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ON CERTAIN CLASSES OF UNIVALENT FUNCTIONS IN THE UNIT DISK 

By Shigeyoshi Owa 

1. Introduction 

Let A denote the cIass of func tions 

∞ 

[(z)= z -ε a~zn (a‘’르0) 
n=2 “ ‘· 

analytic in the unit disk U = (l zl < l}.A fu nction f( z )EA is said to bc univalent 

and starlike if. and only if. 

Re {經L}>O
for zEU. H.ecently. the genera l idea of order for a starlike fun ction has been 

in troduced in a number of ways as in M. S. Robertson [8]. R. J. Libera [2]. 

K. S. Padmanabhan [7] and F. Holland and D. K. T homas [1]. According to 

K. S. Padmanιbhan [7] . a function f(z)EA is said to be starlike of order k 

in the unit disk U if the condition 

hold for some k(O<k르1) and zεU. The cIass of such functions we denote by 

S(k). And let G(k) denote the cIass of functions f(z)EA such tha t z!'(z) is in 

the class S(k). 

For the cIass S(k). K. S. Padmanabhan [7] has given representation formula, 
some distortion theorems and the radius of convexity. Moreover, M. 1. Mogra 

[3] has shown a sufficient condition for a function in the cIass S(k). 

2. The necessary and sufficient conditions 

THEOREM 1. A functioη 

∞ 

f(z) =z-r: a.z" 
n=2 “ 

is in the class S(k) '1. aη:d only 11, 
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∞ 

L: [(n- l)+k (n +1)}a .. 든2k. 
n=2 

The eqιalily holds for the function 

∞ 2k 
f(z) =z-ε / ， 、 、 z" 

. =2 ~n- J ‘ ‘ 

PROOF. Assume that 

∞ 
L: {(n-1)+k(，，+1)}ι든2k 
n=2 

and let Izl = 1. Then we have 

| 걱f’ (z)-f(z) l- kl 앙'(z)+f(z) ， 

∞ ∞ 

=1 ε’ (1 -n)ιz"l -kI2z-ε(n+1)o.z.' 
n=2 n=2 

∞ 

듣 Iz l (ε-:; [(n- l)+k(n+ l) } a.-2k) 
n=2 

드Q. 

Hence. by the maximum modulus theorem, we have f(z)ES(k). 

For the converse. assume that 

I z;뚱二~U 활-1싹 
츄쌓+1 1- 1 2z-흘“+1)a.z‘ 
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(1) 

Choose values 01 Z on the real axis so that ζf'(z)ff(z) is real. Upon clearing 

the denominator in (1) and letting z• 1 through real values. we obtain 

a” 써
 

∞
 쉴
 

” ‘ 
태
 

a 
갯
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섭
 This inequality gives the required condition. Furthermore, tbe function 

f(치=z- I:::， 、 싼/ • “ 、 깐 
n=2 

∞ 

is an extremal function for the theorem. 
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THEOREM 2. A liμnction 
∞ 

I(z)=z-εa_z’ 
’ = 2 .. 

is in Ihe class C(k) i/. altli only ;1. 
∞ 

ε:7n {(n- l) + k( II + 1)) a_든2k. 
11 =2 

The equal;ly holds lor the IUIIτtio1t 

∞ 2k • 
f(Z)=2- r;-.-, 、 ‘ “ ‘ 2" 

11=2 

129 

(an르0) 

The proof of Theorem 2 is obtained by using the same technique as in the 
proof of Theorem 1. 

3. Some proper t ies for thc classes S(k ) and C(k) 

THEOREM 3. Lel O <k]든k2드 1 . Th ell we have 

S(k])그S (k2). 

PROOF. Let a function 
∞ 

I(Z) = 2-ε-:a .. z" 
,, = 2 .. 

be in the class S(k2) and k ] =k2-δ. Then. by Theorem 1, we have 

and 

∞ 

ε::'. {(n- 1) +k2(n +1)) a.든2k2 
n~ι 

∞ 2k .. 
윌a.르감효;〈1 

Consequently. we have 

∞ 
ε:7 {(II - 1) + k , (n + 1 ))ι 
11' =2 “ 

=윌{(II-1)+(싼-ô)(써))an 

∞ ∞ 

든，뭘{(，，- 1) + k,cll + 1)) an - 3δ윌an 

드2k2-3δ 

르2k]. 

This completes the proof of the theorem with the aid of Theorem 1. 

(an르0) 
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THEOREM 4. Let 0<k1르k2든 1. Th en we have 

C(k 1 )그C(k2) . 

