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AN APPLICATION OF THE FRACTIONAL CALCULUS 11

SHIGEYOSHI 0\\":\

1. Introduction

Let f~p denote the class of functions of the form
00

(1.1) fez) =zP+ ",£ap+nzP' n (pE?t= {l, 2, 3, ... })
,.=1

which are analytic in the unit disk 1L= {z : Iz I<1l. Then a function
fez) E rJp is said to be in the class cJp* (a) if

(1. 2) R {
zf'(z) } ..~.

e pf(:::) / a (ZE U)

for O~a<1. In particular, e5 1* (a) is the class of analytic and starlike
functions of order a.

Now, we say that a function fez) defined by (1. 1) is in the class
C'f}p(()p+n) if f(:::) Eflp and arg{ap+n} =()p+n for all n~l. Then it is
clear that C'f}p (Op+n+2kn) =C'f}p(Op+n) for an integer k. If ap+m=O for
some rn, we are then to choose ()P+tn arbitrarily. Thus even if we
were to restrict arg {a p+n } to principal values, fez) would not necessarily
be in a unique c!9p(()p+n)' If, further, there exists a real number f3
such that

(1.~"l) ()p+n-rnpce:.=;:; (mod 2;:;)

then fez) is said to be in the class l)jp(Op+ll;S), The union of lJi)p
(OP+ll;f3) taken over all possible sequences {Op+n} and all possible real
number (3 is denote by C'f}p. Further let C'fJp* (a) denote the subclass of
C'f}p consisting of functions fez) in dp*(a).

RH.1ARK 1. The classes C'J91 and C'f}l* (a) were first studied by Silverman
[l0]. Further Owa [6J showed some distortion theorems for fractional
calculus of functions f (z) in C}91* (a) .
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There are many definitions of the fractional calculus, that is, the
fractional integrals and the fractional derivatives. We find it convenient
to restrict ourselves to the following definitions of the fractional
calculus used recently by Owa [7J.

DEFINITION 1. The fractional integral of order A is defined by

-2 _ 1 p: fC(,)dC
(1. 4) D z ':fez) - r (;<) J0 (z-C) 1-1'

where ;<>0, fez) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z-C)2-1
is removed by requiring log(z-C) to be real when (z-C) >0.

DEFINITION 2. The fractional derivative of order ;< is defined by

2( _ 1 d rz f(C)dr.,
(1.5) D z z) - r(l-;<) dzJo (z-I~Y ,

where 0<;«1, fez) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z-C)-2
is removed by requiring log(z-') to be real when (z-') >0.

DEFINITION 3. Under the hypotheses of Definition 2, the fractional
derivative .. of order (n+Jt) isde:finedby

(1. 6)

where 0<':«1 and nE9't U {O}.

REMARK 2. For other definitions of the fractional calculus, see
Agarwal [lJ. AI-Salam [2J, Erdelyi, Magnus, Oberhettinger and
Tricomi [3J. Nishimoto [4J, OsIer [5J, Ross [8J, Saigo [9]. Sneddon
[l1J and Srivastava and Buschman [12J.

2. Distortion Theorems

In this section. we show a coefficient inequality and two distortion
theorems of functions fez) in C1).p* (a).

THEOREM 1. Let the function fez) defined by (1. 1) be in the class
CJJp*(a). Then we have

(2.1) ~{(p;n) -a} lap+nJ ~l-a.
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Proof. We use a method of Silverman [lOJ. We assume that

j
1...L ~ p+n n)

{
zf' (::;) } _ I ~l-p-ap+nz

(2.2) Re pf(::;) -Re ~ >a
1+L;ap+nzn

11==1

95

for O~a<l and zE1i. For fez) EC'fJp (Op+n;/3) we put z=re ifJ in (2.2)
and let r""""""l-. Upon clearing the denominator in (2.2) we can see
that

(2.3) 1- i; (p+n) Iap +n I ;?;a(l- i;, ap+n I)
0;1 p 0;1

which shows (2. 1). Thus we have the theorem.

