤 l ) 편 log G(η 
” ”- (1og ι • ‘ Kr)ι • 

r r ， ~ _Im→ l} … ì k+ll 
= 11- 까얻강=n순- t 1 log G(r) , 

L l log ‘ ’ "Kγ J 

l ~ .... [씨 N 、 1 ~_ [에 "ι〈
아， lim SU 쁘학파(r) =lim ~:'J?쁘학뿌tL- ? iTIt L _J q] - ~ll1:_ inr -τ← [q] ←- 1 

∞‘lH log l'l j r r→。。 ‘“ log t'l J r A 

o log [P) J.’”‘(r) _ ,, __ SUD 10 딩[이 G(r) p d lim ?，":，"~ ~ 1 얻 '~b ← ~ V스 
r많 in:f --광τ}-;→∞ inr 훤r λ · 

Also, from (3.2) , we have 

!;rn ~ufog{Pl jk씨 ( r ) 터TYl ~ul? 괴윌닙(r) = (J 

;~inf log[q] r r→~ mf log[qJ r λ • 

This completes the proo f of lheorem 1. 

REMARK 1. T heorem 1 is the combination of the foIlowing five results in-

vestigated by different workers 

(η F or (p , q) = (2, l) , F(r) = G(r) , Ihι result is due to Sηvaslava [18]. 

(ii) For (p , q) = (2, 2) , F(r) = G(r) , the result is dιe 10 ]oiη mul Chugh [6]. 

(iii) For (p , q) = (2, 1), F(r) =]l，l (r)르gl(r)三g(r) ， Ihe result i s dαe to Kam­

Ihall [9] . 

(iv) For (p, q)=(2, 1) , F (r) = ] k,l (r) ""'g ,cr). the resιlt is dαe 10 Ku/dψ KUI꺼or 

[12]. 

(v) For CP, q) =(2, 2) , F (r)= ] k, , (r ) ""' g i/ (r ) , the resιlt is dιe 10 ] oin and 

Chugh [6]. 

THEOREM 2. Combining (1. 3) and ( 1. 6) and using J ensen ’ s fo rmula, we get 

(4.1) logι으~ ’ 
b l ]k , m(r) ) 

( -" [111 - 1) 
펴rττ1 J Clog '''' " x) 값 (log G(X ))dx 

Clog lm-' J r ) ,, -r , ; .. 

I ,,(x) ，， ~_ [m - l J 
되-=-rr--ττ， / • ',,:".1 (log C'" ~ J x) ~ I ~ dx 

(log '''' " 1" ‘ ι 
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From (2. 3), we have, for any <>0 and r> ro, 

(4.2) (ö. - <) ...!.(1옆 n‘카?P l 르，， (r)트 (õ ， +e) ..!.C!떻섣넣 
-"-' j V , ..... , lrJ 

ν ’ (m-낀 ‘ ,1 ~ [111 - 21 \ / 

Using right-hand incquality in (4. 1), we obtain 

( G( r ) " õ1+E f (10g lm- lJ x)'+P 
logl -츄i승γt < _ 'm 11 . . ... , I t J. ’ m,r’ j @glm-ll r ) k+l t ” / 、

(:õ, +e) (loglm- lJ ri 
. , (1-0(1)), 

k + p+l 

log(G(r)/ J. _(r) tÌ, 

아， 않 sup (log꾀’ r)p 각파1 

Similarly, on using left-hand incquality of (4.2) in (4.1) we find 

log (G(r)/J . _(r) O? 
lim inf f _ 1 1 … 는---二-
r_∞ (log lm- ll r/ = k + p+l 

REMARK 2. A result due to Vaish and Srivastava [21]. for (p, q)=(2, 2) , 

Jk.2(r)르g차 (r) , becomes the particular case of the above theorem. 

THEOREM 3. We have 

log 뼈”‘-l1 ￠+l log f k m(싸 

since numerator on the right-hand side is the differential coefficient of 

denominator. This gives 

l，「 l] k+ l } log[mIx dx 
log [(log''''- ' ' r)'" log J b’ n (r)J < (k+ 1) I (L +e) τ」듀;γ 

R L VIm - l1@ 

fo r an y <> 0 and r> ro =ro(다. 

