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1. Introduction

Due to stimuli from diverse applications, an
ever increasing amount of research is being
done on completely confined natural convection.
Despite all the recent research activity, a cent-
ral problem that has remained unsclved and is
inherent to all confined convection situations is
that the core flow pattern cannot be determined
a priori from the given physical conditions. An
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attempt is, therefore, made herein to develop a
method for obtaining a qualitative picture of
the overall flow pattern from the given geom-
etry, fluid, and boundary conditions. Because

of the current interest in low-aspect ratio

enclosures and because such configuration
contains all the characteristics of the general
problem, emphasis is being given to that confi-
guration.

In Part I of this work consideration ig given
to low Rayleigh number situation in which the
driving force exists in the core. An approximate
criterion for the validity of analysis in that

situation is given as RaA?<l. Beyond this
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criterion, for a sufficiently high Rayleigh num-
ber (i,e., for RaA%*>1) there no longer exists
the driving force in the core; instead, it comes
from the end regions. Thus the flow would be
of a boundary-layer type. Essentially, the diff-
iculty existing in confined natural convection
flow 1is associated with boundary-layer flow
because of the intimate coupling between the
boundary layer and core flows. The core flow
is not readily determined from the boundary
conditions but depends on the boundary layer,
which, in turn, is influenced by the core. Since
analytical boundary layer approach requires a
priori knowledge of the core configuration at
the outset, it is this coupling that constitutes
the main scurce of difficulty in obtaining ana-
Iytical solutions or even in getting qualitative
ideas of the flow patterns to internal problems.
This matter is not merely a subtlety for anal-
ysis but has equal significance for numerical
and experimental studies.

Most of the existing work seems to ignore
this point. In order to obtain solutions many
authors either assume the core configuration,
estimate it in an ad hoc manner, or use results
obtained for similar problems. However, expe-
rience has shown that natural convection is
very sensitive to the geometric configuration
and boundary conditions so that utilization of
results from “similar” problems is dangerous.
It is also disturbing to note that velocities in
natural-convection flows are normalized in many
different ways even for indentical problems in
the literature. This can lead to errors in analysis
and considerable numerical problems.

In the present paper, by the same procedure
as in Part I, consideration is given to the pre-
diction of global core configurations at large
Rayleigh numbers in which the flow is supposed
to be driven by the end region. The proper
conditions for relevant physical statements are

explicitly delineated in the analysis and are
compared with the available experimental obse-
rvations. The results of Part I and the present
work are combined and summarized in Table 1.

2. Global Core Configuration
For convenience, We rewrite the working
form of the basic dimensionless equations (13)
~(15) in Part I. The analysis is made according
to the Prandtl number, because physically for

different Prandtl numbers different physical
statements need to be made®™,
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2.1. Przi(including Pr>1)

(A) Core Flow Equations

As mentioned above, the heat transfer between
the two end walls is dominated by convection.
Heat transfer by conduction is thought to be
important only in the boundary layers adjacent
to the end walls. We thus balance the convection
and conduction in the end region. In addition,
since all the buoyancy force acts within the
thermal boundary layers in the end region and
the viscous effcous are important therein, for
Pr=1, we can also balance the buoyancy and

viscous forces in the end region, by means of
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Table 1 Summary of the analysis

Basic balances Scales Physical conditions Core configurations
~ i 4
o Buoyancy~viscous ¢RN,BgAZ‘H Gr A’<1 | RaA*<1 Parallel flow pattern '
& | in the core v Linear temperature distribution
&0 . .
@ | Horizontal viscous~| gx~H A&l RaA*~1 Parreal flow patten
£ vertical viscous in Linear & stratified temperature
& | the end distribution
=4
?f Buoyancy~inertia | ¢z~ Gre*»1 Non-paralle flow pattern
3t
=] - 3172
o |in th.e c.ore (BgdTH?®) PrRaA«] .
3 Inertia in the end~| dx~L A1 Linear temperature distribution
inertia in the core
Convection~condu- | ¢n~eRa'’* Distmct' hor1zont.a‘l thermal la-
o | ction in the end Pr~s] | Yers exist. stratified temperat-
E ure distribution with stagnat
o
v : H fluid motin in the mid-core.
; Buoyancyzvvwcous 5XNW ARav>1
5 | in the end RaA*>1 Distinct horizontal thermal la-
b
5 Pr>1 | Vers exist. parallel flow pattern
E‘ Azl stratified temperature distrib-
E‘T ution in the mid-core.
3
g Conv.~Cond. in dr~a Distinct horizontal layers exist.
& | the end - (PrRa)V+ A(PrRay'+>1| Pr<1* stratified temperature distrib-
Buoy.~Inertia in xm H ution with stagant fluid motion
the end (PrRay** in the mid-core

* This always includes the case of Pr«]

which the stretching parameter, ex, can also be
determined.

