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Multi-Dimensional Local Limit Theorems

for Large Deviations*

Beong Soo So, Jong Woo Jeon, and Woo Chul Kim*

ABSTRACT

In analogy to the theorem proved by So and Jeon (1982), we give a multi-dimensional
version of local limit theorem for large deviations in the continuous case. We also
prove a similar theorem in the case of lattice random vectors. Some examples are

given.
1. Introduction

In one dimensional case, So and Jeon(1982) proved a local limit theorem for large
deviations for i.i.d. continuous random variables which has several merits over the result
by Richter (1957). In this paper, we extend this to the multi-dimensional case and obtain
similar results both for the continuous case and for the lattice case, keeping the same

merits over the multivariate results by Richter (1958).

2. Main Results

In the multi-dimensional case, we have the following local limit theorem for large
deviations which is analogous to that proved in the paper by So and Jeon (1982).

The following notations shall be used.
x=(x,) is m-dimensional (column) vector, lic]:silsl?sjnfc,»] is the sup-norm of vector x,

dx=dx,...dxs, <s, t>:fj Si¢; is the scalar product of the vectors s and L.
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Theorem 1. Let XV, X®, ... be i.l.d, m-dimensional random vectors with a common
distribution function F. Let ¢ be a m-dimensional vector. Let the following conditions hold:

D ¢(§):S:...S:exp (s, %) dF(x)<co for SEN,
where N is an open convex set containing zero.
2) Thereisar &N such that
grad log ¢(z)=c¢.
3) There is a positive integer #, such that
g(s+ib)
RO

X(l)+---+X(")
n

no

t oo,

supS

$EN

Let f.(+) be the p.df. of for n>n, which exists by 3),

Then, for w=w,=0(1), we have, as #—o0,

fn(g+gv):TZ7r—)”m—m,/;—A;rexp{—nr(g+gu)} {1+0(D},
where r(@)=sup{<s, ay—logg(s)}
and Ad=det||0*log ¢(z)/07: 9z;| 1>0.

Remark. The condition 3) above seems to be somewhat stronger than the condition(A)
of Richter (1958) since the former implies the latter clearly. In many examples in which
Richter's condition (A) is satisfied, however, condition 3) is also obtained,

In the case of random vectors on a lattice, we have an analogous local limit theorem,

Theorem 2. Let X» X® .. be iid. m-dimensional random vectors which take only
integral values %2 (vectors with integral coordinates). Let ¢ be a m-dimensional vector and
pR) =p{X”=k}. Let the following conditions hold:

1) The distribution of X% is unilatticed, that is, the greatest common divisor of the
m! times the volumns of the m-dimensional simplices, all m-+1 vertices of which lie in
integral points of & for which pR>0, is equal to 1.

2 ¢(§):‘Z‘DUE) exp (s, k> <co for SEN,
where N is an open convex set containing zero,

3) There is a z&N such that

grad log ¢(_z') =c.
Let p.(f)=p{Z X=F} and

¥=Zna=hk/n=ctu.



22 Beong Soo So, Jong Woo Jeon, and Woo Chul Kim

Then, for w=0(1), we have, as n—co,

Dx(B)= (n)m’zczzlr)m/uw exp{—nr(c+w)} {1+o(D},
where r(g)=§gg{<g, sy —log ()}
and A=det|2* log §(z) /dz: 9c;) | >0,
Remark, Condition 1) and 2) above are the same as those of Theorem 2 of Richter

(1958).
3. Proofs

The proof of Theorem 1 is essentially same as that of So and Jeon (1982) and is
therefore omitted, To prove Theorem 2, we use the multivariate version of Lemma 1 in

So and Jeon(1982). Then, for all SEN,

¢(§+l~£) " e<:y :) .
WJ Tl () e it B,
Consequently

exp{s, B> (s+1iH)
¢} Pn(lf) = 72‘7;),.; " S)Sm <r [W}EXP(—i<£, /f> ddt

for all s&N.
Choose, for each n, 7, = N such that
grad log ¢(3'n)=3cn=§+1~/vn.
And decompose the last term of (1) into two parts as follows:

¢(s+zt)
I~ Smg[ Q) Jexp(—i<§, k>)dt

d(s+it)
=S|z|ss {W} exp(—z(l k>dl‘+R,.,

o(s+ib) )

where Rn:Ssﬂthz Tf)"— exp(—zQ‘, lg>)d£',
By condition 1), for every ¢>0, there exists a a(e)>0 such that for e<|t| <z,

¢(s+zt)

O ) <e~° for all s in some neighborhood of z.
Therefore
o(s+it) I
FAE< ol
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@ <Ke-er=o(nr) for all >0.
Exactly the same procedure as in So and Jeon(1982) gives us the same estimate of the

principal part of I.. ie.,
€)) In”*@)lm LA

~ (27[)"‘/2
(n)mzz AI/Z

Substituting (2), (3) into (1) and taking into account that
r(x)=max {(x, $)—log $(s)}
={x, 7y —logg(o),
where 7 is the solution of the saddie point equation
grad log ¢(z)=1,

one has, as #n—oo,

pa(R)= (n)m/2(27lz.)m/z 712 exP{"m'C-f)} {1+0(DD}.

Theorem is proved.

4. Examples

In this section, we illustrate Theorems 1 and 2 by two simple examples,
Example 1. Let X®, X®, ... be i.id. with common distribution Np(g, X), where X
is nonsingular, Then, we obtain
log ¢(8)=<n, $)+<s, L&/2.
In this case, the conditions of Theorem 1 are satisfied clearly. Thus by solving saddle
point equation
grad log ¢($)=p+Xs=1,
we have
r(x)=max {(z, $)—logg(s)}
=(—WE Tt (x—pw/2
Hence, for each n>>1,

fn({c) = e-n(f—::z—x(:-pn/zn.|nz l 1/2:ne—nr(:)/27,_-| Z [1/2.
Example 2. Let X® X® _ be iid with common tinomial distribution M(l,

%, %—) Then

w|—
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6(si, sH=F(1+en+e),
In this case conditions of Theorem 2 are obviously satisfied. Thus by solving saddle

point equation

grad log ¢(§):[€“/(1+e“+e“)}:[xlj

esz/(l+g:1+en) X2
we have
[&]ZFOg xl/(l—xl—xz)]
5, log %2/ (1—2xy—x5) J*
Hence
r(¥) =max {{x, s)—log ¢(s)}
={x, §>—log ¢(8)
=21 log %+ 13 log %o+ (1—x,—x)log (1— %, — x,) +log 3.
i " XD~ 1 1 1 ;
Since ‘_2=1X M(n, 33 ), we obtain

nbu By =nCls, b, 1-k—k)(L )"

Using Stirling’s approximation for factorials, we have, as n—oo,

e—nr(x)
np,.(k)— 27 (X1 2% (1— %, — 23) ] 172 {1+0(1)}.

Since {c:gcn,kzg—{»o(l) and 4Y*= vx,x,(1—x,—x,), we obtain, as n—co,

(%)
1w (k)— g {1+o(D)}.
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