THEOREM 2. Let the function fez) defined by (1. 1) be £n the class
CfJp*(a). Then we have

(2.4) IzIP- p(l-a) IzJP"'-l~ I fez) I
p(l-a)+l

< '~IP...L p(l-a) I~/pn
= "- 'p(l-a)+l "-

for z E 1/. Equality occurs for

(2.5) fez) =zP+ p(l-a) Zp-'-l
p(l-a)+l

at z= == Iz Iexp( -i()p+l).

Proof. Since fez) E vp* (a), in view of Theorem 1, we can see that

oc p(l-a)
(2. 6) fl' ap+n I~ p (l-a) +1-

Hence we obtain
~

(2.7) If(z) I~ IzIP+ L; lap+nllzIP+O
.=1

~

~ IzIP+ JZIP+IL; Jape.1
n=l

S Jz/p+_p (1-a) IzlPl
- p(l--a) +1

Similarly, we have
~

(2.8) If(z) I;?; lzIP-L;lap+nllzIPcn
n::::1
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00

;;;; IzlP-lzl p+1I; lap+nl
."'1

;;:::lzlP p(l-a) Iz.IP+l.
p(l-a) +1

This completes the proof of the theorem.

CoROLLARY 1. Under the hypotheses of Theorem 2, fez) is included
in a disk with its center at the origin and radius r given by

(2.9) _ p(l-a)
r-1+ p(l-a)+l'

THEOREM 3. Let the function fez) defined by (1.1) be in the class
C)9p*(a). Then we have

(2.10) plzIP-l- p(p+1) (I-a) IzIP~ If'(z) I
p(l-a)+l

~plzIP-l+p(p+l) (I-a) IzlP
p(l-a)+l

for O~a<l and zEl1. Equality occurs for the function fez) is given
by (2.5).

Proof. By using fez) E C)9p* (a) and

(2.11) (p(l-a)+1) (p+n) ~ (p+n)_a
p(p+1) p

for O~a<l and n;;;;l, we get

(2.12) ( p(l-a) +1) = ( I
\ p (p+ 1) n~ p+n) Iap+n

~~ {( p~n) -a} lap+nl

~l-a,

hence further,

(2.13) I; (p+n) la +nl ~ p(p+1) (I-a) .
n=1 P p(l-a)+l

Consequently we can show· that

(2.14)
00

If'(z) I ~plzIP-l+ I; (p+n)r.;!ap+nllzjp+n-l
n==l

00

~plzIP-l+ /z/PI;(p+n) lap+nl
."'1

~plzIP-l+P(p+1)(1-a)IzlP
p(l-a) +1
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and

(2.15)
..

If'(z) I~plzll-l-.r:(p+n) lao+.llzIP+II-1
.;1 ..

~plzli>-l-I%IP.r: (p+n) lap+1I 1
.;1

~plzIP-l p(p+1)(1-a) IzlP
- p(l-a)+l

for zE1.l with the aid of (2.13).

CoROLLARY 2. Under the hypotheses of Theorem 3, f' (z) is included
in a disk with its center at the origin and radius r given by

(2.16) r=p+ p(p+1) (I-a)
p(l-a)+l

(3.1)

3. Application of the fractional calculus,

We give the distortion theorems for the fractional calculus of func­
tions fez) in C'j)p*(a).

THEOREM 4. Let the function fez) defined by (1. 1) be in the class
Cf)P*(a). Then we have

r(p+l) Iz IP+.l{l p(l-a) Izl}::S; ID -Y(z) I
r(p+1+il) p(l-a)+l - z

::s; r(p+l) Iz/P+l{l+ p(l-a) Izl}
- r(p+1+il) p(l-a)+l

for il>O and zE1.l. Further

(3.2) F(P+l) 1 IP-l{l (p+l) (I-a) I 1}::S; ID U( ) /
F(P+1-A) z p(l-a)+l z - "J Z

< F(P+1) I z IP-l{l+ (P+l) (I-a) Izl}
F(P+l-A) p(l-a)+l

for 0<;«1 and zE1.l.