From Eq. (3) the balance between convection
and conduction in the end regions can be repre-

sented as

1 al A2
e UrH &l Q)

From Eq. (1), the balance between buoyancy

and viscous forces in the end regions can be

represented as

BedTPH 1 L A ®
T2 Ex grRH x>

Considering that the flow is driven by the

buoyancy force in the end regions, the vorticity
would be dominant therein. It is thus appropriate
to represent the characteristic vorticity, Qg, by
specifying the characteristic length / by 4. as

[=0. )
and
From (5)~(7), we then obtain
Ur~Ra''* @
and
A
6xNR—am (10)
From (4) and (10) we find
H
5xNW (11)

In (11), it is seen that the end region char-
acteristic length scale §. is similar to the fam-
iliar boundary thickness of a vertical flate for
high Pr®,

Substituting &'s, ¢, and J, into Egs. (1)~(3)
and considering the derivatives with respect to
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¢ and y, the equations which will describethe
core flow can be written as.
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Let us look at the core flow characteristics
based on the dimensionless parameter in the
Egs. (12)~(14).

(B) Core flow characteristics

1) e <1, A1

In Eq. (12), when TRLaWG (or ARa'*)1)

the conduction terms are negligible compared
to the convection terms. But as these terms are
the derivatives of the highest order in the equ-
ation, for negligible horizontal conduction term
the equation is singular with respect to y in
the core. This implies that there exists a thin
layer(it is called here “horizontal thermal lay-
er”) adjacent to the horizontal boundaries within
which the vertical conduction term becomes
important. This horizontal layer can be estim-
ated by the usual coordinate stretching method.
For this we introduce the transformation as

Y=gy (15)
where '
&=37 16

and §, represent the horizontal thermal layer.
Substituting the derivatives of (15) into Eq.
(12) and balancing the convection and conduc-

tion within §,, we then have
1 1 1
& ARG o an

From (16) and (17), We find

by e (18)

or
J,
P~ ARG a9
In order that the horizontal thermal layer be
distinct.
% <1 (20)
H
so that
ARag'*>1 @n

Under the condition (21), to a good approx-
imation, the core flow equations (12) and (14)
reduce to

1w, ) o0

Pr oGy o€ 2
206,9) _

Eas. (22) and (23) will thus describe core con-
figuration outside the horizontal thermal layer,
i. e., in the mid-core region, under the condition
(21). Since Pr acts as a parameter in Eq. (22),
we first examine the core flow characteristics
for high Pr (Pr>»1) and then for moderate Pr
(Pr~1).

() Pr>»1

For Pr>1, the inertia term in Eq. (22)
becomes negligible and we have

0 _

o%
From (24), two possible temparature profiles

0 @)

can be obtained as

0:=0.(y) (25)
or

6, =const. (26)
where the subscript ¢ is affixed to denote the
temperature distribution outside the horizontal
thermal layer. Among the two possible core
configurations, it can be shown that the case
g.==const is not a possible temperature profile
to the situation concerned herein®, From (23)
and (25), we thus find

9 _ ,
'EC——O @n

and
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$e=0¢:(3) (28)
From (27) and (28), it therefore can be seen
that for Pr»1, under the condition ARa'*>1
there exists a horizontal thermal layer in the
core and the temperature distribution outside
the horizontal thermal layer, i. e., in the mid-
core, is stratified while the corresponding core
flow structure is parallel. This parallel core
flow structure was observed in the experiment
of Ostrach et.al.® for Pr=1.38X10% A=0.1
and Ra~108, for the semi-conducting horizontal
walls.

(ii) Pr~1,

When Pr~1, (in fact Pris about 1 or slig-
htly greater than 1), the inertia term in Eq.
(22) is not negligible. Instead the circulating
flow will transport vorticity across the cavity
by the inertia and, as can be conceivable by
the singular behaviour in the equation, the
diffusion of vorticity will be important within
a layer (we call it here “horizontal viscous
layer” in distinction to the horizontal thermal
layer) along the horizontal boundarise. This
horizontal viscous layer can be estimated from
the balance between the vorticity transport and
diffusion terms within that layer. But in this
case, we have to use a modified characteristic
stream function ¥» instead of @'s, because the
characteristic stream function has different va-
lues according to the different characteristic
length scales within which different balances
are made. In Appendix the modified characte-
ristic stream function ¥r is estimated. The
argument of the necessity of the distinction
between the two characteristic stream function
is also given therein.

