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ON CHARACTERS OF 7-RELATED TENSORS IN COSYMPLECTIC
AND SASAKIAN MANIFOLDS (3)*

By Sang-Seup Eum

§1. Introduction.

Let M be a (2rn+1)-dimensional differentiable manifold covered by a system
of coordinate neighborhoods {U, ="}, where, here and in the sequel, the indices
h, ¢, i, k, - run over the range {1,2,--, 2r+1} and let M admits an almost
contact metric structure, that is, a set (, ‘-", *, Nps gj,.) of a tensor field qi,."
of type (1,1), a vector field E". a 1-form 7, and a positive definite Riemannian
metric g;, satistying

¢ji¢ih=_rjk. ¢‘r‘er=0, ”l¢j’ —0, 77,5"—’1.

t t
(1.1) 8'3,95;’?5,- =7 ip 1,=8S »
where
- bkt
(1.2) Ti =&y V=8 Tie

A manifold with such a structure is called an almost contact metric manifold.

By virtue of the last equation of (1.1), we shall write 17" instead of f" in
the sequel.

In an almost contact metric manifold M, we define an wn-holomorphically
projective vector field o by the condition

1.3 L) =V V' +o'k "
=T:p,-+7jht)‘,—P,(¢; ¢;+¢j‘¢:.).
for a certain covector field p,, called the associated covector field of ", where

{:j]. K kirh‘ V.& and L, are respectively the Christoffel symbols formed with gjn
the curvature tensor of M, the operator of covariant differentiation with respect
to [j",.] and the operator of Lie derivation with respect to o,

In the present paper, we call an #m-holomorphically projective vector field

* This research is supported by Korea Science and Engineering Foundation Research Grant
1983.
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briefly an n-HP vector field.
The purpose of the present paper is to investigate the properties of 7-HP
vector fields in cosymplectic and Sasakian manifolds.
§2. Cosymplectic manifolds.

A normal almost contact metric manifold is said to be cosymplectic if the
2-form ¢j,-=¢j'g“- and 1-form 7; are both closed.
It is well known that the cosymplectic structure is characterized by

@1 V,$/=0. Vp=0
In a (2n+1)-dimensional cosymplectic manifold M, we easily see that
(2.2 Kym=0, K j,q' =0

by virtue of the Ricci identity with respect to q". where K ji 18 the Ricci tensor
of M. Moreover, using the Ricci identity with respect to ¢‘.h. the following
equations are satisfied.

(2.3) K ms‘f’: ¢: =K yite
249 K kits¢u =2K, ¢ o
(2.5) Kjr¢i‘ +K, 951', =0, K. i’ ¢f. =K

Now we define tensor fields G;; and Z k:‘i* on M by respectively
K

(2.6) Gii=K ;=50 i
h h K h h h
2n Zw =Kyii ~Inta+D T Tw=Ti Tt s ¢ii

h 2
_¢j ¢g."‘2¢u¢,‘h)a
where K is the scalar curvature of M.
The following equations are also satisfied.

28 Grr =& MGM =0, Z t.f-" =Gjp»
4
(2.9 Z gin="Z jiw Z 1w =Z inaje Z i =0,
{
where Z,;,=Z ;i &up
and
@10) G =0. G +Gy8/=0. G 3/4/=Gy

Taking account of the fact that all of the Lie derivatives of g;, {:j]. K tif.
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and K i with respect to 1;*" are vanish, we obtain respectively
h t
ﬂjlekﬂ- =0, ﬂ'V,K =0 7 V.K=0,

and from which

(211) 7'V,G;;=0.
The following equations are also berified.
. "
(212 Zyd" =Gy Zyut"'= =Gjp
t, h B, t Byt byt
@13 z ki Ot =Z i B; s Z i 9, =eri oA
i K
(2.14) Zyud =K; 8, + o Piw
ki K
(2.15) zkjih¢ =M:‘u¢’;+'n—¢w
and
(2.16) Z,u8"8=6,.  Z,,,6"8,'=2G,,
If the scalar curvature K of M is a constant, then we obtain the following
equations.
b 1 L B
(2. 17) V K‘;— 2 VJ:K—O, V’Kkj!' —'va)‘i—Vij,-,
(2.18) V’G, =0
and
!

by virtue of the second Bianchi identity for Z kj.,.".

