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AN APPLICATION OF THE FRACTIONAL CALCULUS 11

SHIGEYOSHI Owa

1. Introduction

Let W, denote the class of functions of the form
(1. 1) f =2P+§ap+,,::‘°'” (pe=it=1{1,2,3,...})

which are analytic in the unit disk %= {z: |2|<1}. Then a function
f(z) €41, is said to be in the class <f,*(a) if

zf’ (2) }\ .
(1.2) Re[Pf(:) ~a (ze U)
for 0=<a<1. In particular, <§*(a) is the class of analytic and starlike
functions of order a.

Now, we say that a function f(z) defined by (1.1) is in the class
N, (0p2.) if f(2) €A, and arg{ay+n) =04+, for all n=1. Then it is
clear that P,(0,.,+2kx) =N,(0,+,) for an integer k. If a;,,=0 for
some m, we are then to choose 0,., arbitrarily. Thus even if we
were to restrict arg {a,+,} to principal values, f(z) would not necessarily
be in a unique M,(#,+,). If, further, there exists a real number $
such that

(1.3) 0pinTnf=x (mod 2z)

then f(z) is said to be in the class ,(0,.,;5). The union of VY,
(@,+x:8) taken over all possible sequences {0,.,] and all possible real
number § is denote by ¥,. Further let M,*(a) denote the subclass of
9, consisting of functions f(z) in J,*(a).

REMARK 1. The classes O, and ¥, * (@) were first studied by Silverman
[10]. Further Owa [6] showed some distortion theorems for fractional
calculus of functions f(z) in M *(a).
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There are many definitions of the fractional calculus, that is, the
fractional integrals and the fractional derivatives. We find it convenient
to restrict ourselves to the following definitions of the fractional
calculus used recently by Owa [71.

DEFINITION 1. The fractional integral of order A is defined by

@4 D () =~ LU

where 1>0, f(2) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z—{)*?
is removed by requiring log(z—{) to be real when (2—0)>0.

DerFINITION 2. The fractional derivative of order 1 is defined by

(1.5) D%@:ﬁ 4 é(C)z;’g,

where 0<1<1 F(2) is an analytic function in a 31mp1y connected region
of the z-plane containing the origin and the multiplicity of (z—{)~2
is removed by requiring log(z—{) to be real when (=—{)>0.

DerFINITION 3. Under the hypotheses of Definition 2 the fractmnal
derivative of order (z+2) is defined’ by ‘

(1.6) D,»"f (2) = D (=),

where 0<A<{1 and €% U {0}.

REMARK 2. For other definitions of the fractional calculus, see
Agarwal [1], Al-Salam [2], Erdélyi, Magnus, Oberhettinger and
Tricomi [3], Nishimoto [47], Osler [5], Ross [8], Saigo [9]. Sneddon
[11] and Srivastava and Buschman [127].

2. Distortion Theorems

In this section, we show a coefficient inequality and two distortion
theorems of functions f(2) in B,*(a).

THEOREM 1. Let the function f(z) defined by (1.1) be in the class
R, * (). Then we have

@1 ;{(%) ——a} l2y:q] S1—a.
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Proof. We use a method of Silverman [10]. We assume that

’ 1+Zw]p+na 22"
zf' (=) o p A
2.2) { pf(z) } Re 1+ia1>‘ 27 e

for 0=a<{1 and z€%. For f(z) EV,(0,+.:8) we put z=re?® in (2. 2)
and let »—1~. Upon clearing the denominator in (2.2) we can see
that

(2 3) Z<P+n>la‘b4—n|ga(l"‘gllaIynJ)

which shows (2.1). Thus we have the theorem.

THEOREM 2. Let the function f(z) defined by (1.1) be in the class
P,*(a). Then we have

@.4) 1:1»——56%%‘%1-1z11’”§1f(z)|
<lele+— 2= _jopp
p(Q—a)+1
for z€U. Egquality occurs for
— pd—a)  ,.
(2 5) f(~) p+P(1 a)+1‘p !
at x==|z]lexp(—ily:1).

Proof. Since f(z) € V,*(a), in view of Theorem 1, we can see that

3 <_pd=a)
(2.6) [S Ap+ ",—p(1~a)+l

Hence we obtain
@7 1£G) IS 12124+ S lapenl 1177
< lzlo4 |21#15 e
< x|t — p(l—a) |2]p 1

p(1—a)+1
Similarly, we have

(2.8) 1F ()12 |212= 5] apey] 12177
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=|zlp— lﬂ“’“gfﬂpﬂ'

S 1ot P =@) 150
=l g a1 =
This completes the proof of the theorem.
COROLLARY 1. Under the hypotheses of Theorem 2, f(z) is included
in a disk with its center at the origin and radius r given by

p(l a)

THEOREM 3. Let the function f(z) defined by (1.1) be in the class
P, * (o). Then we have

. pp+D Q- @
2.10 plzlr1— (=) 1 |2 (2) |
1. p(p+1) A—a)
A e e e

for 0=a<1 and z<U. Equality occurs for the function f(z) is given
by (2.5).

