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ON CERTAIN CLASSES OF UNIVALENT FUNCTIONS IN THE UNIT DISK
By Shigeyoshi Owa

1. Introduetion
Let A denote the class of functions
f(z)zz—}:'z a,? (a,z0)
n=

analytic in the unit disk U={|z| <1}.A function f(z)EA4 is said to be univalent
and starlike if, and only if,

R[5>0

for 2&U. Recently, the general idea of order for a starlike function has been
introduced in a number of ways as in M. S. Robertson [8], R. ]. Libera [2],
K. S. Padmanabhan [7] and F. Holland and D. K. Thomas [1]. According to
K. S. Padmanabhan [7], a function f(z)=A4 is said to be starlike of order #2
in the unit disk U if the condition

o
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7F@ |
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hold for some £2(0<%k=1) and z&U. The class of such functions we denote by
S(E). And let C(k) denote the class of functions f(z)&A such that z/(2) is in
the class S(&).

For the class S(&), K. S. Padmanabhan [7] has given representation formula,
some distortion theorems and the radius of convexity. Moreover, M. L. Mogra
[3] has shown a sufficient condition for a function in the class S(&).

2. The necessary and sufficient conditions
THEOREM 1. A function
f@=2—3 a" (2,=0)
2

=z

is in the class S(E) if. and only if,
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22{(::—1)-[—k(n+1)}a”§2k.
ﬂ:
The equality holds for the function

L %
F@)=a ,5 ey T el

PROOF. Assume that
(=1 +hn+ D) 0, =2
n=

and let |z]=1. Then we have

|zf’ (2} —f(2) | —kl2f (@) +f(D]
—IZ'(I —n)a,z"| —k|2z— E(n-{-l)a 2"

=|z| (%{(n—1)+k(u+1)}a.—2k)
=0.

Hence, by the maximum modulus theorem, we have f(2)ES(R).
For the converse, assume that

PAO) e b
Fi0) “1’ | Smvas
af'(2)

@ T 1 ‘22-,%(”1)0.2‘
<k.

Since |Re(z)|=|z| for any z, we have

E’ (r:—l)a“:za
6)) Re{ —"=2_ <k
22—“;;(n+1)anz’

Choose values of z on the real axis so that zf’(2)/f(2) is real. Upon clearing
the denominator in (1) and letting z—1 through real values, we obtain

oo o
Z(n—Da =k(2—3(n+1)a,}
n=2 n=2

This inequality gives the required condition. Furthermore, the function

2k 2"
2 (n—1)+Em+1) ©

f@=z— E

is an extremal function for the theorem.
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THEOREM 2. A function
f@=2-Laq" (@, 20
is in the class C(k) if, and only if,
(= D-+kCn+ D) 3, 2%

The equality holds for the function

2k
o n((n— 1)+iz(n+1)}

The proof of Theorem 2 is obtained by using the same technique as in the
proof of Theorem 1.

f(@=z— Z‘

3. Some properties for the classes S(k) and C(k)
THEOREM 3. Let 0<k;=k,=1. Then we have
S(&)DS(k,).
PROOF. Let a function
f(@D=2— “‘4;2'0,,2" (a,=0)

be in the class S(&,) and %k =k,—d. Then, by Theorem 1, we have

5 (=) +hyln+ 1) 0, 52k,

and

2%,
}:"u— T3k, <

Consequently, we have

E'{(n D+kn+1la,

=2

(n 1)+(k —d)r+Dla

Il
JLHS

<Z‘{(n D+ky(n+1Dla, —35):‘:1

n=2

=2k,—30

1A

2k

This completes the proof of the theorem with the aid of Theorem 1.
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THEOREM 4. Let 0<k;=k,=<1. Then we have
C(k)DC (k).
The proof of Theorem 4 is given in much the same way as Theorem 3 with
the aid of Theorem 2.

4. Distortion theorems for the fractional caleulus

There are many definitions of the fractional calculus. In 1978, S. Owa [6]
gave the following definitions for the fractional calculus.

DEFINITION 1. The fractional integral of order a is defined by

1 [ FQOdL
@) -~

D fD=F

where >0, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (zHC)“"I is removed by
requiring log(z—{) to be real when (z—{)>0. Moreover,

f@=lim D" f(2).
a—) 2
DEFINITION 2. The fractional derivative of order « is defined by

d_[ FdL
dz J -D%"

D] f()= F(ll—a)

where 0<ee<1, f(2) is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (z—{)™“ is removed by

requiring log(z—%) to be real when (z—{)>0. Moreover,
f(2)=HmD" f(2).
a—) 2

DEFINITION 3. Under the conditions of Definition 2, the fractional derivative
of order (n+ea) is defined by

N
nia d

D =
. @ P

D’ F(2),

where #E€NU {0}.
For other definitions- of the fractional calculus, see T.J]. Osler [5], B. Ross
[9], K. Nishimoto [4] and M. Saigo [10].
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LEMMA 1, Let a function

oo n
T %) f(D=2—-Taz

n=2
be in the class S(k). Then we have

o

2k 2 ; 2k .8
IZJ—WIZ'Iqé-lf(z)léizl+m,;l;z‘.1‘
and
4k ; 4k
- lzl=lf @l=1+ 773512
for z€U. The equaliiies hold for the funciion '
2k 2
f(z)_‘z l+3k Zle
PROOF. By using Theorem 1, we have