§3. 7-HP vector fields in a cosymplectic manifold.

In a previous paper [1], we proved that following

THEOREM A. If M is a cosymplectic manifold of constant ¢-holomorphic
sectional curvature, then Z kﬁ" in M defined by (2.7) vanishes.

We consider a system of differential equations
K
(3. 1) VkVJp,,= = m {27‘1" pk+7’k,,pj+7'kjpk

"Pt (¢j‘¢“+ ¢,§r¢kj)]
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for a certain covector field p, in a cosymplectic manifold M of constant ¢-
holomorphic sectional curvature.

If p" belongs to the distribution orthogonal to 17" ([2]), that is, p,n":O in M,
then, it is easily seen that the integrability condition of (3.1) is satisfied by
the help of theorem A. In this case, taking account of (3.1) and the fact
that the right hand member of (2.7) vanishes, we obtain

(3.2) L, {,,",-} =V V,p"+1'K, kj"
K h h P T
- 2”(?""1) {r-'.' ij+TI, p;,"'Pf({ﬁk 95, +¢J‘ st ).

. N, . [
where L, denotes the Lie derivation with respect to p'.

In a previous paper [2], we proved that the distribution orthogonal to 7" is
integrable in a cosymplectic manifold M. Therefore, there exists locally a
vector field p" in M such that ptn'=0. Thus we have the following.

THEOREM 3.1. In a cosymplectic manifold M Of constant ¢-holomorphic
sectional curvature, there exists locally an n-HP vector field p* whose associated
covector ts proportional to itself.

§4. 7-HP vector fields in compact cosymplectic manifolds.

Here-after, we assume that M is a (2n+1)-dimensional compact cosymplectic
manifold.

We notice that every almost contact manifold is orientable. (ef. [4], 1—13,
Theorem 1.5.)

Transvecting (1.3) with r}"' and taking account of (2.2), we obtain V,,Vj(r),v')
=0, from which

4.1) q,v'=constant
by the help of the theorem (1.4) of p.24 in [6].

Thus, for an n-HP vector field in M, we obtain

4.2) 7V =0, ie., Lp=0.

Transvecting (1. 3) with g”. we obtain

4.3 V'V K, =0

For a vector field o" satisfying (4.1) in M, we obtain ([3])
._‘12_ (vai—¢j’¢:’ 'V‘,, ») (Vio' = ¢jk ¢“V, )
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=V V) ~¢"6* V) V) -5V, o) 1V ),
and from which
VAV D0~ 8"6 V00
=4 Vy0i=4/8]Vi0) Vo'~ 46"V )

by the help of (4.3).
Integrating this over M and taking account of the theorem of Green, we

obtain
t, &
Viv,—9,6, V=0
or equivalently
h
(CRY) Lg;=0.
Operating the Lie derivation with respect to o" to the first equation of (1.1)
and taking account of (4.2) and (4.4), we obtain
(4.5 Li'=0.
Therefore #* is a contravariant C*—analytic vector field in M. (cf. definition

in [3]).
Substituting (1.3), (2.1) and (4.4) into the identity

LOVD-VLgH=(L, 18/~ L,1' s
we obtain
(o) -p8;'=0.

Transvecting this equation with 7'g,” we obtain

(4.6) 7' =0.
Contracting on # and 7 in (1.3) and taking account of (4.6), we see that

where P=-Tnl+ﬁlrva"

Thus we have the following

THEOREM 4.1. If a compact cosymplectic manifold M admits an 7-HP wvector
field ", then " is a contravariant C*—analylic vector, the associate vector p' of

o" is orthogonal to 7' and p; is a gradient vector.
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For an »-HP vector field »*, the following equations are satisfied.
(4.8) VL o8y =2 ju 0yt b7 3 04— 0, (P j'¢kh+¢hf¢' PR
4.9 VLg"=—2r"p—1r 0" - s ]8,) 88D,
where p‘=gﬂp*.
Substituting (1.3) into the well known formula
h h 5
LK, =V,L, G- Vil s
we find
(4.10) LE, "=t 0,7V p.—(V, 0@/ 8 +8/8
gy g Vel Vg YiPy kENYG ¥ R
+(V;2)8,/8,"+6,8,).
and from which
(4.11) LK,= —2nV,p,—2(V, p~)¢,-'¢,-"