Proof. Since fez) is in the class Cf)P*(a), fez) satisfies (2.6).
Now, we consider the function

(3.3) F(z)=F(P+1+il) -lD -U()
F(P+l) z "J Z

= p+f: F(p+n+l)F(p+l+il) P+1I
Z ,,;1 F(p+n+ 1+il)F(p+1) ap+lIz
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for A>O. Note that

(3.4) O<r(p+n+1)r(p+1+A) <1
r(p+n+1+A)r(p+1)

for A>O and n~1. Therefore, by u~ing (2. 6) and (3. 4), we obtain

(3.5) IF(z) 1= Ir(p+1+A) z-lD :"'lj(z)1
F(P+l) %

:s;; IzIP+ lzIP+1I; r(p+n+1)r(p+1+A) la' ·1
- . #=1 r (p+n+1+A) r (p+ 1) p+n

""
~ IzIP+ IzIP+11:: lap+nl

.=1

~ IzIP+ p(l-a) . /zlp+1
p(l-a) +1

and

(3.6) IF(z) 1=/ F(p+1+A) z-lD -Y(z) I
r(p+l) z

:2:lzIP_!z]P+1i;rcp+n+1)rCp+I+..() la I
- ..=lr(p+n+l+..()r(p+l) p+n

"":::: IziP - Iz Ip+11:: Iap+n I
..=1

:2lz1P- p(l-a) lz/P~l
- p(l-a)+1

for A>O and z E 11. Thus (3. 1) follows from (3. 5) and (3. 6) .
Next, we consider the following function

(3.7) G(z) = r(p+I-A) zJ.D lj(z)
r(p+1) %

=zP+I; r(p+n+1)r(p+1-..() a zp+n
..=1 r(p+n+1-A)r(p+1) p+n .

Then it is easy that

(3.8)

by (2.13) and

(3.9)

I; (p+n ) Iap+nI < (p+ 1) (I-a)
..=1 p p(l-a) +1

I<FCp+n+l)r(p+I-A) <p+n
r(p+n+1-A)r(p+l) p

for 0<..«1 and n~l~ Consequently we can show that



(3.10)
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IG(z) I= Ir(p+ 1-}.) z).D ).f(w) I
r(p+1) Z '"'

~ IzIP+ IzIP+II; r(p+n+1)r(p+1-}.) lap+nl
- 0=1 r(p+n+1-}.)r(P+ 1)

~ IzIP+ IzIP+1I;(p+n) lap+nl
0=1 P

~ IzIP+ (p+1) (I-a) /zjp+l
- p(l-a) +1
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and

(3.11) IG(z) 1=1 r(p+1-}.) zi.D Aj(z) I
r(p+ 1) Z

:?: IzIP-lzIP+II; r(p+n+1)r(p+1-}.) lap+nl
- 0=1 r (p+n+1-}.)r(P+ 1)

~ Iz IP-/z /p+lI; (p+n) Iap+n/
0=1 P

:?:lzIP- (p+1)(1-a) IzIP+l
- p(l-a)+l

for 0<':«1 and zEU. The second half of the theorem IS given by
(3. 10) and (3. 11). Thus we have the theorem.

CoROLLARY 3. Under the hypotheses of Theorem 4, Dz-Aj(z) is
included in a disk with its center at the origin and radius r given by

(3.12) _ r(p+l) { p(l-a)}
r- r(p+1+}.) 1+ p(l-a)+l '

and D/f(z) is included in a disk with its center at the origin and
radius R given by

(3.13) R= r(p+1) {1+ (P+1) (I-a)}
r(p+l-}.) p(l-a)+l·
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