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THE EXISTENCE AND UXIQUENESS OF TI:E WLUTION OF A 
BOUNDARY VALUE PROBLE1I FOR A VECTOR DIFFERENTIAL 

EQUATION OF nth ORDER L"\" BANACH SPACE 

By M. Sobcih and G. I-1amad 

1. Introduction ‘ 

The problem which 、，ve study hcre, is firs‘Iy suggestcd by :-;icJibork [4]. 

The problem deals with a projcctilc with a givcn ini tial vclocity hits a target. 

I t was formulated as an initial boundary va luc problem with a system of two 

differential equations of second order. In 1966 Pcrov and Makhmoudov [6] gc 
neralized thc problcm for a systcm of n-cqua tions using vcctor notations. Many 

othcr diffcrent gcnerali 7.ations for lhis problcm arc suggcstcd and studied in 

[1.2.7.8.9] . 

In this work. we mainly ad join thc works of Bagirian [1] and Sobcih [71 
gc tting a morc generalizcd formu1ation to thc samc problcm. 

2. Form ulation of thc problem 

F ind lhe solu tion (x (l). μ) for thc followiog probl cm 

x(’,) ~f(t. x • .<(1). .,(,, - 1)) : t ε lu. T ] . (1 ) 

(i) 
(0) ~O : """' ''0 ; 0 <;"드，， - ) (i ~O. 11-): η르2). (2) 

( ; o) 
11 .<""(0)1 ~ V> O. (3} 

and 

될[αlX(1)(μ)+f”Al(s， 싸.，o)(s써 
,-" 0 

T 
r ~ ， . , (j) + I Bj(s. t‘ )x'" (s)ds] = x‘ : I* E (0. T]. (4 ) 

o 

where f (t. Yo' YI' .••• Y.- 1) and its argumcnts y(? Y I' Y• 1 are 、rector

func lions in Banach spacc E . togcthcr with thc givcn constant 、 cctor x*등O. 

v. T are gh'cn positivc numbers. Also a j ( j=O, 1. n- 1) f! rc 1l X lt constant 

matriccs and A;Ct. s) . B;Ct. s) (j ~O.I. …, n- I) arc 1z X n matrix ru nct ions satisfy­

mg 옥 (I, s) ，l。 = o. 
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Here if n= 2 the problcm in [7] is obtaincd. wh ilc if Aj (1. s)=O and Bp. s) 

=0 (j =0. 1. /l- 1) we can get [1]. As usual. wc denote by C' ( [0. T] ; E ) 

"1he set of all n-timcsdiffcrentiable and continuous vcctor functions in [0. T] 

with valucs in E. And hence. we can define the first argument of the solution 

of problcm (1)-(4) as thc 、 cctor f unction ,,(t) which bclonges to C’ and 
satisfies conditions (2) -(4). 

3. Prcliminaries 

(i) -Supposc that /(t. YO' Y1' .... Y
O

- 1) is defined and continuous in 

R : {[O. TJ. 1 1Y; 1I드ai’ (;=0. 1 ..... n- 1)) 