For an estimate of the horizontai viscous
layer, we introduce the transformation as

y=ep 9
where

v
Eu:ﬁ (30)

and 0§, is the horizontal viscous layer.

Substituting the derivatives of (29) into Eq.
(12) with the modified characteristic stream
function ¥ replacing ¥z, from the balance bet-
ween the vorticity transporty and diffusion terms
within d,, we have

i, vl 1
-e_u w‘RH 8112 (31>
From Appendix, as
Urr~aPr2Rat* (32)
from (30)~(32), we find
Priz]
51;"'75?,‘4— 33
or
dy  Prie
H ~ ARG (34
For distinct horizontal viscous layer,
Jv
yag <1 (35)
so0 that
ARaV+> Pyl2 (36)

Since Pr~1, from (18) and (33)

‘f;y ~Pries] 37

Under the condition (36), the effect of viscous
shear in the core is confined to the horizontal
viscous layer, 8,. Here the flow is driven by
the boundary layer in the end region and there
is no other way to induce any fluid motion in
the core except by the viscous shear of the end
driven cirulatiog flows. Thus, as d.,~d, from
(37), most of the flow in the core will thus
circulate through horizontal viscous layer adja-
cent to the horizontal boundaries. Outside that
layer, the flow which may result from the
entrainment-detrainment of the end driven core
circulating flow would be of much lower than
the circulating flow so that the motion therein
would be almost stagnant. Qutside the horizontal
viscous layer, we may thus put
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¢o=const. (38
Then since §,~8,, from Eq (22) we find
26
57 =0 (39
and this gives
6.=6.(y) (40)

as mentioned previously. For ¢.=const., there
is no convection at all outside &, and the energy
equation (23) is automatically satisfied.

From (38) and (40), it is thus seen that for
Pr~1, under the condition ARa'4>1 there
exists the horizontal thermal layer in the core
and the temperature distribution in the mid-core
will be stratified while the fluid motion therein
would be almost stagnant. This stagnant core
configuration was observed in the experiment
of Al-Homoud®® for Pr=7.0, A=0.0625 and
Ra=2.0x10%~2.0x10° This shows good agr-
eement with the above prediction.

¥, —71—1?1(ZT> 1, 42«1

Under this condition, the conduction term
becomes important in Eq (14) and from (19),
the horizont_al thermal layer §, becomes of order

2 4D

There thus will no longer exist distinct horizo-

7~ AR

ntal thermal layers in the core. Instead some
horizontal temperature gradient will exist in the
core which may develop fluid motion in the
core in addition to the end driven circulating
flow. Further it is supposed that the thermal
boundary layer structure in the end region may
somewhat be altered due to the core temperture
gradient. Thus the resulting flow driving mec-
hanism would be modified from the strict end
region boundary-layer driven flow mechanism.
The flow characteristics in this situation are,

therefor, supposed to lie between those in the

core-driven flow regime and in the strict boun-
dary-layer driven flow regime. In this sense this
flow regime may be called the “Intermediate

Flow Regime”. Global core flow characteristics
in the intermediate flow regime need a spearate
consideration, because it is not clear whether
the characteristic length scales would be geom-
etric or not.

From the analysis, it can be seen that the
condition, ARa'4>1, in (21) is a necessary
condition for existence of a distinct boundary-
layer flow regime for Pr>1 (including P> 1).
This condition agrees well with the available
experimental data®~", Recent numerical works
@~10 jdentified the existence of horizontal bou-
ndary layers and their results also show gcod
agreement with the above prediction. Detailed
core velocity and temperature profiles in the
boundary-layer flow regime are given by Tichy
and Gadgil“?

2.2, Pr<1*

(A) Core Flow Equations

For Pr<1, the flow boundary-layer extends
less than the thermal boundary layer and the
main body of fluid can be considered to be in-
viscid within the thermal boundary layer except
in the vicinity of end walls. Since all the buoya-
ncy force acts within the thermal boundary-layer,
in addition to the balance between convection
and conduction in the end regions, we balance
the buoyancy and inertia forces in the end reg-
ions from which the stretching parameter, e,
can be determined.