Hence 

or , 

smce. 

ve obtain 
μ_ fmJ. 

l’11-1] _, k + l L_ T r .. '\ ' i " I'1. , 1'\ (L+ey .... 5 log [(log''''-'' r ) 니og J " .. (r)J <Ck+ 1).J，ι-t- <ι 
log (L+e) 

log l31 J ι ... (r) 
잎sup log l '띤 S log L, 

l mg i낌J •. m ( r ) 
1m +∞. 

log l씨 r 
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Further. using Iemma 2. we have 

Iog [(log(m- l) (2r))>+1 Iog J k•… (2r)) 

2, 
르야+1) f ( Iog G(x))" dx 

3 bg fk, m (X) logG(서 VI" _ I) (x) 

10" G(r))2 앙 d 
르(k+1) -피E흐으i딩숫- r . a 

log Jι m l rJ } log G(X) V“-1] Cz) 

르(k+1) τ뽑繼 넓(2r) [lOglm] (27) _log lmJr} 

。.lm)T log G(r) ，， (m)~ [m] 
〉α+1)α-e) ‘ 끊찮승[log 강 -Iog .... . r}. 

for a sequence of values 01 T tending to inlinity. Consequently. 

Iog l히 J, … (r) 
1m sup ←→---，딩꽉--르log L. 
，-∞ Iog ‘ , r 

In a similar manner, we prove that 

Iim inl 

[3] 
Iog 'O' J •. ’" (r) 

log(m] r 
Iog 1 

T-∞ 

This proves theorem 3. 

REMARK 3. T heorem 3 is the generalization of the foIIowing results: 

(i) (see Iheorem 11. p.107. [9]) dιe 10 Kamlhaη for (P.q)=(2. 1). 

J , l (r)르g，(r)프g(r). 

(ii) (see Iheorem 6. p.254. [11]) due 10 Kallll ha lZ alld Ja끼 for CP. q)=(2.1 ). 

J •. 1(r)=gir). 

(iii) (see Iheorem 4. p. 44. [12]) dιe 10 Kuldip Kumar for (P.q)=(2. 1) . 

J •. 1 (r)三g.(r).

(iv) (see theorem 4. p.124, [8]) dκe 10 Jaill atld Chugh for (P.q)=(2, 2) , 

J k , 2( r)=g.*(r). 

ln (ii) Kamthan and Jain u않d the hypothesis ‘ Iog log G(r) is an increasing 

convex function 01 Iogr' instead of (2.4) for proving the result (2.5) lor(p. q) 

=(2. 1) and J . , I(r) = g .cr). 

Similary. in (iv) Jain and Chugh used the hypothesis ‘Iog Iog G(r) is an 

increasing convex function of log log r’ instead of (2.4) for getting the result 

(2.5) for ( p, q) = (2, 2) and J .Jr)르g앙(r). 
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THEOREM 4. From (3. 3), we have 

log J •. m(r)르log G(r년 꽉써+log l/(O)1 

or, 

n 
아
 

서
 

앵
 

” /… 
짧x
 폈
 

r

사
‘
에
 
ι
 

、

ν

포
 

Q
~ 

”--’ 
늬
 

내
一
 

‘
때
 

[p] 
log'" J •. m(r) 

「끓qr;-
p 

- λ . 
l· sup 1m 
，-∞ inr 

Again , we have 

는
 
-

、l 
/ 

·a 
v r ( 

m k 
I 

J 
앵
 

-
a 

k+ 1 '( (l Ol!:비- 1 ] ,,)' log G(,,) 
1 __ 11ττîï I V""Þ Tr "'" ;:~ '-" ,""" d x. õ>õ'> 1 

(뻐’- I ] r ð)k+ 객 V [ø_싹) 

르 (t뭘샘￡iC) j뽕할판-d" 
、 .g@ / rf ” ” 

= log G(해 
= log G[ r5 ) {l-0(l )} 

6 ’ 

> f 뽕2... dx르f‘ (r) log r 

縣
꽤
쇄
@
 

π씨
 log IPl I k. ,, (7) 

「굉qr;-
p 
À' 

REMARK 4. For entire functions of non.integral order this theorem givcs 

the following results as part:icular cases : 

(i) For cþ, q)=(2, l), tlze resιIt is giuen by Boas {I , p. 15}. 

