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Nomenclature
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DX : X-coordinate of prespecified work point
DY : Y-coordinate of prespecified work point

A : Area of accessible region

A:¢ : Transformation matrix

T; : Position of the i-th link in base coordinate 1. Introduction

!, :Length of the first link Researches on robot arms and manipulator may
I, :Length of the second link be devided into three parts. One is on the kinematic
I :Length of the third link analysis and another is on the dynamic analysis and
P, :Link ratio L/l the other is control. This paper deals with the
P, : Link ratio &/l kinematic analysis of planar robot arms. The
6, : Angular displacement of the first link properties which depend upon the time duration of
6, : Angular displacement of the second link its movement are not considered; such properties can
f; : Angular displacement of the third link be properly treated from the viewpoint of dynamics
O, : Center of revolution of the first link and control.

O, : Center of revolution of the second link The number of links and joints, as well as their
Os : Center of revolution of the third link type and sequence, determine the kinematic geometry
x : X-coordinate of end position of robot arm of robot arm. One of the most important kinematic
y  :Y-coordinate of end position of robot arm performance characteristics of robot or manipulator
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is the work region which covers the totality of
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positions.

There have been a few studies on this subject by
B. Roth®, L.A. Loeff®, A.H. Soni’®, A. Kumar
and K.J. Waldron?, Recently Y.C. Tsai-and A.H.
Soni®® studied the workspace and synthesis of
two-link robot arms. They have limitations that the
joint displacements should change from negative
values to zero values first and they should change
to positive values.

In this paper the work region and its area of
three-link robot arms are studied using the graphical
method. Following the analysis, syntheses are made
for three-link planar robot arms.

2. Accessible Region of Planar Robot Arm

An industrial robot can be considered as a general-
purpose manipulator that consists of several rigid
bodies, called links, connected in series by joints.
One end of the chain is free and equipped with a
tool to manipulate objects or perform assembly tasks.
Mechanically a robot is composed of an arm and a
wrist subassembly plus a tool and is designed to
reach a workplace located within its work region.
The arm subassembly is the orientation mechanism.
The accessible region is a space of influence for a
robot whose arm can deliver the wrist subassembly
unit to any point within the space,

2.1. Kinematic Equations for the Planar
Robot Arm

Using the Denavit-Hartenberg representation of

links, the position and orientation of the i-th link in

base coordinates are given by the transformation

matrix product.

for z:l, 2, rerene n
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where the transformation matrix A: describes the
position and orientation of the i-th link with respect
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to the (—1)-th link™®,
For a planar two-link robot arm, from Eq. (1),
the followings can be written.

x=1[,sin 0, +1, sin(f,+0,) @)

y=1; cos 0, +1; cos(0,+6,) 3

Egs. (2),(3) describe the loci of circles. From

these equations design charts for general accessible

region can be constructed. The shape of the accessible

region is a function of link proportions and limiting

values of ¢, and #,. The area of the accessible region
can be derived analytically from Egs.(2), (3) :

A=[[dx dy
=”f db, do, -
=l1 12(01, max— 01, min)
(€002, min—C0803, max) @
where Wronskian Jis J=/,1,sin 6,
For a planar three-link robot arm, from Eq. (1),

the followings can written.

x=1,8in 0,+1, sin(0,+6,) +15 sin(6,+0,+05)  (5)
y=1{; cos 0,+1; cos(8,48;) + I cos(6,+8,+65)  (6)
The accessible region of a three-link robot can be
generated from that of a two-link robot. As shown
in Fig. 1, the region PQRR'P'P swept by rotating
the accessible region of the two-link robot, PQRP,
about the base point O, is the accessible region of
the three-link robot.
restricted to the planar robot arm, it can be extended

Though present study is

to the three-dimensional robot of which z-axes of

Fig. 1 Accessible region of three-link robot
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joints are parallel each other. In other words the
accessible region of the three-dimensional robot can
be obtained by rotating the accessible region of

planar robot about z-axis of base frame.

