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ON A SPECIAL CLASS OF UNIVALENT FUNCTIONS
IN THE UNIT DISK

SHIGEYOSH1 Owa

1. Introduction

Throughout this paper, let

F(D=a12— T,z (@>>0,2,20),

£ =ay, 2~ a2 (a1,>>0, 25, 20)
and

g(2) =biz— Zbe" (5:>0, 8,20)

and let 9*(a,B,7) denote a class of functions f(z) analytic and
univalent in the unit disk %= {z : {z|<{1} for which

f(x)—1
7 (F@—a- 71 | P

where 0=<a<(1,0<<8=1 and 0<y=1. The above condition on f’(z)

implies the univalence of f(z).
For this class 2*(a,8,7), V.P. Gupta and I. Ahmad [1] showed
the following lemma.

LEMMA 1. A function f(z) is in the class P*(a, 8,7) if, and only if,

3 28r(1—aja

REMARK 1. V.P. Gupta and P.K. Jain {2] have studied a class
P* (a,B) of functions

F&) =2~ S (as20)
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analytic and univalent in the unit disk % for which

 FE@-1 |
N 7Foraz <P

where 0=a<1 and 0<{B=1. If we put 7-—*1 and z;=1, then
P*(a, 5, 1) =D*(a, ).
REMARK 2. Let 0=a;=<ay<{1. Then we can see that
P*(az, B, 1) <P* (a1, B, 1)
with the aid of Lemma 1.

REMARK 3. Let 0=a1 =<1, 0<51 =41 and 0<y=1/2. Then we
can sée that

- Lt (a29131’ )C@*(ala 13277')
with Lemma 1 and the definition of 9*(a, 8, 7).

2. The Hadamard products of the functions in 2*(a, 8,7)

Let fxg(z) denote the Hadamard product of two funcnons f)
and g(z), that is,.”
f *g (2) -'a151z Z’% 22"

. THEOREM 1. Let the f unctions f; (z) be in the classes D*(a;, B, 7) for
each 1—1 2y eeny 1y respectwely Then, the Hadamard product fl*fz*

ctfp(2) is in the class P*(a, 8,7), wlzere
a=1— 21“”’H (1~a,)

Proof Smce f,(z) G,@* (oz,, ,8, 7) for each i=1, 2 oM, iéspéc;cively,
by using Lemma 1, .

?.;:271 Q +2:87;‘8)a)15i s28r(—apay,;

and

a ﬂr(l a; )al’ z
S T

for any n=2. Hence, we have
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Zn (267 —6) flaws

= a +%Z;T5 m—1 ”:]:Iz (1—ay) 41,i§2n(1+2187-ﬁ) Qs

2" IT(1—a,)ay;
= (1+2ﬁ7'—‘8)m—1 '.1;11(1 a:)alu

§2}3T {1 - (1 —2l-m i]=]1 (1“’(1,') )} ‘Blal,i.
This completes the proof of the theorem with the aid of Lemma 1.

COROLLARY 1. A class D*(a,B,7) is closed under the Hadamard
product.

A

Proof. Let the functions f(z) and g(z2) be in the same class 9*(a,
B,7). Then, the Hadamard product fxg(z) belongs to the class 2*
{A+2a—a?)/2,8,7} by means of Theorem 3. Furthermore, since
(1+2a—a?)/2 is greater than a, by using Theorem 1, we have fx*

g(x)eP*(a, B, 7).

THEOREM 2. Let the functions f;(z) be in the classes D*(a;, B,7)
for each i=1,2,...,m, respectively. Then, the function

=5 £ )

is in the class D*(a, B,7), where a=min a;.
15ism

Proof. Fromthe definition of 2(z), we have

oo

a=2

And since f;(z) €P*(a;, 8,7) for each i=1,2,...,m, respectively, by
Lemma’1,

,§2 n(1+2,37’—/3)dmiézﬂ?‘(l—ai)aw-
Hence,

Sn (14287~ B) S

= 257’; (1—a;) ay,;
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.2
=268r(1 —min a;) ‘2—:' 215 5+

Therefore, we have the theorem with Lemma 1.