Transvecting (4.11) with ¢rj¢si and taking account of the second equation of
(2.5), we obtain

(4.12) LK, =—2n(Y;p)$/8/~2V,p,.
Comparing (4.11) with (4.12), we obtain
(4.13) V0=V, 0098,
or equivalently
k—-
(4.14) Lg; =0.
Substituting (4.13) into (4.11), we obtain
(4.15) LK;==2n+1V;p,

Operating V, to (4.13) and transvecting it with g'k’-. we obtain

k h
(4.16) VY, 0,=8/8"V N, 0,=— 58/ K, 'p,
by virtue of the Ricci identity
Substituting (2. 4) into (4.16), we obtain

4.17) V'V, "+ K p =0
Taking account of (2.6) and (4.15), we obtain
(4.18) L,,GJ-,.= —-(V ,.w'.+V,.w,-).

where we have put
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h_ a, K _
(4.19 w'=(n+1p"+3,
Taking account of (2.7) and (4.10), we obtain

@ LZ = g5ty U WOuT, 26

(LG8, +0,8)
~ (LG8 +8/8).
§5. Decomposition of an 7-HP vector field in M.

In this section, we prove the following

THEOREM 5.1. If a (2n+1)-dimensional compact cosymplectic manifold with
constant scalar curvature K admils an 7-HP vector field v", then the following

propositions are satisfied.
1) K >0,
(2) o is decomposed uniquely in the form

B 2n  h_ h
V=T {w'=(n+1)p"},
where w" is a K illing vector field and p" is the associated wvector of o,
3 p" is also an n-HP vector and whose associated vector is proportional to

itself.

LEMMA 1. If w" defined by (4.19) is a Killing vector field, then theorem
(5.1) is satisfied.

Proof of lemma 1.
(1) Differentiating covariantly (4.19) and taking account of (4.2), we obtain

6.1 2+ DV ;= (V0,4 V) =0
Operating V, to (5.1) and substituting (1.3) into it, we obtain
(.2) 20+ DV, 0= 0 (20 4+ T4 D+ s b= BB, Bai+ 8, 93]
Transvecting (5.2) with g”"‘. we obtain

VVit'=-Kp,

from which, we see that —%<0. (cf. theorem 1.8 of p.26 in [6]). Thus we
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see that K>0.
(2) From (4.19), we see that

" =%—?— {w"I —(n+ l)p"} .

For proof of the uniqueness of above decomposition, if we put
2 2 ’ h ’
-+ DY) =~ (0~ (n+ 1D,
then ’phﬂph also a Killing vector. On the other hand ‘p;—p, is a gradient vector
by virtue of (4.7). Thus we have V j(’pf—p,-) =0 and from which V}VJ(‘p-— p) =0,
where ‘p,=V,;’p. Then using the theorem 1.4 of p.24 in [6], we see that p—p
=constant and from which ‘p,=p,. Therefore, the uniqueness above stated is

proved.
(3) Differentia.ing (4.19) covariantly, we have
K
(5.3) ViV =+ DV, 0"+ 5V, V o,
from which,
" h K h
(5.4) L,,,{“} =(ﬂ+1)L,{* j} -i'*g;;‘l‘,,[‘E J1.}.

where L indicates the Lie derivation with respect to w”,

Since #" is a Killing vector, the left hand member of (5.4) vanishes. Substi-
tuting (1.3, into (5.4), we obtain.

i K h h !k t
(5.5) Ly} == a7y 25%7; ta— e b; +9, ¢:)],
and we are done.
Next, we are going to the proof of the fact that w" defined by (4.19) is a

Killing vector field.
For this purpose, we use for briefness the following notations.

(5.6) u=Vu"’,

G.7) v=(Vw, +Vw)(V"w'+V'wJ

From (4.19), we obtain
V'v,w"+x,"w’=(n+1)(v’v,p"+K*p)+ o (V' +K M.

Substituting (4.3) and (4.17) into this equation, we obtain

(5.8) VVu'+ K ' =

from which by a well known integral, we obtain the following
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LEMMA 2. [ pdV ="y vV,
M

where dV is the volume element of M.