T he proof of Theorem 4 is given in much the same way as Theorem 3 with 

thc aid of Theorem 2 

4. Distortion theorems for the f r actional calculus 

Tbere are many definitions of the fractional calculus. ln 1978. S. Owa [6] 

gave the following definitions for Lhe fractional calculus 

DEFü lITION 1. The fractional integral of order a is defined by 
z 

-a ,, _, 1 (f(O d 
D f (z)=77; | 「i콘판7 

시U/ 0‘ (z-O ‘ “ 

where a>O. f( z ) is an analytic function in a simply connected region of the 

z-plane containing the origin and the mul tiplicity of (z - O ,, - 1 is removed by 

requiring log(z-O to be real when (z-O>O. Moreover. 

f (z ) = lim D-" f(z). 
a-O 

DEFINITION 2. The fractional derivative of order α is defined by 

d ( f ([)d[ 
Dzf(z)=깐l-a) 쩍캅참’ 

‘.vhere 0 <α<1. f (z) is an analytic function in a simply connected region of the 

z-plane containing the origin and the multiplicity of (z-α -a is removed by 

requiring !og(z-O to be real when (z-O>O. Moreover. 

f (z) = limD" f(z) 
a • o z 

DEFINITION 3. Under the conditions of Definition 2. the fractional derivative 

of order (" +α) is defined by 
.n 

D~+af(z)=부; D?f (z), 
az ‘ 

where 1lENU {이 • 

For other definitions' of the fractional calculus. see T . J. Osler [5]. B. Ross 

[9]. K. Nishimoto [4] and M. Saigo [10] 
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LEMMA 1. Let a I ,mctiotl 

∞ 

l ’.,) I(~ 드z-L::a . .z" 
n= :! “ 

be i1, t /ze class $ (k ). Thell we "aνc 

2k .')_.~". _. . 2/~ .. .. 'J 

I z l-τ후3k Izlι르 I/(z) 1 든 Iz. 1 十 1두핍rl zjr 

and 

1 -않:[" 1 21 르 1I’ (z)1 르H1뚫Izl 
lor zEU. Tlze eqttalilies lzold lor Ilze fzmction 

2k 2 
f(2) ~Z-1주3íi"2‘· 

PROOF. By using Theorem 1, we have 

and 

Hence we have 

and 

for zEU. 

∞ 2k . 
ε:'a .. ~ . ':' '''~ . 
11=2 “ - 1+3k 

∞ “ 
~1lan드--으­
,,=2' “ = 1+ 3k ' 

∞ 

1/(2)1 든 1 21 +lz l"핀an 

2k .. ? 
든 1 2 1+1주3k 121", 

_ 0。

1/(2)1 르 121-lzl.εa” 
n=~ 

2k . ,2 
르 1 21-τ주3/1 121", 

∞ 

11'(2) 1 든1+ 1 21 L:'πa. 
n=:! “ 

4.(0 
든1 +τ주3k 121 

∞ 

11' (2)1 르 1 - 1 21ε겐a" 
n=:! 

르1 -뚫:[" 1 21 

- ‘ 

‘ III 

(al1르0) 

‘ · 、 ‘ 

‘-‘ 
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LEMMA 2. Lel a lunction 
∞ 

1(2) =2-ε~a_zn 
11=2 •• 

be in Ihe class C(k). Then we have 

1 2 1- 1옳 I z l 2딩1(2)1 르 1 21 +옳k1zl2 
and 

1-짧공Izl 르 II'(z) 1 르 1 +뚫k 1 z l 
lor zEU. The eq“alities hold IOT the lunctiol! 

l(z)=z-1옳앙. 

PROOF. By using Theorem 2, we have 

and 

Therefore, we have 

and 

for zEU. 

∞ l 

ε~a 르---­
~2-n- 1+3k 

∞ 2k 
~na 드~ ;;;;2-'- 1 +3k 

” ∞ 
I/(z) 1 르 Izl+lzl‘~a. n=2 .. 

든 Izl+뚫강|zl2. 
‘ ∞ 

1/(2) 1 르 Iz l -12 1-~a. 
n=2 .. 

르 1 2 1 옮k1z l2， 
∞ 

11'(2) 1 든 1 +12 1ε-::lza .. 
11 =2 “ 

2k 
르1+1후3k Izl 

∞ 

1I ’ (2) 1 르 1- 121ε-:::lla_ 
n=2 … 

2k 
르 1 -，주끊:-1 z 1 

(a.르0) 
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THEOREM 5. Lel a f.μ，κlicm 

∞ 

f(z)=z-깔a까 

òe in Ihe class S(k). Then we have 

-a , ,, '" ~ Z l l + a(1 +3k- 2k lzi) 
ID, - f (z) 1 르 (1 +3k)rα+a) 

a ,,, ,,' __ Iz ll+a(J +3k + 2kl zl) 
ID, - f ( z) 1 ~ “ "' 、 ，.. , n , 

..... l - a .. ; ,,' __ Iz la [(J +3k) (1 - a )-2k(2+ a) Izll 
l ; f(z)l 르 (1 + 3k)r (2+a ) 

and 

_l - a" " _ 1z la [(1 +3k) (1 +a)+2k(2+a) Iz ll 
ID; - f ( z) 1 든 (1 +3k)r(2+a) 

for O<a < 1 and zEU. 