2.2. Calculation of the Accessible Region
Area

In three-link robot the area covered under the
accessible region cannot be obtained easily as in
two-link robot arms. So the graphical method is
used to obtain the area of the accessible region of
three-link robot arms.

The shape of the accessible region depends on link
dimension and joint angular displacement range. So
if each link dimension and relative angular displace-
ment are known, the accessible region of robot can
be drawn.

In order to calculate the area of the accessible
region in a computer, two graphic RAMs are needed.
In this study MZ80B SHARP Microcomputer which
has two graphic RAMs with resolution 320 200 dots
and 64K memory is used.

Proposed procedure is as follows (Fig. 2 and 3
show the procedure graphically.).

(1) Assign the graphic input mode to graphic
area 1.

(2) By rotating the end point P of the last link
with radius O, P through an angle @3, max—083,min, 2
circular arc PQ is generated.

(3) Store the circular arc P@ in the graphic RAM-1

(4) Assign the graphic input mode to graphic
area 2.

(5) Scan the graphic RAM-1 to see whether dots

(a) Step 5

(b) Step 7

are set or reset. If ther is a set dot S, rotate the
dot S with radius 0,S about the joint O, through an
angle 0,,msx—0smin. Then another circular arc SS’
is generated.

(6) Store the circular arc SS’ generated by step
5in the graphic RAM-2.

(7) Continue step 4-6 through all the dots along
PQ in graphic RAM-2. Then the work region swept
by two-link robot PP'Q'Q is obtained.

(8) In a similar way repeat step 3-7 to rotate the
region PP'Q'Q about the joint O; and store the results
in the graphic RAM-1. Then the accessible region
of three-link robot, PP/P"'Q"Q'QP, is generated.

(9) Scanning both graphic RAM-1 and RAM-2,
enumerate all the dots which are set. This is done
by the POINT function which scans graphic areas
to determine whether specified dots are set or reset,

PR
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Fig. 2 Demonstration of the synthesis procedure

(c) Step 8

Fig. 8 Results displayed on CRT



A Study on the Synthesis of Robot Arms based on a Graphical Analysis of Accessible Region 252

(10) The number of dots which was set in graphic
area 1 and 2 becomes equivalent area of accessible
region.

3. Synthesis of Planar Robot Arms

A general statement for synthesis of planar robot
arms may be related to covering a specified accessible
region with optimum link ratios, and with suitable
angular displacement of each link.

3.1. Synthesis of Three-link Robot Arm

Synthesis of two-link robot was suggested pre-
viously by A.H. Soni®, In this study similar
procedure as proposed in two-link robot is used to
synthesize three-link robot. But some modifications
are required.

While link ratio /,//,=1 maximizes the accessible
region in two-link robot, it is not so in three-link
robot. So link ratios among !, /,, /s must be treated
as unknown variables. Then mobility analysis can
be made to determine link lengths. However as
referred earlier, accessible region area of robot with
more than three-link cannot be obtained in closed
forms. So in this synthesis a graphical method is
used to calculate the area of the accessible region of
three-link robot.

inverse kinematic equation has many solutions, while

Furthermore, in three-link robot
in two-link robot one solution. In other words the
way for links to reach a specified work position is
not unique but large in number as shown in Fig. 7.
So a proper one is to be selected.

A three-link robot can be considered as a four-link
closed mechanism as shown in Fig. 4, provided the
end position of the last link is fixed at an arbitrary
work position (x, »).

From Egs. (5), (6) we cannot solve inverse
kinematic equations, because there are only two
equations for three unknowns. But if the angular
displacement of the first link §, is given as a, those
of the other two links, #, and @; are fixed accor-
dingly.

ie.

If ,=a, then 6; lead to

03(1‘,5)

L9 L3
I L L) 04 (x,y)

Fig. 4 Equivalent four-link closed mechanism
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®

As the angle of the first link varies, a series of
sets of angles are obtained. Among them a proper
one is to be selected.: The set of joint angles are
selected such that total sum of joints can be mini-
mum. Here a set in which the sum of the absolute
angular displacements for all the work position are
found. Then the shape of the accessible region can
be determined.

Proposed synthesis procedure is as follows.

