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1. Introduction

A Banach contraction is a selfmap f of a metric space (X, d) satisfying
d( fx,fy) ~ a d(x, y) for all x, y E X and for some a E [0,1). The
well-known Banach contraction principle states that for complete X,
such f has a unique fixed point p and fnx ~ p for all x E X. There
have been numerous literatures on extensions of the principle.

In [3J, J. Dugundji and A. Granas extend the principle to a
contractive type map which is called a weak contraction and obtain
some applications including a domain invariance theorem. They also
introduce the concept of weakly expansive maps and establish some of
their properties.

In the present paper, we show that the Dugundji-Granas contraction
is actually particular to some well known other contractive type maps
and that their fixed point results are actually particular to those in
[6J, [7J, [8J, and [9]. Moreover, following the methods in [7J,
[8J, [9J, we show that fixed point theorems on weak contractions
and on weakly expansive maps can be unified to a single theorem.
Furthermore, we extend the domain invariance theorem for weakly
contractive fields to the one for Meir-Keeler type contractive fields.
In the sequel, we follow the notations of [7].

2. Comparisons of contractive type conditions

Let R+ denote the set of nonnegative reaIs. A map 9 : R+ ~ R+ is
said to be compactly positive if inf {9(t)la~t~b}=A(a,b»0 for
any b>a>O [3].

Consider the following conditions on a selfmap f of a metric space
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(X, d):
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(Dd) There exists an increasing right continuous function ifJ : R+­
R+ such that ifJ (t) < t for t > 0 and, for any x, y E X~ we have

d(fx, fy)::;; ifJ(d(x, y».

(DG) There exists a compactly positive function ifJ : R+ - R+ such
that for any x, y E X,

d( fx,fy)::;; d(x, y) - ifJ(d(x, y».

(Cd) Given e > 0, there exist eo < e and 00 > 0 such that for any
x,yEX,

e ::;; d(x, y) < e+oo implies d(fx,/y)::;; eo.

(Bd) Given e> 0, there exists o=o(e)> 0 such that for any x, yEX,

e::;; d(x,y) < e+o implies d(fx,/y) < e.

Note that the condition (Dd) is due to Browder [2J, (DG) to
Dugundji-Granas [3J, (Cd) to Boyd-Wong Cl] (also see Hegediis­
Szilagyi [4J), and (Bd) to Meir-Keeler [6J.

The following is basic.

LEMMA. (Dd)~ (DG)~ (Cd)~ (Bd).

Proof. (Dd)~ (DG) is given as Proposition (3. 2) by Dugundji­
Granas [3]. (Cd)~ (Bd) is given by Meir-Keeler [6]. It remains
to show that (DG)~ (Cd). In [3J, it is shown that (DG) is
equivalent to the following condition of Krasnoselskij [5J:

(1) There exists a map a: R+-R+ satisfying sup {aCt) I a::;;t::;;b}
< 1 for any b > a > 0, such that for any x, y E X,

d(fx'/y)::;; a (d(x, y» ·d(x, y).

On the other hand, in [4J, it is shown that (Cd) is equivalent to the
following:

(2) There exists a map a ; R+ - [0, 1) such that for any e > 0 there
exists a 0> 0 with sup {a(t) Ie::;;t<e+o} < 1 and, for any x, y EX,

d(fx'/y)::;; a(d(x,y» ·d(x,y).

Then it is clear that (l)~ (2). This completes our proof.
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REMARK. An example showing (Bd)=t:::;>(Cd) is given by Meir­
Keeler [6J.

3. Fixed point theorems

Let f be a continuous selfmap of a metric space (X, d), Cf= {g : X
-+ X I fg=g f, gX c fX}. For Xo E X the sequence {fx,,} :=1 is caned
the f-iteration of XQ under g, as defined by fx,,=gx,,-r. n=O, 1, 2, ... ,
with the understanding that, if fxn-fxn+l for some n, then fx,,+i = fXn
for each j~O. The set {fxn} :=1 will be denoted by O(Xo). A point
Xo E X is said to be regular if diam 0 (xo) < 00.

