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1. Intraduetion:

The problem which we study here, is firstly suggested by Niclibork [4].
The problem deals with a projectile with a given initial velocity hits a target.
It was formulated as an initial boundary value problem with a system of two.
differential equations of second order. In 1966 Perov and Makhmoudov [6] ge-
neralized the problem for a system of n-cquations using vector notations. Many
other different generalizations for this problem are suggested and studied in
(1, 2, 7, & 9].

In this work, we mainly adjoin the works of Bagirian [1] and Sobeih [7]
getting a more generalized formulation to the same problem.

2. Formulation of the problem:

Find the solution (x(¢), #%) for the following problem:

AW =g, x, £, w, A Dyre 0, T, a
#2)=0; 17,3 0<f<n—1 (/=0, n—1: n>2), @
1) =0, o

and

n—1 - ' "
Il -x(j)(t*) +f Als, tox m(s)ds -
j=0 J 0 7

T
+[BGs, txP (sl =2* 1 tx€ .71, @
(0]

where f(t, ¥, ¥, - »,_,) and its arguments y, y,, -, ¥,_; are vector
functions in Banach space E, together with the given constant vector x*30.
v, T are given positive numbers. Also a; (7=0, 1, =, #—1) are n>n constant
matrices and A]-(t, s, Bj(t, s) (7=0,1, -, a-1) arc #<n matrix functions satisf{y-

ing BJ- (t, s) | =0
s=0
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Here if #=2 the problem in [7] is obtained, while if Aj (t, s)=0 and Bj(t, s)

=0 (=0, 1, -, #—1) we can get [1]. As usual, we denote by C" ([0, T]; E)
“the set of all n-timesdifferentiable and continuous vector functions in [0, T
‘with values in E. And hence, we can define the first argument of the solution

-of problem (1)—(4) as the wvector function x(#) which belonges to C¢” and
-satisfies conditions (2)—(4).

3. Preliminaries:
(i) —Suppose that f(#, 5, y;, - ¥,_,) is defined and continuous in
R:{l0o, T], lyl<e* (G=0, 1, -, n—1)}
and satisties the following two conditions:
s t’ s 5 Ty == S- ’
org?;'r”f( Yo N Yp-DISM &)
-and
Irf(t xg- xl Ty 3_1)-f(t| yov Ty J’,. I)LSZ‘L |xj—y,ﬂ (6)
where M, L; j=0, 1, -, »—1) are constants.

(i) Consider the following functions:

n—g—1
$,()= %%l)—' (s)ds, @)

n=1
J’(f):qL.: [f A G, a‘)f (n q l)' f(sl)dslds+
) n—g—1
% f B (s ) f o ‘q 57— fGsp) ds; ds], 0<s<i<T, ©)
t T

P@)= Z [ bt 7 ltj A""’ s'ds+ 1 f B;?q S"dSJ,
o 0

S®O=P7'(® ; t£0. (€)]
=5, 2(s), D), -, 2V @),

‘which can be easily shown that they are continous in their intervals of defini-
tions. Also, suppose that they satisfy the conditions:
I6,(t) =8, EII<K, 1,1,

st, €0, T
) -y EI<K, |t —tyl, v 2E 0 T]

(10)
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IS¢ —SUII<K, lt,~1,| 38, t,E O, T]

4. Theorem of existence and uniqueness:
Using the following delinitions:

0 =max|x*[, aq:mgtxllaqﬂ.

a

94,(s. D
max_[4.(s, O, g =max| — 7|,
tSuer 9 T o< t<T t
b,= max [B./s DI,

. aB (s,

& = max | _‘7—)_;1,
6<s, 1<T ¢ 0<s.t<T at
C,=a,+b, Cq:aq+5q.