(1) Assume base point(%,, o) arbitrily.

(2) Calculate the length between the base point(x,,
¥o) and work points (x, ).

(8) Determine the total lengths of links as the
maximum of the lengths obtained in step 2.
P3=1;3/1;
arbitrarily. Then lengths of /,, /;, /; are determined.

(4) Assume link proportions P2={,/l,,

(5) Varying the angle #;, solve the inverse Kine-
matic equations which satisfy mobility constraints.

(6) Find angular displacement range of each link
for all the work points.

(7) Once length and angular displacement of each
link is known, the shape of the accessible region is
graphically determined and its area is also obtained.

(8 Use GRID4 search method(9) to find optimum
values of x,,7%, P2, P3 such that the area of the
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accessible region is minimum. The optimum values v prespecified working positions:

of Xo, Yo, 11, 15, I3, 01, 0; 65 will provide the
necessary data for the synthesized robot.

Fig. 5 shows the arrangement of programs to
execute above procedures in a microcomputer with
two graphic RAMs.

EXEC is the executive program which applies
data to GRID4 and to MERIT4 and receives output
information via MERIT4.

GRID4 is a subroutine which exercises a grid search
in a merit hypersurface of up to eight dimensions
by calling subroutine MERIT4, with the assistance
of subroutines NORMAL and UNNORM and REGION.

MERIT4 is a subroutine of which the function is
to generate the figure of merit ordinate, with the
assistance of subroutines MOBIL, CIRGEN, BOUND,
SCAN, and response to interrogations of GRID4 in
its search for the extreme merit ordinate.

MOBIL is a subroutine which exercises mobility
analysis of robot arms.

CIRGEN is a subroutine which generates circular
arc using two graphic RAMS.

SCAN 1is a subroutine which scans the graphic
areas to find whether specifiec dots are set or reset.

All the subroutine programs which were written
in BASIC are listed in the reference (10).
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Fig. 5 Arrangement of programs for synthesis

4. Results and Discussions

Some examples are presented to show the synthesis
of planar robot arms using the proposed method.
Designa three-link robot of which
accessible region is most close

Example 1.
to the following

P,(100.00, 15.00), P»(110.00, 15.00), Ps(109.39,
10.61), P4(105.00, 15.00), P5(105.00, 30.00), Ps
(109. 39, 55.61) P7(130.00, 60.00), P:(140.00, 60.00)

The following solution is obtained using the pro-
posed synthesis method.

Location of robot base: (26.13, 49.46)

Link length: /,=59.767, /,=38.616, [;=21.736

Relative angular displacement of joints for the
prespecified working positions are listed in Table 1.

Table 1 Relative angular displacement of joints

N [pxEemDYEem| 6:¢) | 6 | 80
1 100.00| 15.00| 67.929) 88.512 15,408
2 110.00} 15.00{ 71.602 75.891 15.273
3 109.39| 10.61} 75.273 73.454] 16.764
4 105.00t  15.00] 69.765] 81.287] 17.983
5 105.00{ 30.00| 56.914| 87.001 19.843
6 109.39] 55.61) 40.391) 83.618 20.744
7 130.00[ 60.00[ 55.078 52.347 16.402
8 140.00| 60.00; 67.929] 27.398 17.214

150 “‘ . 2,=59.767

Yoo 2,-38.616

100 |- ] 23=21.736.
50 |-

Fig. 6 Accessible region of example 1

Example 2. Find the location of the existing
RHINO XR-1 Robot such that the robot can do the
jobs at the specified positions with the work region
being minimum. Since the link ratios are given, only
difference between example 1 and 2 is in the number
of design variables to be searched: the design
variables to be searched are locations of the robot
base and the merit function is the minimum work
area which can barely cover the specified positions.
The lengths of links [, /,, /; are 23cm, 23cm, 10cm
and specified work positions are as follows:

P.(33.69, 74.15), P,(70.90, 43.21), P;(56.47,

2.42) P,(41.35, 61.91), Ps(49.13, 32.55)
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The location of robot and relative angular displace-
ment are found as follows.
Location of robot base: (20.12, 20.46)