(ii) For ( p, q)=(2, 2), Ihe restllt is giuen by J ain alld Ch“:gh [5, p. 9S} . 

THEORE:Vl 5. We have 

N(꺼 르f 쁨2... dx르n(r) log r, 

and N(r)=O( l)+ J렐2... dx든n(r) log r (1+0(1)) 
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Now this theorem foIlows from theorem 4 and the above two in여ualities. 

REMARKS 5. The proof of theorem 5 is given by Jain and Chugh [5. p. 99J 

for (P.q)=(2. 2) . 

THEOREM G. Since G(r) is an increasing function of r. we have. from (1. 6) 

and 

{m- lL , .{>+1 1 __ T 1'_" r1 __ [",-IJ _ ,k+l (1og".-" r2)"T. log J' , m (r2)- (log'--" r1)"T. log J. ,m ( r 1) 

ri lm u r (1og''''-'' .. )" log G( .. ) 
=(k+ l ) I A V Im 21 (x) 

든{(10g[m-1I r2/+l -(log[ .. - 11 T
1

) k+ 1) log G(r
2

). 

(1og[ .. -11 r2/ +l log J ' , m(' 2)- (lOg [m-1I,, /+1 log J., m('I ) 

? oOg [m- ll .. / 1얘 G( .. ) 
=(k+ l ) , 2 VIm-의 (x) 

르 [(lOg[m-11 r 2). +1 -(log[ .. - l lr 1 /+ I)1og G (η). 

COROLLARY 1. If η (0<η<0 is a constant, then 

iJ
h

• , (exp[m→ 11(η ，)}ηk+ 1 
lim ‘0"‘ =0 
，-∞ lkm (explm il r ) 

Putting η=expIm-il r , r2=explm i1(η') ， (exp[m1x=ex이앉p[m-1 1 X)) , exp[OI x 

= x) , in (2. 9). we get 

「 j k, ,,, (explm-싸) 1 
log G(exp써l η ，)든O ηk+1f log| I -IJ __ '\.I'I 1+，/든l앵 G(e핍 11,) 

LU •. m(e‘ p ,m η r)Jq '" J 
Now, proceeding to limits the result follows. 

THEOREM 7. For any e>O. we have 
lψ 11 log [log"-" F ( ,.!, )J - 、

log[이 r ‘ <a(p1+층). '>r1 (<) 

l。g[log [P-l1 F(r.!?) } β / 、
[01 <β(P?++). ,> r .(<) . 

log… r 、 ‘ 4c r 2 

Adding above two inequalities. we get, fo r '>ro=max ('" r
2

) , 
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log [{lOg[P-l] F(r.!I ))a (log[P- l] F(r.!2))β] 
l。gIql r < a Pl+β P2+검-(a+ß)e. 

SimilarJy, for limit infimum as given by (2.1) , we find 

log [(log[P-IJ F(r.!,)) a (log [P- l] F(r.!?))βJ . 
펴qJ r >a λ1+β~+숭(a+ß)e. 

Now, using (2. 10), we have for sufficiently large values of κ 

, , 1 , •. , n, . / \Og[Þ] F(r.!) 
a2， +βλ，++(a+ß)e <-"뾰「→냥ιι- <a (1, +βι++(a+β)e， 

‘ ι ‘ log ‘" r “ 

or. a λI+ß22든2르p르aP1 +β (12' 

Again, for any e> O, we have. from (2.0 

i l oglP] 2(r fl~r 
lo,, [qj ~ . ,- ) <((11 +e)', r> .. ’ (e) 

f 10g[PJ F(r, I?) 1 i-r l- r 
a여 l log씨 ==-J <((I2+e)' r>r"(다· 

On mul tiplying thc above two in어ualities， we have, for any e> O and r>ro= 

max (r'. γ') 

{Iog [이 F(r, /
1
)) r {log[PJ F(r, / 2)1 끼 

10g[qJ r 

〈ρr prr l1+다+.1.二!.. +0(01. ‘ , P1 P2 • - J 

Similary, proceeding to limit infimum, 

l10g[PJ F(r.!I )) T (log [이 F(r, f 2” l-r 1-rf / r l-r \ 1 
log [q] r . - ,.. >지 2; 'p-e~τ+ ';" )+O(o}. 