& = max |l¢ (D, Y=max| y@®l, K=max|S®I|:¢=0, 1, -, n—1,
? o<t 1 o<t 0<T

we can introduce the following existence and uniqueness theorem.
THEOREM: If conditions (5) and (6) are salisfied, logether with the following
<onditons:

7o n—1]
p=K(d+ ;‘E{'},ﬁq ﬂjq-!—Y)SvT,

-
91: v

(€89
¢ n—1 ‘ =l
(g (0+ 0,0, Y )+ E(K 4K, Efﬁﬂ)] <L, -
Tft'_f . Tn—f‘ )
G,=D1 7 e=n1 M=8s i=0

ey :'0’
ani (13)
—m)ﬁ_Mﬁﬂ*HﬁfﬁL =1
and

R il A S €L Wi
= L,-l'(fo—m[' 0Q = ! (&ﬁ (ni—g+1) )J+

n—i it Tn—l'
T =01 }+ ,-;5',1 =) L;<1 14
swhere

2 [
4~

oy | , kb= min || S(Dx*|,
i i <T
v KKK, 200D
q=

sz—K_(cH {;—i 8 %ﬂ"Y)‘K(Kz‘*Kl %Aé)‘
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Then prodlem (1)—(4) has a unigque solution (x(1), iy).
5. Some lemmas:

To prove the previous existence and unigueness theorem we need the follow-
ing four lemmas.

LEMMA 1: If functions qﬁq(t) (g=0, 1, =, n—1), y() and S(1) satisfy cond-
itions (10) and if conditions (11), (12) are satisfied, then the equation
n—1
t= IO~ @, 0,0~y D), (15)

has a unigue solution ty € (0, T].

PROOF: Let the operator F(#) denotes the right hand side of equation (15)..

Therefore
0<F(N=<-
and
jF(tl)—F(tg)]Splltl_tzl'

Consequently according to conditions (11), (12) the operator F(#) mapps the:
interval (0, T] into itself and satisfies the condition of contraction, and hence,
equation (15) has a unique solution #y & (0, TJ.

NOTE: If #x is the minimal value of ¢ in equation (15) and if ¢q(0)=0'
(g=0, 1, ++, n—1), y(0)=0, then we can estimate that

= & =0,>0.
v+K(K +K1L, Aq) )

LEMMA 2: Let the wvector functions @,®, y@®) and (¥ (@), Z(@):4=0, 1.
=+, n—1 correspond respectively to the roots t|, and t, of the equations:

N
I.—

o IS (#%— ‘:%aq 8, —yD}l,
=0

1 #—1 16)
t=—,IS@ (x*~ q):_:O a ¥ O-zO),

and satisfy conditions (10)—(12). Also if n,, 1, are two vector functions of the
Jorm:
Sy

1

n= {x*—}:’a AGHYESTUNIE
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B~ }:a W(f) A(R) B

then we can estimate that P
1|/M (18)

EW :
lfl—fZ]ST aﬂd1?1—ﬂ)|\ _Q
=1 ‘
where W= Y" A, maxll 8, (f) 7 Ol+ max|| y(O-Z®) (19
g=0 0T

and K,Q. ¢, are defined as before.

PROOF: Since #,, #, arc the roots of equations (16), then
n—1
I =t,|< %nsa et~ I @, 8,6 —3())

—SUP - T a, T, U)-ZA)

q_
which from (10) gives
n=1 n—1 n—1
vt —1,|<[2,(0+ ZE) A, O, +Y) +k(k,t+k, Eo APl ltl—r,_,]+k(£) A,
X max|é, (1)~ x IyO—=Z®).
Ogag*}l@q() v+ Orgfgr‘lyct) ZO
Therefore, using (19) the last inequality lcads to the first inequality of (18).

Also form (17), using the well known inequality

tl A - B ’ii(‘- 2‘ "‘1’_B”
"TAL T TBI T maxtlAlL 1B

we can obtain
n—1
7, 7SS ISED = SUNP =2 a (S 4,8
=S(t) ¥ (1)) =St 3t =S ZEN)]

where

n-1
r=max(1SG) [~ 2 a 8,¢)-3¢)l.

n—1
IS¢ le*— X5 o, ¥, =Z 0NN

Using (10) and (19) we can have
20—t~ o] +KW]
0>

”7?1 —712”3
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and hence, substituting from the first inequality of (18), the second inequality
of (18) will be hold.