and satistics the following two conditions: 

~~~)/(I. Yo' Y1' Y.-l) 1I드}，f. 
O';:I';:T 

(5) 

and 
0-1 

|lf (t· %, Xl, ---- XR-1)-f(t, y。， ---, y, -1) llSE 까11잔-꺼11 (6) 

、wherc M. Lj' j=O. 1. .... η 1) are constants. 

(ii) Consider the following functions: 

%(t)=j띔핀-/(s)ds (7) 

y(t)=덮[J Aq(S t)j 뚱싶L f(Sl)dSlds+ 

+IBq(S t)J뚱짧- /(s ,) dS1 ds l. 0드S드t드T (8) 

T 
「 α ‘ ’ ( A ;, B .. _ 1 

P (I)= ε 1 ....=.2그 r'+'T I-판'L sds+수 1-듀L s'ds 1. 
q=O L q! “ q! “ • " o 

SO)=p-l(t) ; t*o. (9) 

/(s) =/ (s. >:(s). ,,(1) (s ) . ,, (0-1) (s)). 

‘ which can bc easily shown that they are continous in their intervals of defini­

llions. Also, suppose that they satisfy the conditions: 

IIØ,(I,) - Ø，(l2)l i드KI I I， -12 1 . 

!'y (I，) -y(I，) 1I드K? II ， - 12 1. 
;1

" 
12E [0. T] 

( 10) 
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T] \I S (t ，) -S (t2) \I<K， II ，-낀1; 1 ， . 12 E (0. 

4. Theorem of existence a.nd Uni(IUeneSs 
Vsing the f미 lowing defini tions 

ô=max \lx애， 6. = max \IaJ ’ 
• 

’ 
” 

摩폈
 

q 
• ·u 

11- 1. 

a. = max II A.(s, /)11 . 
’ C,;;‘, I $.T ’ 

iJB.(s. t) 
b.= max .IB“ (s, 1) 11 . ι= maxIJ -으응-' -' 11. 
’ 0'$;.5. / '5: T ’ ’ O~$. t s.T dt 

C,=a, + b,. ζ=김+ð，. 

φ。= max_ IIØ.(/)II . Y= max ll y (t )II . K =max l~S(1씨 ; q=O. 1. 
’ Os.I S,.T '1 OS::I S::"J' - O<I S::T 

wc can introduce thc following cxistcnce and uniqueness thcorcm. 

1[ cOlldilions (5) 01κi (6) are salis[ied. logelher with the following 

.-, ‘ 

μ르K( ，δ+ L 6 . Ø.+Y )<vT. 
、 q=O 'f 

T HEOREM: 

‘εonditons 

( 11) 

P，르+(K，(δ+ 뒀 6， φ， + Y)+K(K2+K， 참，)} < 1. (12) 

7 ‘’V-/ 'T' H - ’ 
,: _ ..... , v+τ뇨t'j'!M드a ‘ ; =0. (i,,-i)! . , (n- i)! 

(13) 
11 - 1 T 1 Af< a ‘ ; t = to÷ 1 

(u -η「 ’ 

r T “-‘ r 2uK .-, T '-' f , C.T \1 
담 L/(낀0- i) ! l구"Q 윌， 강， - q)! \l>，十강격걷끼+ 

o<I nd 

+핀닙，}+ 펴l 펌딩r Lt < l (1 4) 

h= min 11 S(t)x치1. 
o < I ';;T 

k 
p 

2 

‘.vhere 

.-, 
v+ K(K2+K, ζ따 

q=v • 

Q=v-K.(Õ+ 
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Tlllm problem (1)-(4) Izas a utliqιe so/u!ion (%(1) , !톨). 

5. Some lcrnmas 

To prove the previous existence and uniqueness theorem we fieed the follow~ 

ing four lemmas. 

LEM~IA 1: lf f7mc!io"s φ，(1) (q=O, 1, n- 1), y (t) and S (t) satisfy cond' 

，μoηs (10) and ìf condi!io71s ( l1), (12) are sa!isfied, theη the equa#o1Z 

t섣=÷렌IISα써)끼{션싼-§찜감쟁，(α(1)-
has a uniqψue 50이/"“tμ씨t“i“On‘ tμ‘ e('α T J. 

PR∞F: Let thc operator F (t) denotes the right hand side of equation (15). 
Therefore 

o <F(I)드÷μ 
and 

I F(11) -FCt2) 1 드1'， 1 /1 - 12 1 ， 

Consequently according to conditions (l1), (1 2) the operator F (I) mapps the 

interval (0, TJ into itself and satisfies the condition of contraction, and hence, 

cquation (15) has a unique solution μE (0, TJ , 

NOTE: 

(q=O, 1, 

If 1* is Ihe minimal value of t in equa tion 

, 71- 1), y(O) =0, thcn wc can cstimate that 

t‘늘 / h ”-l 、 =ρ2>0 
v+K\K2+ Kl겹 6.) 