From Eq. (1), the balance between buoyancy
and intertia forces in end region can be repres

ented as
1 ATIEH 1
ZN & Ug? e (42

Then, with the balance between convection
and condution in the end region in (5), from(7)
and (42) we obtain

Ur~a(PrRa)'*
and

43

* This always includes the case of Pr<«1
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A
EXNW (44)
From (4) and (44), We find
H
S~ PR “

which is similar to the familiar boundary-layer
thickness of a vertical flat plate for low Pr®

Substituting ¥, ex and d. into Egs. (1)~(3)
and considering the derivatives with respect to
{ and y, the core flow equations can be repre-

sented as
o(w,¢) _ 06 Pr —<A2 w
o, ») 0, = A(PrRa)'* oc*
. 0w
T'ayZ) > (46)
_ 1 %) 0P
w=— (PI’R(Z)”Z (Az ocz + ayz > (47)
00,8) _ 1 (00
0y~ APTRTS\A e T o) U9

(B) Core Flow Characteristics

1)) “Z(—P—;IW‘<L AL

1 .
When AP R <1, both the viscous and

heat diffusion terms become negligible in Egs.
(46) and (48) and as in the previous analysis,
the horizontal layer can be estimated by the
coordinate stretching method.

Substituting the derivatives of (15) into Eq.
(48) and balancing the convection and conduction
within 4,, we have

1 1 1
EN A(PrR™® -;;;2— (49
From (16) and (49), we then find
o ., 1
“H "~ AP RO (50
In order that the horizontal thermal layer be
distinct.
0y
T<1 ¢1))
or
A(PrRaV*>1 (62)

Under the condition (52), to a good approxim-

ation, outside the horizontal layer 4,, i.e., in the
mid-core, the core flow equations (46) and (48)
reduce to
ow, ) _ 06
&y ¢
5=
For Pr<1, as can be seen from the works

(53

of Ostrach‘® and Sparrrow and Gregg®®, the
thickness of velocity boundary layers along
the end walls is less than (or about equal to)
that of thermal boundary layers. In the core, it
is also expected that the horizontal viscous layer
is less than (or about equal to) the horizontal
thermal layer. In this situation, as mentioned in
Appendix, the value of characteristic stream fu-
nction with in the horizontal thermal layer will
be identical to that within the horizontal viscous
layer. There thus is no need to modify the cha-
racteristic stream function for the estimation of
horizontal viscous layer. Then, by introducing
the transformation of (29) into Eq. (46) and
from the balance between the vorticity transport
and diffusion terms within the horizontal viscous
layer dv, we find

Oy Pr
“H " APrRaTE (55

For a distinct horizontal viscous layer

s
7 <1 (56)

so that

A(PrRa)V*> Py G

Under the condition (57), the effect of viscous
shear in the core will be confined to the horiz-
ontal viscous layer and since dy <dy from (50)
and (55) for low Pz, most of the flow in the
core will circulate through the horizontal the-
rmal layer. Then the fluid motion outside the
horizontal thermal layer, as mentioned earlier

in the previous analysis, would remain nearly
stagnant. We may thus put
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¢re=const. 58
in the mid-core region.
Then, from Eq. (53) we find

o8
wa =( (59)
and thus,
e=0c(p) (60D

It can be seen from (58) and (60) that for
Pr<1, under the condition A(PrRa)V*>1,
with the the distinct horizontal theremal layer
in the core, the temperature distribution will be
stratified in the mid-core while the fluid motion
therein would remain almost stagnant. Unfortu-
nately no experiments have, as yet, been avai-
lable for Pr<1 to verify the above prediction.

@ W> 1, A%<

Under this condition, from Eq. (48), conduc-
tion becomes important in the core and from Eq.
(50), the horizontal thermal layer, d,, becomes
of order

—%—N W> 1 61
Thus, there will no longer exist the distinct
horizontal thermal layer in the core and instéad,
some core fluid motion can be induced by the
horizontal temperature gradients in the core in
addition to the boundary-layer driven circulating
flows. As a consequence, the theremal boundary
layer structure in the end region and thus the
resulting flow driving mechanism will be mod-
ified according to the core temperature gradie-
nts. This flow regime also corresponds to the
“intermediate flow regime” mentioned previously.
The condition (52), i.e., A(PrRa)¥*> 1, should
thus be the necessary condition for the distinct
boundary-layer flow regime. Experiment for Pr
<1 is needed for the verification of the above
prediction,

3. Summary and Concluding Remarks

Consideration has been given to the prediction
of global core configurations at large Ray-
leigh numbers in a low aspect-ratio rectangular
enclosure.