On account of (2.12), we find for sufficiently large values of r, 
、 J~_[Þl 7:'1' . 、(~ J r 1-r 'Ar . '\ ì ./ 10 .0: ‘" F(r , /J ).T λ1 -끼1-d~+~+0(1)) <.1표二 F(r， tJ 

t1 - e，τ7;- j 「훤r 

〈신 p: r(1-터스+느!..+O(l)’ 
‘ - ‘ 、 (1 1 1'2 .. J 

No'w, taking limits as T-→∞. 、vc get (2. 13). 

COROLLARY 2. Let l ;Cz) , i = 1, 2, …, n be n entire functions of (p, q)-orders 

(l i and lower (p, q)-orders 2, and I(z) be an entire function satisfying 
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(4.3) log!p-ll F(r, f )~ 5l {loglp-ll F (r , f ,)laj. aif g R+ 

then (ρ. q)-order p and lower (P. q)-order 1 of f (z) are bounded by 
• n 

(4-4) 딛 {X; À;딩드P든 g a1 P,, 

an이 if 

( 4. 5) 

thcn 

(4.6) 

{og{Þ) F ( r η~ hl {logMl F(7, 지)}Tl rj e (0, 1), 효ri=l 

11 Y n T 

n ,’ 든A든p든 n 
;=1 ^i ;=1 Pi 

This corollary is an immediate generalization of the above tbeorem to the 

case of 11 enti re functi ons. 

COROLLARY 3. Let 까(z) and f 2(z) be two entire functions of regular (p, q) 

grow th. Then f ( z) is al∞ of regular (P. q) growth and its order is given by 

p=a P I +ß (12 and p=야 강r under the conditions (2.10) and (2. 12) . respec 

tively. 

THEOREM 8. We have 

(1 { , , ... (1)... ifJ .... , . .... 1 
G(r, f 아exp l갚 [ logl/l)(r e'")l dlir 

2tr F . 、 2" ‘ 
J 1 ( , __ 1 f"' (r e'") 1 J ð • (, __ , u .. Jø" ",, 1 

=exp! L ( log 11'낀앞피dli+τ ’log | f(7%)l싸. 
l “ ~ - I .r( r e‘") “ 

Al so. we have (19, p. 103) , in the neighbourhood of points. where 

If (z) 1 > M ( r)(v ( r ))-l18 

월f-= (J +iI(z) (v (R))-1I16) "çr) . 1" 1 <k 
f ( z 

whcre ν(r) denoles lhe rank of the maximum term in f (z) . for Izl = r. 

Hence. in the neighbourhood of points. 、vhere If(z)I > M(r)(ν(r))-l!B 
"', 

G(r f (l>)=G(r f) ex p {￡ / 1og(1 1+ It(Z) (u(R))-l/l6|1원니) dθ} 

(4.7) > G(r η 와L (l -k(v (R ) ) - 1/16) 

and 
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(4. 8) G“ l ))<G“) 꽉L (l+ k ( lJ (R )) -1/ 16) 

Proceeding to limi ts. as Y-→∞. (4.7) and (4. 8) give 

’ ……e… l때펴빠앵예윌Iμp샤에케l 
r~숨i r lbog lM씨q이l r ;;;a - -r 

This completes the proof of theorem 8. 

뾰E낀섣 
10g[qJ r 

∞ 

e. 

COROLLARY 5. For an entire funclion / (z) = ε ι ZN of (p.q)-order p. 
’‘ =0 “ 

(4. 9) lir뼈) -oglP뛰줬깜} t/ ll Le 
Y→∞ log \'f J r 

From (4.7) and (4.8), wc have 

G(r, t<’)) > G(r, / ('-1)) 꽉L(1 -k (lJ ( R )) -1/ 16) 

and G(r , / (,)) < G(r. / (, - 1)) 꽉L(1 + k (lJ (R)) -l/l잉 

Taking s= 1. 2. …. n a nd mul t iply ing all the incqua lities lhus obtained and 

proceeding to limits (4.9) follows. 
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