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A NOTE ON A ONE-PARAMETER ADDITIVE FAMILY OF
OPERATORS DEFINED ON ANALYTIC FUNCTIONS

SHIGEYOSHI OWA

1. Introduction

Let ~ denote the class of functions of the form

(1.1)
~

fez) =z+~ a"z",,=2

which are analytic in the unit disk 'it = {z : Iz I<I} and u be a proba­
bility measure supported by the closed interval [0,11 Further let L
denote the linear integral transformation

(1. 2) Lf(z) = S:f(;t) duet).

Since it is evident that fez) E~ implies Lf(z) E~, we can apFly tht:
operator L successively for obtaining

(1. 3) L'if(z) =LVn-1>f(z) (nE9t= {I, 2, 3...})

with LOf(z) f(z).
Recently Komatu [2J interpolated the sequence {L"} into a family

{V} depending on a continuous parameter A~O such that the condition
of additivity

(1.4) VD'=LHp.

is satisfied and showed the series expansion of Vf(z) applied to fez)
E ~ is obtained in the form.

(1.5)

in case of u(t) =t.
Let d denote the class of functions defined by (1. 1) which are analytic

and univalent in the unit disk 'it. A functionf(z) Ed is said to be starlike
with respect to the origin in the unit disk 'it if, and only if,
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(1. 6) . Re{zf~;))} >0 (zEU).

The concept of order for a starlike function has been introduced by
Holland and Thomas [lJ, Libera [3J, Padmanabhan t6J and Robertson
[7J. According to Padmanabhan [6J, a function fez) Ed is said to
be starlike of order a (O<a~ 1) in the unit disk U if

(1. 7) I(zf' (z) -1) / (zf' (z) +1) I<a
fez) fez) (ZEU)

for some a (O<a~l). We denote the class of such functions by d(a).
For the class d(a), Padmanabhan [6J has showed representation formula,
distortion theorems and the radius ofconvexity, Mogra [4J has obtained
a coefficient theorem and a sufficient condition and Owa [5J have showed
some distortion theorems for Fp(z) defined by Hadamard product of
functions in d(a).

2. JroDlatu's conjectures

Let d* and tJ(, denote the classes of functions fez) defined by (1.1)
analytic and starlike with respect to the origin in the unit disk U and
analytic and convex in the unit disk U, respectively.

Recently Komatu [2J gave the following conjectures for these classes.

CoNJECTURE 1. If fez) is in the class d, then Vf(z)Ed at least
for AG;l.

CONJECTURE 2. If fez) is in the class tJ(, (or, more generally,· fez)
Ed*), then Vf(z) E!J(, at least for AG;l.

In this section, we consider the Komatu's conjectures for the class
d(a). We need the following lemmas by Megra [4J..

LEMMA 1. If the function fez) defined by (1,1) is in the class d(a)
for some a (O<a~l), then for a=l

(2.1)

while, for O<a<l,

(2.2)

and

(2.3)

(n=2, 3, 4, ..., N)

(n>N),
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where

(2.4) N=[l+aJ
I-a

and [ ] means the Gauss' symbol. The estimates in (2. 1) and (2. 2)
are sharp.

LEMMA 2. Let the junction j(z) defined by (1. 1) be analytic in the
unit disk 11. Ij, for some a (O<a~1),

(2. 5) n~ {(1~a)n+a;1} lanl ~1,

then fez) belongs to the class cl (a).

THEOREM 1. Let the function fez) defined by (1. 1) be in the class
cl (1/3). Then £1j(z) belongs to the same class cl (1/3) at least jor
A;;;;Ao where Ao is a certain number less than 23/8.

thatsee

(2.6)

Proof. Putting a=1/3 in (2. 5) and using (1. 5), we can

t: (2n-1) I:~I = 3J~21 +n~ (2n-1) I:~ I

< 1 2 ~ 2n-1
= 2,1-1+~3n~3 nA(n -1)

1 2 00 1
<2.1-1+-3r;J:=Tn;3 n

<2?-1+ ~ {2A2~:1-(1+2;-1)}
1 2

= 3.2.1 1 + 3(2.1 2-1)

<1
for any real A;;;;23/8 with the aid of Lemma 1, because

00 1 2.1-2
(2.7) 1+n~ nA-1 < 2.1 2-1

for A>2. This shows that £1j(z) Ecl(l/3) by means of Lemma 2.

THEOREM 2. Let the function fez) defined by (1.1) be in the class
cl (1/2). Then £1f(z) belongs to the same class cl (1/2) at least for A;;;;
Ao where Ao is a certain number less than 3.

Proof. Putting a= 1/2 in (2. 5) and using (1. 5), with the aid of
Lemma 1 and (2. 7),. we obtain
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(2.8) 1:: (3n-l) I~ I
"=2 2 n

= 51 a21 + 41 a31 +.1-1:: (3 -1) Ian I
2H 1 3A 2 ,,=4 n nA

< 5 1 3 ~ 3n-l
= 2H1 + 3A- 1 +4~nA(n-l)

5 1 3 = 1< 2H1 + 3A- 1 +-4I:l=l,,=4 n

5 1· 3 {2A
-

2
( 1 1 )}

<2H1 + 3A- 1 +4 2A 2-1 1+ 2A- 1 + 3A- 1

1 1 3
= 2A + 4·3A- 1 + 4(2A2 -1)

<1
for any real A~3. Thus we can show that Vf(z) Ed(1/2) by using
Lemma 2.

Finally we can give the following problem.

PROBLEM. Let the function fez) defined by (1.1) be in the class
d(a) with O<a;;;;l. Then does Vf(z) belong to the same class d(a) at
least for A~AO where AO is a certain number less than 3?
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