The following is a consequence of Theorem 2 (Co)' in [7].

THEOREM 3. 1. Let f be a continuous selfmap of a complete metric
space (X, d) and gECf continuous. Suppose that X contains a regular
point and that

(Co)' for any e > 0, there exist co < e and 00 >°such that for any
regular points x, yEX,

c::;; diam (O(x) UO(y» <.. e+oo implies d(gx, gy)::;; co.

Then f and g have a unique common fixed point p in X, and, for any
regular xoEX, any f-iteration of Xo under g converges to some t;EX
satisfying ft;=p.

THEOREM 3. 2. [9, Theorem 4J Let f be a continuous selfmap of a
complete metric space (X, d), g E Cf continuous and f, g satisfying the
following condition:

(Bk)' For each e>O there exists a 0>0 such that e::;; max {d(fx,
fy), d(fx, gx), defy, gy), [d(fx, gy) +d(fy, gx)J/2} <-e+o implies
d(gx, gy)<e.

Then f and g have a unique common fixed point p in X, and, for any
xoEX, any f-iteration of Xo under g converges to some t;~X satisfying
ft;=p.

If f=l x , the condition (Bk)' will be denoted by (Bk) [l0]. Now,
from Theorem 3. 2, we have

THEOREM 3. 3. [8, Theorem 2. 4J Let f be a continuous selfmap of
a complete metric space X, and g E Cf> satisfying
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(Bd)' for each e>O there exists a 0>0 such that, for all x, yEX,
e::;; d(fx,fy) < e+o implies d(gx, gy) < e.

Then f and g have a unique common fixed point p in X, and, for any
XoEX, any f-iteration of Xo under g converges to some ~EX satisfying
f~-p.

Now consider the following condition on f and g:

(DG)' There exists a compactly positive function ifJ : Rr -)0 R+ such
that for any x, yE X, d(gx, gy) ~ d(fx,fy) - cjJ (d(fx,fy».

Imitating (DG) =:> (Bd) =:> (Bk) and (DG) =:> (Cd) =:> (CO) as
in Section 2 and in [4J, [lOJ, we have (DG)'=:> (Bk)' and (DG)'
=:>(CO)'.

Therefore, from Theorems 3.1 and 3.3 we obtain the following

THEOREM 3. 4. Let f be a continuous selfmap of a complete metric
space X and gECf satisfying the condition (DG)'. Then f and g have
a unique common fixed point p in X, and, for any Xo E X, any f­
iteration of Xo under g converges to some ~EX satisfying f~=p.

Theorem 3. 4 unifies the main fixed point results on weak contractions
and on weak expansions in [3]. In fact, by putting f=1x , we obtain

COROLLARY 1 [3, Theorem (l.4)J Let (X, d) be complete and g:
X -)0 X a weak contraction, that is, g satisfies (DG). Then g has a fixed
point p, and gnx -)0 p for each xEX.

By putting g=1x in Theorem 3.4, we have

COROLLARY 2 [3, Remark in Section 5J Let (X, d) be complete and
f : X -)0 X be a surjective weak expansion, that is, there exists a compactly
positive function cjJ : R+ -)0 R+ such that for any x, y E X,

d(fx,fy)::::: dCx, y) + ifJ(d(fx,fy»).

Then f has a fixed point p, and, fnx -)0 p for each xEX.

4. Domain invariance for the Meir-Keeler type contractive
fields

Let E be a Banach space and U c E open. Given F : U -)0 E, the map
f: U -)0 E given by fx = x - Fx is called the field (of displacements)
associated with F.
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LEMMA. Let F : E --) E be a selfmap of a metric space (E, d) satisfying
(Bd). For any r> 0, if d(x, Fx) S oCr) for some xEE, then F maps
B(x, r+o(r» into itself.