3. Distortion theorems for the fraetional calculus

THEOREM 3. Let a function f(z) be in the class P*(a, 8,7). Then,
we have

OIE —%%g;‘-}%lzw,

lf(z)lgallzt+%<—12-g;—l%lzlz,

’ _ 28r(1—a)a
lf (Z)Igal mlz[

and

17(2) ] éaﬁ%;ﬁ_% |z

for =& | “
Proof. Since f(z) €9P*(a, 5,7), by using Lemma I,

5 < frdi—a)a;
2= o
and
- < 28r(1—a)a,
éznan_—————vl_,_zﬁr_ﬁ .

Hence, we have

F@ | Zarlzl~ 212 e, 2ozl — LoD

1+28r—8
[f(z)lé“llelezﬂganéaﬂzlﬂLﬁT—_'(_lz%;’—l%l—lzlz,

and
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If (2) | Say+ Izlé'zna,,éaﬁ-%az)%lz!.

Finally, the equalities hold for the function

f(=) =ﬂlz"—“—_ﬂ{_f(_12;;:l‘2 =2,

COROLLARY 2. Under the hypothesis of Theorem 3, the unit disk U
is mapped onto a domain that contains the disk

_bfr-ama
fw]<a ——————‘—1‘*‘2,37’—‘161 .

This result is sharp with an extremal function

f(z)=axz ”ﬁl)-’_f_—lzg;z——%zﬁl—zz.

Next, let D,~#f(z) and D,*f(z) denote the fractional integral of
order % and the fractional derivative of order %, respectively. In 1978,
S. Owa [5] gave the following definitions for the fractional calculus.

DEFINITION 1. The fractional integral of order % is defined by

N O a7
Ay O) ety

where £>0, f(z) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z—{)*!
is removed by requiring log(z—{) to be real when (z—0)>0.

DErINITION 2. The fractional derivative of order % is defined by

-1 d (= f(Qdl
PAO=Ta=H whe—0r

where 0<(k<{1, f(z) is an analytic function in a simply connected
region of the z-plane containing the origin and the multiplicity of
(z-{)~* is removed by requiring log(z—{) to be real when (z—2)>0.

REMARK 4. The fractional derivative of order (n-+%) is defined by
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D, f (2) =

D (2),

where 0<t<1 and =% U {0}.

ReEMARK 5. For other definitions of the fractional calculus, see [3],
[4],[6] and [7].

THEOREM 4. Let a function f(z) be in the class D*(a, B,7). Then,

we have

—Ef(x +E_ Brd—a)a 22+
DA @ =255y I’(Z-I—k) =t s —p e 27

- +k Br(l—a)a +
DA S Faiy 1’(2+k) s —mrarn FT

D2 () [ 20D o FrOID A D1

R A+28r—B)1' (2+H)
and
- (1+ka Br@-+k) (1—a)a +
D () | st e LD LR
Sfor 0<k<1 and z<¥. =
Proof. Let

F(2) = (2-+EB)ztD *(2)
_ aTI'GtDT@+E)
—aE— 2y TGrith

00
=ayx— ) A 2"
n=2

Then, by using Lemma 1, we have

3 n (142870 A< X 21+ 26— Ha, =27 L —a)ay,

because 0<<A,<a,. Hence, the function F(z) belongs to the class
P*(a, B,7). From this, we have the required estimates with the aid
of Theorem 3.

THEOREM 5. Let a function f(z) be in the class D*(a, B8,7). Then,
we have
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k & Br8—r(d—a) -
O B ANy e vy oy y L

and

(2—HB)a - Br8—k)(l—a)a -
lDzkf(z)lé—T,—(?_:—i)—l—lzll B (1+2,Br—,B)I‘(3—1k) |z]2-%

for 0<k<1 and z<.
Proof. Let consider the function

G(2)=T'(3—k)z kD ~1ttf ()
_ I'(n+1)I' (3—k)
—ar—3 Faro-D

o
=g,z — 2, B,2"
n=2

a,z"

Then, by Lemma 1, we have G(z) €9*(a, B,7), because 0<B,<a,.
Hence,

D1+ 2-k br(l—a)a 3-k

| f(2) | S ],(3 >y ——|z|?7 k4 A28 =B =% |z
by using the second estimate of Theorem 3. Furthermore, from this
and the third estimate and the fourth estimate of Theorem 3, we get
the required estimates.

COROLLARY 3. Under the hypothesis of Theorem 5, the unit disk U
is mapped onto a domain that contains the disk

lw| < ka; Br(3—k) Q—a)ay

r@e—rn A+26r—-priE—m-
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