Proof. By using f(z) €®,*(a) and

y o (2Q—@)F1Y,, pn) _

(2.11) (W) (P-f‘n)é( » ) a

for 0<a<1 and #=1, we get
p(1—a)+1
(2.12) k;cgirﬂg(ﬁmﬂ%m
n"l {( p—i_n } ]aPT”
Zl—a,
hence further,
< p(p+1)Q—a)

Consequently we can show that
@10 1f' @12l 5 (prndapn| 12121

<plzlP 1+ 12125 (o) layil

- .P(P+l)(1 a)
<plz{#r1 —a) F1 [z]?
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and
(2.15) L/ ()1 2pl2l#71— L (p+n) |2s4al [2] 2777

2plzl#1= 12125 (p+) layen|

-1 2(p+1) Q—a)
2 plzle? »(l—a) F1 [z|?

for z€¥ with the aid of (2.13).

COROLLARY 2. Under the hypotheses of Theorem 3, f/(z) is included
in a disk with its center at the origin and radius r given by

p(p+1)(—a)
(2. 16) r=p+ (=) T1

3. Application of the fractional calculus,

We give the distortion theorems for the fractional calculus of func-
tions f(z) in WB,*(a).

THEOREM 4. Let the function f(z) defined by (1.1) be in the class
P,*(a). Then we have

3.1) ——Mlzl?“{l———-ﬂi—lzl}ém“f(z)l

T'(p+1+2) p(1—a)+1
I'(p+1) + p(l—a)
STroren = 1[ Gt '}

for 2>>0 and z€U. Further
3.2) ksl - 2D A | ) < sy

r'(p+1—-2 p(l—a)+1
r'p+1) |, (2+1) Q-
éf(pﬂ—l)' . l{H pQ—a)+1 & '}

for 0<{A<1 and z< .

Proof. Since f(z) is in the class P,*(a), f(z) satisfies (2.6).
Now, we consider the function

(3.3) F(z)~-’—’—(f£(—}%@~ -3D~3f (z)

ot +Zl’(p+n+1)l’(p+1+2) .
DT (pFat1+0)T (pt1) #F
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for 2>>0. Note that

T (p+n+1D) I (p+1+2)
@.4) 0 ot I O o)

for >0 and n=1. Therefore, by using (2.6) and (3.4), we obtain
G5 1FE 1= LLIED ap iy
St BRI D 1
<|z|1’+|zl"+12|ap+n|

and
@6 17 = LD ap oy |
| S T (ot DI (p+1+D)
=>|zl2—|z]|? IZ l’(p+n+1+2)l’(p+1) ]ap+,,l ‘

=|z|?2— lzli’”Z lapial

s p(— a) b
=|z}? mkp 1

for 2>0 and z€¥%. Thus (3.1) follows from (3.5) and (3.6).
Next, we consider the following function

r'(p+1)

% T(pntDI(p+1-D)
L o at 1D (o FD

Then it is easy that

a7 6E@=TEF1=AD 2p e

aP_lep-}-n

si( 217 (p+1)(1—a)
by (2.13) and
(3.9) 1< Lot DI (p+1-0) p+n

T'(p+n+1-DI(p+1)
for 0<<A<1 and »=1. Consequently we can show that
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(3.10) GG |=|L@H1=D ip ()

I'(p+1)
ne F(p+2+DI (p+1—-2)
LRIy 4 e ey g emmy 2

glzl?+lzl?“§(”;">lal,+nl
<|z)p+ TD A=) | 1pn

r(1—a)+1
and
| rp+1—-24 _; 2
(3.1 IG(z)l———Pm—z DAf (2)

_ el (p+n+D) T (p+1—2)
Zlelt ==l L T R T 1) 4!

2 lzlo= (2P 5 (252 ) a0l

b3
_ED A=) | e
2 |zlp—2EL S |2

for 0<<2<1 and z€%. The second half of the theorem is given by
(3.10) and (3.11). Thus we have the theorem.

COROLLARY 3. Under the hypotheses of Theorem 4, D, *f(z) is

included in a disk with its center at the origin and radius r given by

T+ { r(1—a) }
(3.12) STo+irn U p0—a) F1l
and DAf(z) is included in a disk with its center at the origin and
radius R given by

_ _I'(p+1) (2+1)(~a)
(3-13) R=Fopr1=0 {1+ p(Q—a)+1 ]
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