PROOF. Let 

Then we have 

because 

F (z) =r(2+a) z -dD;앙(z) 

-.- 류 r("十1)r(2+이 * ?l 
• :;;:, -rcn+ l +a)-'- ' 

∞ r (n + l) r(2+a) 
ε:;， [(n- l) + k(n +l)J 
~2IV~ 4 ; ' '. V~' 4 '" r (n + l +a ) 

∞ 
든ε:;'[(n - l)+k(n十 1)) a. 

n= 2 “ 

르2k. 

「(n+nr(2+α)
。 < . r' (.:~ ' 1 \~，:" ,/ <1 

r(n+l+α) 

133 

(a.르0) 

Consequently, the function F (z) belongs to the c\ass S(k) by Theorem 1. Hence 

we have the theorem with the aid of Lemma 1. 

COROLLARY 1. Under Ihe hypolheses of Theorem 5, D， αf(z) a”d D:-?f (z) 

are included in Ihe di.sks wilh celller al Ihe origin atzd radii (1 +5k)! (J +3k)r 

(2+a) and ( l+a+5ka+7k)/ (1 +3k)r(2+ a), respeclively. 
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THEOREM 6, Let a function 

.~ 

• ∞ 

f(z)뜯z- 2a~zn 
n=2 " 

(a.르0) 

be ;,. tlze class C(k ). Then we Izave 

lZ II+a (1 +3k - k l. J) 
|D z f(z)l 르 (l+ 3k)T(2+α) . 

-a ~; ... __ IZII+a(1 +3k + k lz J) 
ID‘ f (z ) 1 르‘ (l+ 3k)T(2+a) ’ 

-a" ' 1__ zl " {(l+ 3k)(I -a) -k(2+a) Izll 
|Dz f(z)! 르 (1 +3k)rC2+α) 

’ . ” 

and 

| zla ((1 +3k) (1 + a )+ k(2 +a) Izl 1 
| Di f〈서|등 (1 +3k)rC2+a) 

for O<a < 1 and zEU , 

The proof 01 Theorem 6 is obtained by using the same technique as in the 

proof 01 T heorem 5 with thc aid 0 1' Lemma 2, 

COROLLARY 2, Under the i.‘ypolheses κ Tlzemem 6, D;af(z) a?씨 D:-연((z) are 

illcluded ;11. the disks witl;‘ center at I"e origi1l and radíi (1 +4,0)/(1 +3k)r (2+ a ) 

and (1 +α t-4，Oα+5k)/(1 +3k)T(2+a) , respeclively , 

THEOREM 7, Let a f""ction 

Z
•) 짚
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(a.르0) 

alld 

lzll-a(1 +3k+2klz l) 
ID:f(z) 1 듣 (1 +3k)T(2-a) 

for .0 <α<1 and zEU and 

| zl-a {(l+ 3k) (1-α)-2k(2+a) l zl l ID: ' -f(z) 1 르 (1 +3k)rC2-a) 

and 

| z l -"{(l+3k) (1 +α)+2k(2+a) 1 zll 
ID; '-f(z) 1 든 (1 + 3k)rC2:;-a) 
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for 0<α<1 and zEU - (이. 

PROOF. Let 

Then \ve have 

for 

G(z)=rc2-α)zaD~f(z) 

=’- 옴 r (n+l)r(2 α) ? ?” 
11=2 r(n+ 1 α) -,-

울{(，， -1)+때+1)).1:(11 + 1)rc2 α) α 
κ;;;-2.... {" (1I + l →α) 

∞ 

든ε~n ((n-l)+k(1I+ 1)) a_ 
n=2 

르2k， 

r (n + l)(rc2-a) / 0< • "~> ':/~.1 \.- ~...，---， < 1 r (n+ l -a) 、/

135 

and f (z) EC(k) . Acconlingly, the function G(Z) is in the c1ass S(k) by mcans 

of Theorem 1. Therefore, we have the theorem by using Lemma 1. 

1+ COROLLARY 5. U，.μter the llyþolιeses of Theorem 7, D:f(z) and D;+a f(z ) 

are z’Icluded i 1l the disks with center at tI,e origin and radii (1+5k)/ (1 +3k) 

r(2-α) a1띠 (1+，， +511α+7k)/(1+ 3k)r(2-α) ， resþectively. 
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