In the analysis, the balance was made betw-
een convection and conduction in the end region.
In addition, the balance was made between bu-
oyancy and viscous forces for Prz1 (including
Pr>1) and between buoyancy and inertia forces
for Pr<1 (this always includes the case of Pr
€1). Under the conditions, ARaY*>1 for Pr
=1 (including Pr>»1) and A(PrRa)V*>1 for
Py <1, there exist distinct horizontal thermal
layers adjacent to the horizontal boundaries
in the core and the temperature distribution
outside the horizontal thermal layers, ie.,
in the mid-core, is stratified. The core flow
pattern is parallel for Pr»1 while the fluid
motion remains nearly stagnant in the mid-core
for Pr~1 and Pr<1. For RaA%»1, but when
ARa'*<1 for Prz1 (including Pr>1) and
when A(PrRa)''* <1 for Pr<, the flow reg-
ime correspond to the intermediate flow regime
and needs a sparation consideration. Summary
of the results of Part I and the present analysis
is given in Table 1. -

By comparisons, predictions of core configur-
ations made herein show good agreement with
the existing experimental and numerical results
for Pr~1 and Pr»1, although the data are
not extensive. More experiments (especially for
low Pr) are needed to verify the present pred-
ictions in order to understand the physics of the
core flow pattern more clearly and to indicate
the validity of the type of analysis presented
herein.

Based on the multiple scales techniques, global

prediction of the core flow pattern is generally
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satisfactory. It is thought that employing the
ideas of multiple scales technique attempted he-
rein can surely be applied to resolve many other
complex problems.
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Appendix

Modified Characteristic Stream Function 7'z

In the boundary layer equation, in normalizing
the velocity components within the thermal or
flow boundary layers we use the same charac-
teristic velocity, Uz, because the characteristic
velocity is of the same order of magnitude within
both boundary layers. On the contrary, in vor-
ticity transport equation of the boundary layer,
since the characteristic stream function in repr-
esented as

Tr~lUr (A.D
where / is the characteristic length, even for
the same value of Uz, the characteristic stream
fuuction changes according to the characteristic
length scale, /, and thus one should be careful
in normalizing the vorticity equation, Actually,
in the case of large Prandtl numbers, the flow
boundary layer extends beyond the thermal
boundary laver, thus characteristic stream fun-
ction differs within each layer and it needs to
be determined according to the corresponding
boundary layers.
For low Prandtl numbers, however, although
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the thermal boundary layer extends beyond the
flow boundary layer, since the main body of
fluid flows within the flow boundary layer, the
characteristic stream function will be of the
same order within both boundary layers. In Eq.
(9), the estimate of the characteristic stream
function, ¥», was made for the thermal boun-
dary layer, say d, for Prz=1 (including Pr)»
1). Based on the above
same Prandtl numbers, we now determine the
charateristic stream function, ¥, for the flow

argument, for the

boundary layer.
From (A.1), Ur can bewritten as

U Te_ Us 0r _ s
R 6t—5f 5: 6!

(A.2)

where @R:_‘;L Uk, is the characteristic stream
t

function modified for the flow boundary layer,
5. To estimate ¥», we replace #r by ¥r in
Eq. (1) and introduce the multiple scales for
the flow boundary layer, s, as

(=x9=7F (A.3)
where

g= S0 A4

=7 A9

Then substituting the derivatives of (A. 3) into
Eq. (1) and balancing the intertia and viscous
forces within ; in the end, we have

1 vL A?

~

Ex UrH g2

(A.5)

and from(A.2) and (A.5), we find

. vA vA 0
RS PR A (4.9)
For 6., since from(5)
al
Ex~ g (A. 7
From (A.6) and (A.7), we have
_ 0 '
stPr—g—;— Ex (A.8)
or
Ex 5:
= ~Pr; (A.9)
Then, from (4), (A.4) and (A.9)
B0 p
. 5. ~Pyr 5; (A. 10
and thus,
d
5~ P (A. 1D
Since from(11)
H
B:NW (A. 12
From (A.11) and (A.12), we find
P 1/2
5’”72174_1{ (A.13)
and thus,
- gf Ur~aPr?Rovs (A. 14)

witg this modified characteristic stream function,
Uy, in (A.14), the estimate of the horizontal
viscous layer was made in (33).



