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1. Introduction

The notion and some properties of BCK-algebra, which is an algebraic formulation of a propositional
calculus, were introduced and studied by K. Iséki (see {11, (2], (3)).

In general, it is not held in the subset A of BCK-algebra M that x2y= A imply yxz=A. In this
paper, we studied any non-empty subset A4 of BCK-algebra M, which satisfies the following
properties, property:

(P,) 04, and z=A and zxve A imply y=A.

(Py) 0=4, and (yxz)xze=A and yrze A imply rxzcsA.

2. Preliminaries

By a BCK-algebra, we mean a general algebra M= (X;*,0) satisfying the following conditions:
(1) (zxy)*(zxz) <zxy,

(2) zx(zxy) <y,

(3) z<z,

(4) <y, y<z imply z=y,

(5) 0<z, where z<y means z*y=0,

We define z/\y as (yxz)xy for z,y=M. A BCK-algebra M is commutative if zN\y=yA\xz.,
Throughout this paper, M will mean a BCK-algebra, and A will denote a non-empty subset of M,

Theorem 1. In a BCK-algebra M, we have
(1) (zxy)*z< (zxz) 2y,

(2) (zxy)xz=(z%z)%y.
) (zwy) <z implies (xx2) <y.

(4) (zxy) L=z,
(5) zx0=z.

Proposition 2. Let A satisfy (P)), If y=A and y<z, then z=A,

Proposition 3. Let M, M, be two BCK-algebras with MyNM,=1{0}. We define zxy=y if z,y do
not belong to same algebra. Then MyUM, is a BCK-algebra.

In a BCK-algebra M, the subset A(e)=[z|2<a for a fixed a= M} of M dces not satisfy (P,) in

general.

Theorem 4. Any set A(a) satisfies (P)), if and only if, xxyLz and <z imply y<z for z,y 2= M,
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Theorem 5. If A satisfies (P,), then (P;) also.

Theorem 6. In Theorem 4, the subset {0} of M satisfies (P,), if and onlx if, A(a) satisfies (Py).
3. Results

Proposition 7. In proposition 3, let A,B be non-empty subsets of M, M, respectively. If A, B
satisfy (P,), then the union AUB also.

Proof. Let yxc=AUB, y=AUB. Then yxze=A or yxz=B, and y=A or y=B. If yxz=A and
y=A, or yxz=B and y=B, then they are clear. Let yxx=A and y=B. Suppose that z=M,. Then
yxzEM, and since yxz=ACM,, yxz=M;NM,={0}. Hence, we have z=B by Proposition 2.
Suppose that z&M,., Then yrz=z=A. Therefore, z=AUB in any case, and the proof is complete.

Proposition 8. In Proposition 3, let A, B be non-empty subsets of M, M, respectively. If A, B
satisfy (P,), then the union AUB also.

Proof. Let (zxy)x2=AUB, zx2cAUB. If z,y, z&M,, then it is clear. If z,y do not belong to
same algebra, then (zxy)*z=yx2=AUB. If z,y=M,, z=M,, then (zry)xz=z2&M, zxz=2EM,,
Thus, yxz=B. Therefore, y*2=AUB in any case, and the proof is complete.

Definition 9. Let A satisfy (P,). A is maximal if it is proper and it is not a proper subset of
any proper subsets satisfying (P,),

Definition 10. In a commutative BCK-algebra M, let A satisfy (P,). A is called prime if aN\b=A
implies a= A or b=A, -

Remark. By Theorem 5, Definitions 9 and 10 are held in the subset A of M, which satisfies
(Py).

Lemma 11. Let A satisfy (P,). Then for acM, the subset B= {z|zxacs A} of M is the least set
containing A and a, which satisfies (P,).

Proof. Let zxy=B and x=B. Then (2xy)*a=A and zxa=A imply yxa<=A, and we have y=B.
On the other hand, 0=0xa=A. Hence, B satisfies (P,), Now, let the subset C of M be a set
containing A and a, which satisfies (P,). Then for z&B, since zxa=ACC and a=C, BCC.
Therefore, the subset B of M is the least set containing A and a, which satisfies (P,).

Theorem 12, Let A satisfy (P,). If A is mazximal, then for any elements z,y=M, zxy=A or
yrzeE A,

Proof. Suppose that xxy&A. By Lemma 11, the subset B={z|zxz=A} of M is a set properly
containing A, which satisfies (P,). But, since A is maximal, B=M. Therefore, (z*y)*z=A and

since zxx=(0& A, we have yxz=A.

Theorem 13. Let M be a commutative BCK-algebra and A satisfy (P,). If A is mazimal, then
A is prime.

Proof. Let z/\y=A. Then z/\y= (yxzx)*y=(xxy)xz= A since M is commutative, and then zxyc A
or yxz=A by Theorem 12, Thus, if zxy=A, then 2= A4, and if yxr= A, then y=A. Therefore, A

is prime
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