(15) and if ø,cO) =0' 

LEM~1A 2: Lel Ilze veclor f ,“llcti07ls (ø.(I) , y(I)) and (ψ.(1) ， Z(t)); q=O, 1, 
q~""~" ~q 

’ ,,-1 correspond resþecU,'ely 10 !he TOO!S 11 alld 12 of Ihe equalioηs: 

.-, 
1=~IIS Ct){삽-;Lκ ø.(t) -y(l))ll, 

V q=O 

.-\ (16) 
1=~IIS(t){삼- ~ a;IJ!.(t)-zCt)川，

‘ q= v 

olld salisfy conditi07ls (10)-(12) , A/so if η\' η2 are Iwo vec!or funclions of Ihe' 

f01m 

$(1,) .-\ 
ηl=「」-{x‘-ε:::， aq øq(l j)-y(I\) }, 

" q=O 



,Sï 

(17) 

T he Existence alld T he Ulliq“eness 01 T he Solulioll 01 a BOt‘11dary Valuc Problem 
fOT a Vector DlfferclItial Eqllatioll o[ ’‘ /h Order Îll Ballacll Space. 

S Oo) . - \ 
η.=--; --- {션-ε-::; a. lJf. (t?) - Z (t .) 

:! 1'2 . q=û - -q q ‘ -

tllen toe call eslilllatc Ihal 

|깐 (18) 

(19) 
. -\ 

wherc W =.!::' 6. 、 maxll ø.(t)-lJf,,(t) II+ max l y ( I) - Z (1)II 
，=이 에 us:.:t-5:.T ' '1 ’ O:::;:: t :s;: :z 

alld K. Q. (Jz are defilled as before. 

lhcn 

0- ' 
1 / \ - 1.1드-;;- II S (I ，) {x‘ - ε::: a. ø.O,) -y(I ) } 

‘ q=u ‘ 

n-' 
- S(I. ) {x‘ - ε α . lJf ,,(I.) - Z (I.)} ’1. 

q=O 

Since 1,. 12 a rc the roots of equations (16) . PROOF: 

which from (10) givcs 
,, - 1 n- l ,, - 1 

V I 1 1 - IZ I $lklδ+ 깜 lò, φq+ Y) +k(전+ k 1 곧。 lò，) } 1 / ，까| +k(￡ Aq 

x maxjI Ø. (t) -ψη(1) 1+ max :ly(t) -Z(I )!!) . 
O'5:, t 5.,T ~ '1 Os;: t :s;: T 

T herefore. using (1 9) t hc last incquali ty Icads to the fi rst ineq uality of (18). 

Also form (17). using t hc wcll known incquali ty 

1 10.검- E !l드 2 , .4 - BII 
11 .41, τBi l ，，~ max 11.4 11 . .I B IJ 

we can obtain 
t"l n- l 

11 771 - η2 1 드추 I (S(1 1) - S (I))션-￡ α'， (S (l 1 ) 와(1 ，) 

- S(l2) lJf.(12)) - SCt 1) y (l I) -S(I~ Z(12))11 

n- 1 
r=max씨S(t，) [x‘-ε ι Ø.cI ,) - y(I,)II . 

‘ ç=ù 

0 - 1 
II S (I} [.<‘ - εZ α• lJf/I ) -Z (t2)} II} . 

q= fJ 

、vhere

Using (10) and (19) wc can have 

때
 
-

2 
-ι‘

 -’-
--
‘ 

t 
-폐

 
-

”
v 

-

% 
-E 

2 
매
 

l η
‘
 

” 
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and hence. substituting from the first inequality of (18). the second inequality 

()f (18) wilI be hold. 

LEMMA 3. lf tlle vector fiιnctio，ηs Ø,(I)(q=O. 1. …• n- 1) and y (1) are de' 

fined as i 1l (7) . (8) . then the following is true: 

’‘’ q 
maxJIØn(t)JI드M (.，，-/1τ「

O$:t ::;:T ‘ V ’ " ‘ 

?’ ,- 1 

x II Øn(t)II<M (~_n_π!， O • .$;,7"i;:.'T U'PqV .l II ....:::::J. r.4. (n-q-l ) ! ' 

,, -1 7‘’ <+ 1 

JE설T1 !y(t)κM 됨 깅국꾀)! C,. 

,, -1 '7‘’ - ' , C, T 、
J않T| 1Y’ (1) 11드M음깅극펴a，+ 강펴주1)' 

10here M. an • C., C. are defined as before. q" - q 

(20) 

(21) 

(22) 

(23) 

LEMMA 4: Let P(t) be the η01l→singular matrix function which is defiηed in 

( 9) . then for its i.“’erse matrix S(t) we have 

_2 깐:!「 ’ 7、，-1 , C, , T 、 .， (n-l) 
maxJS(t)II드슈 (n- 1) 2 Iε 다!C1j~-q + ~二T-)JÕ<';;:i ' - "' ''~ N V' L~o \ q+ l JJ 

,4 ‘ _lr “ r'-1 / C; , _ n T 기 2(n-1) 
짧싱IS’(1)11드합 (η 1) ← l;Sτ-r -\ll;._, + 대후lJ x 