Proof. Suppose yEB(x, r+o(r». If d(x, y) < r, then d(Fx, Fy)
< r, since F is contractive. If r S d(x, y) < r+o(r), then d(Fx,
Fy) < r, since F satisfies (Bd). Therefore, in any case,

d(x, Fy) s d(x, Fx) +d(Fx, Fy) < oCr) +r.

REMARK. Actually F maps B(x, r+o(r» into itself since F is
continuous.

THEOREM 4. 1. Let E be a Banach space, U c E open, F: U --) E
satisfy (Bd), and f : U --) E its associated field. Then

(a) f: U --) E is an open map, and
(b) f: U --) fU is a homeomorphism.

Proof. (a) For each xE U and a ball B(x, r) c U, we show that
there is a ball B(fx,p)cf(B(x,r». Suppose O<r'<r. Then there
exists oCr')>°satisfying (Bd) with respect to F.

Case (i) r'+o(r') <r: Choose any xoEB(fx,o(r'». Define G: B
(x, r') --) E by Gy=xo+ Fy. Then G also satisfies (Bd). Since

IIGx-xll = IIxo+Fx-x 11 = 11 xo-fx 11 < oCr')

by Lemma, G maps B (x, r' +o(r'» into itself. Therefore, G has a
unique fixed point Yo in B (x, r'+0(r'». Since Yo = Gyo = Xo + Fyo,
we have fyo=xo. Since Xo is arbitrary in B({x,o(r'», we have

B(fx, oCr'»~cf(B(x, r'+o(r'» cf(B(x, r».

Therefore f is open.

Case (ii) r S r'+o(r'): Leto=(r-r')/2>0. If r'sllx-YIl<r'+o,
then IIFx-Fyll < r'. As in the Case (i), we choose xoEB(fx, 0) and
define G : B(x, r')--)E by Gy=xo+Fy. Then G satisfies (Bd) and

11 Gx - x 11 = 11 xo+Fx - x 11 = 11 Xo - fx 11 < o.

Hence, by Lemma, G maps B(x, r'+0) into itself. Therefore, we have

B(fx, 0) c f(8(x, r' +0» c f(B(x, r»,

and f is open.
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(b) Letfx = fy. Then x - Fx = y - Fy implies x - y = Fx - Fy.
Since F is contractive, we should have x = y. Therefore f is injective.
Since f is a continuous open bijection between U and fU, f is a
homeomorphism.

REMARK. Note that Dugundji and Granas [3, Theorem 2.1J obtained
Theorem 4.1 with respect to the condition (DG) instead of (Bd).

Using the above theorem, we can obtain some corollaries correspond­
ing to results of Dugundji-Granas [3].

COROLLARY 1. Let E be a Banach space and F : E ~ E satisfy (Bd).
Then the associated field f is a homeomorphism of E onto itself.

COROLLARY 2. Let X be any space, E a Banach space and f : X~E
an embedding of X onto an open set U c E. Let g : X ~ E be a map
such that gof-I : U~ E satisfies (Bd). Then x ~ fx - gx is also an
open embedding of X into E.

COROLLARY 3. [3, Proposition 2. 4J Let E be a Banach space, U c E
open, and f: U ~ E a CLmap. If its derivative Df(xo) : E ~ E is
an isomorphism, then f maps a neighborhood of Xo homeomorphically
onto a neighborhood of fXiJ.

Let (E, d) be a metric space. By imitating the definition of a
contractive type map, we define the following expansive type map.

DEFINITION. Let (E, d) be a complete metric space. A map f : E ~
E is called a (Bd)-type expansive map if for any e > 0, there exists
o(e) > 0 such that

e ::;; d(fx,fy) < e+o(e) implies d(x, y) < e.

Of course, such a map need not be continuous. If f is a surjective
(Bd)-type expansive map, then f- I is well defined and satisfies (Bd).
Therefore we obtain a result by using Theorem 4. l.

THEOREM 4. 2. Let E be a Banach space and F : E ~ E a (Bd)-type
expansive surjective map. Then the associated field f is a bijective open
map.
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