= 2% -
o i S
=g

and

oo

4k
o . T ol S
"):'zna,,_ T

Hence we have
@I =1zl + 121",

bisi2k
|+ lalt

F@Iz1zl- 121,
2%
=lef - lal

o
(D) =1+ 121 na,

4%
=l+T1g il

and
If@=1- IZIgnan

4k
=1-1yg 12l

for z&U.
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(a,=0)
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LEMMA 2. Let a function

flz)= z—Ea o

=2

be in the class C(k). Then we have
k 7 k 2
|2l = jag 121° = @) = 2]+ 14l

and

2k " 2k
l-g13 RIEIF@I=1+7 552

for 2€U. The equalities hold for the function

. B 3
f@=z—q3 7.

PROOF. By using Theorem 2, we have

&
E"ﬂ— 1+3%
and
2%
Z"“ﬂ— 1+3%

Therefore, we have
f@I=zl+121" S,
k
=lel+g5 12 12

F@zlzl - |2,

&
=2l - lal’

IffDl= 1+|z|£‘na

n=2

él-i—m-lﬂ

and

F@lz1- 121 Sra,

2k
=173 12l

for z&U.

(anz(])
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THEOREM 5. Let a function
9 ”
f(D=2—a,z
n=2
be in the class S(k). Then we have

e lz1M (1 +38—2k|2])
1D, f@DI=—"qrspre+a

1z) 11+ 3k+ 2 2])

1D fD = amrate
lz|" (1430 A —a) —2k(2+a)|z]}

1—a
1D, f@|= (A3 2+a)
and

12| % ((1+3) A +a)+2k(24+a)|z])

1D, fa)= A+307 @+a)
for 0<a<1 and 2z€U.
PROOF. Let
F(2)=r@+a)z "D “f(2)

R Pt DI@+a) | »
=2 T iita) "

Then we have

(n+1DI'2+a) -
n+l+a) *

% (=D +r(+1}-L

178

=

{(n—=1)+k(n+1D}a,

Il
({51

n
=2k,
because

'+ 2+a
0Tt b
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(2,=0)

Consequently, the function F(z) belongs to the class S(#) by Theorem 1. Hence

we have the theorem with the aid of Lemma 1.

COROLLARY 1. Under the hypotheses of Theorem 5, Dz_af(z) and Di_“f(z)
are included in the disks with center at the origin and radii (1+5k)/(1+3k)I

(2+a) and (1+a+5ka+Tk)/(1+3k)(2+a), respectively.
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THEOREM 6. Let a function

Fay=2— E’a z (a,=0)
n=2
be in the class C(k). Then we have A ¢

- |21 (1 +3k—k| 2]
1D, f@z (l+3k)1’(2+cl) ‘-'

- Lzl ¥ 438+ k2D
IDZ‘ (2] _5_ (1+38) (2+a)

4 L2 (L +38) (1— @) — 2+ |21}
D, “fD|= L30T G a) ;

and

—et [z|* {1 +3) A +a)+ k(%a’)lzl}
1D F@I=—% A+30T @ ,

Jor 0<a <1 and z&U.

The proof of Theorem 6 is obtained by using the same te&hriique as in the
proof of Theorem 5 with the aid of Lemma 2. "

COROLLARY 2. Under the hypotheses of Theorem 6, D:af(z) and Di_“f(z) are
included in the disks with center at the origin and radii (1+42)/(14+30)I'(2+a)
and (1+a+4ka+5k)/AQ+36)I(2+a), 'réspectizrely.

THEOREM 7. Let a function
f@D=2—az" (2,=0)
n=2
be in the class C(k). Then we have

. _lzlM T3k —2k) 2D
|sz(z)|5 (+35TrC—a)

and

& |z} (1 +3&+2k|2])
\D_f&D="""qramre—a

Jor 0<a <1 and zEU and

1t |2} T {(1+3R) (1 —a) — 2R (2+a) | 2]}
1D, f2|= +367 C—a)

and

teag s 121 IAESDA L0 L% ) |21}
\D, )= O+ Cra) i
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for 0<a<1 and z€U - {0}.
PROOF. Let
G(2) =T (2-mz"D} f(2)

—a e D+ DI (2—a) "
2 ,E{z n+1—c) Gyl

Then we have

S (-D+rr+0) LUEDIC D

‘::%n {(n—D+k(n+1ia,

=2k,
for

IMe+1)(IF(2—a)
0< I'(n+l—ea) <n

and f(z2)=C(%). Accordingly, the function G(2) is in the class S(%) by means
of Theorem 1. Therefore, we have the theorem by using Lemma 1.

COROLLARY 5. Umnder the hypotheses of Theorem 7, D‘z f(z) and Dimf(z}
are included in lhe disks with center at the origin and radii (1+52)/(1+3k)
I'(2—a) ana (1+a+5ka+78)/(1+30)1(2—a), respeciively.
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