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A NOTE ON THE PERIODICITY OF SEQUENCES OF DERIVED SETS*

By Josep Guia

We generalize the Tucker's definition about the periodicity of the consecutive
derived sets and we prove that with this deflinition the period is also not
greater than 2. Moreover, it is shown that the period not greater than 1 char-
acterizes the T p, spaces.

1. DEFINITION. Let 2 be an ordinal number, A4 a subset of a topological
space, X and dA the derived set of 4. The derived set of order 4 of A,
d“4, is defined by transfinte induction in the followinz way:
d"A=4, d*"'A=dd’4, d"A= 1 d"A (u limit ordinal)
=4

2. PROPOSITION(see(2]). A subset A of a topological space has three
associated sels

X, =d* " AN A=d"A\kd™ ' 4, nz1

Y =d" Ad*A=d"" A\hd~ A, n=1

Z,=i"dA\K'dA, nz1
(h is the cohereiice operator: hA=ANdA)
that verify: a) X ,NY ,=0, X ,NZ =0, Y ;NZ4=0
b) (X 41=1Y 4l
¢) X,UZ,=dA\dA

REMARK. A spaceisa Tn,-spa.ce if XA=0=YA, for each subset A (sz2z2 [2]).
A space is a Tyy-space if Z,4=0, for cach subset A (sez [3]). Typ+Tp=T),.

3. DEFINTION. The sequence 4, dA, Y o (P , dA has period of order ¢
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and pre-period of order « if dPA=d A, for a=B<yr<a+d, and if d*A=d**%4,

REMARK. Tucker [1] defines the periodicity without pre-period and only for
sequences with finite ordinals. The generalizated periodicity defined above is
not superfluous, as it is shown in the following exemple: Let X be the subset
of the rationals numters, with the usual order, X=[m+%lm,nez, n;éo,].

with the topology given by the subbase of closed sets ?:{cm,]—m, m+— |

lm, n€EZ, n#0, n#?.}, Cm=[m-—%. m}. For the subset A:{—:l'}-. —é—] the

sequence of its derived sets has pre-period w® and period 1: d“ﬁA: U C_m=d7‘
2 m< w
A Do

With the preceding definition of periodicity, all sequences of derived sets of
a subset become periodic.

4. PROPOSITION. In a topological space X, the sequence of derived sets of a
subset ACX has period not greater than 2.

PROOF. Let e be the pre-period of the sequence of derived sets of A. If a=w,
then the period is 1, because d“4 is closed (see [4]). If a<w and d*A=d"4
(A=w), then d”A is closed and the period is 1. For a - w and finite period, if
the period is even, then it is 2, and if the period is odd, then it is 1 (by
proposition 2).

5. PROPOSITION. A topological space X is Ty if and only if the sequence
of derived sets of a subset ACX has period not greater than 1.

PROOF. Let e be the pre-period of the sequence of derived sets of A. Since
d°A is closed, if @=2, the period is 1. If =1 and dA=d"4, for some n=2,
then dA is closed and the period is 1. For a=0, if A=d"A, for some n=2,
then A is closed and the period is 1; if A=dA, the period is 1.

Inversely, if the space is not T, there is a subset A such that d°A is not
closed. Then, the sequence of derived sets of 32._/1\&7244 has period 2 (and
pre-period 0).
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