Taking account of the Ricci identity for p and (4.17), we obtain
VY, p -V Vp'=—K,p.
Using this fact, (2.6), (4.6) and lemma 2, we obtain the following

LEMMA 3. f Gphw'av =l jMudV.
By the same way as 8§83 in [2] (cf. (3.6) of [2]), we obtain the following
LEMMA 4. [ (VLGw'dV = wav.
Using (1.3), (2.10) and (2.11), we obtain
£LYV,G,=VL G, -2,

Taking account of this equation and lemma 3 and lemma 4, we obtain the
following

LEMMA 5. fMgkj(L,VkGﬁ)w"dV=2(’:’TUj e

Taking account of (2.6), (2.8), (4.9) and (4.18), we obtain
Ji t
GiViL g =—4G,p,
and
=2V,

Therefore using lemma 2 and lemma 3, we obtain the following

G,.L

Ji~'v

LEMMA 6. [M(V"G,,.)(L,,g"")w,,w=- vdV.

_r_

n+ldy

Taking account (2.18) and lemma 5, we obtain the following
/ ; Nt dV =B

LEMMA 7. fM(V;GM)(LUg’ oV =— r fMudV.

Operating V¥ to (4.20) and taking account of (2.8), (2.10), (2.11), (2.12),
{4.9) and lemmas 3, 4 and 6, we have the following
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dn+3 udV.
4(n +1)° -
Similarly, using (2.9), (2.12), (2.14), (2. 15). (2. 16), (4.9) and the lemmas
3, 4, 5 and 6, we can obtain the following

LEMMA 9. fM(VkL.,Z.,-n)gj ‘wtdv = 2%”1:15)1 paks

LEMMA 8. IM(V*L,ZH:)gﬁwth—

Now we prove the theorem 5. 1.
Taking account of the last equation of (2.9), (2.12) and (2.18), we obtain

DR T g ey
V2,5 ="6,'=o.
and from which,
k i h k ty Ji [ h
VLZe w'=(V'LZ, )"0 +C (V'Lgw'
Substituting (4.8) into this and using lemmas 3 and 8, we obtain
k B 3
Comparing this equation with lemma 9, we obtain
| wav=o,
M

that is
(5.9) Vw;+Vw,=0.

Therefore, the theorem 5.1 follows from lemma 1.

Taking account of (4.18) and (5.9), we obtain

(5.10) LG;=0
and from which
(5.11) L2 =0,
Taking account of (2.6), (4.2) and (5 10), we obtain
(5.12) LK, = L,g"

Substituting (5.12) into (4.15), we obtain
K
(5.13) Wngﬁf—' —2(n+1)VJ-p,..

Differentiating covariantly (5.13), considering the assumption K =const. and
taking account of (4.8), we obtain

(5.14) ViVpi=— WI{HY (27 Dat T i B+ 740
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{ t
_pt(¢j ¢ki+¢,’ ¢kj)] .
Substituting (5. 14) into the Ricci identity, we obtain
b K t 4 ¢
(5.15) Ky 2= Tty s ~Tul; +9is

t 4
~Gpbj —204b; by
and from which
(5.16) Z,; p,=0.
Thus we have the following
THEOREM 5.2. Let M be a compact cosymplectic manifold with constant
scalar curvature.
If the Lie algebra of all 7-HP vectors is transitive, then M is of constant
o¢-holomorphic sectional curvature.
Transvecting the first equation of (2.13) with p, and taking account of
(5.16), we obtain
t, h
(5.17) Zyi b, 0,=0.
Substituting (5.11) into the identity
h h
L;rvlzkji _VILVZ kji
b ok hy ot ko o $s id
=Zﬁ; L "Zu':‘ L4 'Zm Lu{u} ‘ije L
taking account of (1.3), (2.7), (2.14), (5.16), (5.17) and transvecting it with

pk, we obtain

(5.18) LYKy ==2," 5, 1Y)
Contracting by k=j in (5.18), we obtain
(5.19) (LVE I =G (0, p".

Taking account of (5.18) and (5.19), we obtain the following

THEOREM 5.3, Let M be a compact cosymplectic manifold with constant
scalar curvature, and let M admits an 1-HP vector field.