Table 2 Relative angular displacement of joints

N [pX(em)DY(em)| 6, | 6.0 | 6
| |

1| 369 74 15} 10.00 o ) 22,00
2 70. 90‘ 43.21,  59.00 9.14 8.33
3 56. 47 2. 42‘ 63.00, 82.03 19.47
4 | 4.3 61.91’ 10. oo’ 9. 47‘ 87.31
!
5 1 49.13 32 55l 10. 00 81.92| 76. 37
-z €523 ¢
2:=23 ¢
so0 | S 23510 om
25 ]
a'/
25 50 7757(“
Fig. 7 Accessible region of example 2

This example shows that the present synthesis
method can be applied to find the location of the
existing robot so that it may perform the jobs at
prespecified working positions more effectively.

As shown in previous examples, kinematically
optimal design data of robot arm, such as location
of base point and link dimension and relative angualr
displacement of joint, can be obtained using proposed
synthesis procedure. Though the object function of
optimization is to make accessible region close to
prespecified work region, it may be possible to select
appropriate sets of joint angular displacements which
can be used to avoid structural problems or limit
positions of robot hand in response to a special design
problem and pratice of design. However, it should
also be considered that it is difficult for robot arm
to move fast near to the boundary of accessible
region in the view point of dynamies®?, So it is
required to extend work region to some degree for
pratical design. It is required to extend present
investigations further to include the industrial robots
which have various joint types and move in three-
dimensional space. In addition to kinematic analysis,

dynamic analysis is being studied presently by using

inertia tensor concept to make this approach

applicable to more pratical problems.
5. Conclusion

The present investigation deals with the study of
determining accessible region for planar three-link
robot arms using graphical method, because an
analytical method suggested to two-link robot is not
appropriate to three-link robot problems.

And here a synthesis procedure for three-link
robot arm is developed utilizinga graphical method
in a microcomputer and combining this with grid
search technigue. This enables to determine the
kinematically optimal design data of three-link robot
arm. To show the synthesis procedure, two examples

are given for practical design of three-link robot

arms.

Acknowledgement

The second author would like to express his
gratitude to the Ministry of Education for the support
during his sabbatical leave at M.LT.

References

(1) B. Roth, “Performance Evaluation of Manipula-
tors from a Kinematic Viewpoint”, NBS Special
Publication: Performance Evaluation of Program-
ming Robots and Manipulators, 1975

(2) L.A. Loeff and A.H. Soni. “An Algerithm for
Computer Guidance of a Manipulator in Between
Obstacles”, ASME, Journal of Engineering for
Industry, 836~842, 1975

(3) A.H. Soni, Mechanism Synthesis and Analysis,
McGraw-Hill Book Company, 1976

(4) A. Kumar, K.J. Waldron, “The Werk Spaces of
a Mechanical Manipulator”, ASME, Journal of
Mechanical Design, Jul. 1981

(5) Y.C. Tsai, A.H. Soni, “Accessible Region and
Synthesis of Robot Arms”, ASME, Journal of

Mechanical Design, Oct. 1981



256 Hong Jae Yim, Jang Moo Lee and Sun Whi Cho

(6) Y.C. Tsai, A.H. Soni, “An Algorithm for
Workspace of a General #n—R Robot”, ASME,
Journal of Mechanisms, Transmissions, and
Automation in Design, Mar. 1983

(7) R.P. Paul, Robot Manipulators: Mathematics,
Programming and Control, MIT Press, 1981

(8) D.F. Rogers, J.A. Adams, Mathematical Elements
for Computer McGraw-Hill Book

Company, 1976

Graphics,

(9) C.R. Mischke, An Introduction to Computer-Aided
Design, Prentice-Hall, 1972

(10) H.J. Yim, “A Study on the Accessible Region
and Synthesis of Robot Arms”, M.S. Thesis,
SNU, 1983

(11) H. Asada,
Manipulator Dynamics and its Application to

ASME, Journal of Dynamic

Systems, Measurement and Control, Sept. 1983

“A  Geometric Representation of

Arm Design”,