’ ×￡핀끔r ~jQ-q +0'-0_ 공+(Cl--q+r )7Er1 q=O τi二~LL...IjQ-q ' -Io-q q ' -'o-q' -' o-q" q(q+ l ) J 

where N= min IdctP(t) 1. 
。 <t ';T

(24) 

(35) 

PROOF: The inequality (24) is easily followed by using Adamar’ s inequailty 

[3). Also. since 

S ’ (t) = - S(t)P ’ (I )S (t) . 

;then the incquali ty (25) can be easily obtained. 

6. Proof of the theorcm of Existence and uniqueness: 

Let UCC
n
• wherc 

u: [ [α T l, 11 / 0 (t끼드a;‘ (i=O. 1 •...• n- 1)}. 

Suppose that x( t) E U 

1t is easily 10 see that problem (1) -(4) is equivalen t' to the system 
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(25-1) 

(26-2) 

where Ø/I*) (q =0. 1. 11- 1). y (l‘). S (샤) are dcfined as in (7). (8). (9) 

respectively. 

According to conditioDS (11). (12) ior every clcmcn t x(t) E U equation (26-2) 

has a unique solution μ(x) . 

Kow we define in U the operator D such that 

t%(x) } (t - ”” - l 
DX(t) =~감F스+ I '~.→←-. f(s )ds. 

‘o: ; ‘ ’‘ -‘ ν 

here η(x)= 효떤작LIXL E α ø，(I*(x))- y(μ(x))]. 
t‘ (x) ‘=) 

Therefore. 

빠씨드띈늠U十M훤늠 : i =O, 1. io 

and 

II D(i) ，，(I)[I :S;M핑5「 : ，=센 n- 1 

and hence from (13) it follows that D~i ) x(t) E U (i =0. 1. …. ,,- 1) i. c. the 

operator D mapps the sct U into itself. 

Let "1(1). "þ ) E U. then 

IID싹 、. 0 ./ . 

7 " . ‘ 1I _(j) I'I\ _ _ (j) 
강각yrg ι lxl (t) -x2 0)1l : ,=o, L ---, % 

and 

IIDψID따ψψDU)οω;)직씨씨0ω)←_D(i싸j 

Us잉ing Lemmas (2잉) - (4) wc 'can 0 btain n l 

x n n<샤t) - D(i) "2(t)H드갚훈 rE T”一'--(ι
OStS T L PaQ \q=lJ τn-q) ! \냉 
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CT 、 -’,-’ ~n-’ n-' 
+감추1)))강피，+강피T] 침 Lj 짧r| 1Xl O) 〈t) - x2싸 

: i=O. 1. "0 
<lnd 

ma,,- IIDU) ", (1) - vCi
) ".(t)lI드짚;;El max |”써1"ι싸xιμ’(j낀l 

Os;:t S;:T ‘ - ‘n - ‘ ) ! j =:. O os;.t s:.f " J ‘ 

: i=iO+ 1. 11 -1 

ln troducing the generalized norm [5J by the equality 

max 11 .< 

max 11 ,,(1) 

1" 1 = 

max 1I ,,(n-l ) 11 

ïhc inequalitics in (27-1). (27-2) can t e put in the form 

1 D"I- D"21 $S치 %l - xz l . 

"1.vhere 

1‘νLJ uJL, UOL"_ l 

U.L l “ J 1t [L J “l Ln _1 

S‘= 

tL . 1.. ,, - 1“ 3 u" _IL 1 Un_ 1L n _l 

u， =r띨d뚫(침 τ잖(μ+김싫))j 

+판늠 : i=O. 1. .... 。

:and 

T II
-

1 

α = 낀， -i) ! : i=iO+ l. 11- 1. 

(27-1) 

(27-2) 

It is easily to verify that S‘ is the a-matrix [5J if and only if (14) is satis 

ficd. Conscqently. according to the gencralization of principle of contraction 

mapping [5J. we can say that the 때erator D has in U a unique fixed POint 

,,(1). 

From above. it follows that problem (1)-(4) has a unique so lu tion (,,(1). I‘). 
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'This complctcs thc proof of tbe theorem. 

REMARK: Again problem (1) -(4) will bc considcred later to study thc 

‘ stabili ty of its solution, whose cxistcncc and uniqucncss have becn proved bere. 

Dept. of Math , Facul ty of Science, 

AI.Azhar University, Nasr City, 
Cairo, Egyp t. 
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