(1) 7f M is symmetric manifold, then M is of constant ¢-holomorphic sectional
curvature.

(2) If M is Ricci parallel, then M is an n-Einstein manifold.
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§6. An 7-HP vector field in a Sasakian manifold.

If a set (qi,.k. nh. gﬁ) of a tensor fiecld 95,.* of type (1.1), a vector field 1]"

and a Riemannian metric &ji sarisfies (1.1), (1.2) and additionally

b =5 @m- 01,
then such a set is called a contact structure. A manifold with normal contact
structure is called a Sasakian manifold.
It is well known that in a Sasakian manifold, the following equations are
satisfied.

©.1) V=4, V-¢-"= - g +9,'7,,
(6.2 1K i =Ty~ i@
and
]
(6. 3) Kj‘ﬂ =2n7?j-

In the present section, we investigate an 7-HP vector field defined by (1.3),
that is

(6.4) L) =V +/k,}

- toh, b, h
=Pkrj ijrk _ﬁg(¢‘. ¢_,‘ +¢j ¢k )
in a Sasakian manifold.
Differentiating (6.4) covariantly, we obtain

©.5) ViL, () = = @ur"+ 8. )0~ @ +6 000,
~ (Ve p)@ '8 +8,/8+ o) (g8
+2,8)—bng "+ 18]
+b.0; (gy—10)+08, (g~
Substituting (6.5) into the identity

=ViL, (' =V,L,

kj:
we obtain

(6.6) . L,,Kk], — -95,@,77 +¢k Ui ¢ ﬂk)ﬂ,
~ @y b= 5 BT~ (V08,6 +8/8
+(V; 0B8]+ 88 + 01 (@8]
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— ;000 + 18] '8y =10,

~b%; 1'g;=10]) = (0 by =1, 008,

~ 08 8 =0, 9,).
Transvecting (6.6) with 7, we find

i
6.7 LK gji = =245 Bi=Suibyt S0y + 0,8, 7= by T
Taking the Lie derivative of the both sides of (6.2) we obtain.

ML Ky + LKy =L, L)

+ L i~ L& ir
Substituting (6.7) into this equation, we obtain

(6.8) (LK kj:'f =20y iy b= b b= 0,9 j!rki
+ Pﬁﬁ; Tt (LDl gji
= (L )8 =ML &

Transvecting (6.8) with nk and taking account of (6.2), we obtain

: k
(6.9) Lg;=p7 8+ 00 L gy
Taking account of the symmetry of (6.9), we obtain
(6.10) 2p,ﬁ'¢,-f+n,-n"Ltg,,,-—7?,-ﬂkngﬁ=0-
Transvating (6.10) with 'Jr,:i. we find

. k B
where we have put
(6.12) t=1"1L g,
Substituting (6. 11) into (6.9), we see that

{
(6.13) Lg i =7 )¢j,'+ 07
Taking account of the symmetry of L,g;, we obtain
(6.14) b =0
and from which

(6.15) Lg,=mqm;

by virtue of (6.13).

13
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Operating V, to (6.15), we find
(6.16) Vi(V0,+V0 )=Vdnm + (@ m+dymp-

Substituting (6.4) into (6.16) and transvecting the result with r,\jvi, we obtain
V,7=0, that is,

(6.17) T=const.
On the other hand, substituting (6.14) into the identity;

L, ,—h,-} = %g & (VJ'L,,Z it Vil &= VL8,

and taking account of (6.17), we obtain

(6.18) L") =</ n+0n).
Comparing (6.4) with (6.18), we obtain
(6- 19) pkrjh+13)'rkh . f-’f (¢;¢jk+¢j‘¢:) =7(¢:7?j+ ¢jbrl’k)'

Transvecting (6.19) with rp’ and taking account of (6.14), we easily see that
7=0
and from which
h h h h
Pkrj +Pjrk _P¢(¢k’¢j +¢jf¢k )=0.
Contracting by k=j, we see that
2;=0 L") =0.
Thus we have the following

THEOREM 6.1. In a Sasakian manifold an 7-HP vector field with an asso-
ciated vector other than the zero vector does not extst.

Sung Kvun Kwan University
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