LEMMA 3. If the vector functions ¢q(t)(q=0, 1, », n—1) and (&) are de-
fined as in (7), (8), then the following is true:

S
On;?‘érlmq(f)“_wW' (20)
2 —g—1

b el e VI @)
n—1 n—g+1

L OLEM LGt Co @
E T“_q / C"QT

o%?érl'y OI=M =y =T \&t 7—g+1 ) (23)

where M, a, Cp Eq are defined as before.

LEMMA 4: Let P(t) be the non-singular matrix function which is defined in
9), then for its inverse matrix S(t) we have

2 g=l. i -l c. T (a—1)
% (n—1) 2 T
max [SOI<Tr 1) Lz“:é - (Aiug + e )] 24)
4 iy il C. T -2n—1
% i e T fy—g
max [S®I< 7 (=1 (Bt ] T w
b, T2 T = T
XD iy [A:'..—q_!_aiu—q et By B Ty } (25)

where N= min |detP(2)|.
0t<T

PROOF; The inequality (24) is easily followed by using Adamar’s inequailty
[3]. Also, since
S@=-SOP'BOSD,
then the inequality (25) can be easily obtained.

6. Proof of the theorem of Existence and unigueness:
Let UCC”, where
U: i, 71, 159 ®Ol<e* (=0, 1, =, n—D}.

Suppose that x()) €U :
It is easily to see that problem (1)—(4) is equivalent to the system
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721 beg_ an—1
()= zot,o + (t(ns_)l)! F(s)ds, (25-1)
0

LY i
Il =0=4-1SWO =2 a8, -3, (26-2)

where ¢, () (¢=0, 1, -, n—1), y({tx)., S{x) are defined as in (7), (8), (9
respectively.

According to conditions (11), (12) for every element x(#) €U equation (26-2)
has a unique solution #x(x).

Now we define in U the operator D such that

i £ =l
DX (D)= ’1.;?(!") + (En:)lj.' F(s)ds.
Q¥ n—1
where 7(x)= %L[x*— 5, 8, =y @)l
Therefore,
. ' Tf;——: Tn—i L .
“D(f)x(f}hg ('J.U_tl)‘-’ v+M (n_z-)! 1i=0, 1, -, 30
and

n=i

”DU} x(f)”SMW H E':f0+1, e, on~1

and hence from (13) it follows that D’ x() €U (G=0, 1, -, n—1) i.e. the
operator D mapps the set U into itself.
Let #,(®), x,(6) €U, then

fo—F

llexl(t)—Dwxz(!)HSIT??(’Fi)'”(ﬂ)ri(_’f:f)—!-l-

! . ;
L oy Lj'Ixf”(t)—x,g") Ol :i=0, 1, =, iy

¥ (n—i)! ;=

and

= () @ y At S 6)) bl =
D%, )—-D ‘2(’)‘igwg Lz~ @®)—=z," Ol s i=dy+1, -, n—1

Using Lemmas (2)—(4) we can obtain

@ @ ) R
DY O-DxMi=|- "5 (2
oxg.?gxrn @) xza)ﬂ_[ 2Q (;‘=:l; (n—q)! (Aﬁ'



200 M. Sobeth and G. Hamad

CT fo—1 n—i 1
T Y % )
e ))/ DT+ D! JZ&L] max_ 15 ©-2,P®l
i), 3, e @7-D
and
o) ) T n-l W @)y
1D 2~ DY 2, OIS 77— x | () —z. .
. | O~ Ol=m=m EJE?;T"’I )=, Dl
si=iy+l, -, n-1 (27-2)
Introducing the generalized norm [5] by the equality
max [ =z |
max [ |
|| = .
max [+*0 |

“The inequalities in (27-1), (27-2) can Le put in the form
| Dz, — Dx, | <8*| 2, —x,|,

‘where
u L, wyL; e uyL,
”l Ld ﬂlL} ...... ulL”—]_
Sk=1 ¢ ;
ﬂ”_le un_lLl """ HH_IL”+ J
L T ok v ol
=G —0! [ PYa) \2:0 DT\t g+l) })
Tn—f ] - i
-+ (n_')! . 3‘-0. 1, LA tO
sand
™ .
uizw. E——ZO+1, e, n—1.

It is easily to verify that S* is the a-matrix [5] if and only if (14) is satis-
fied. Consegently, according to the generalization of principle of contraction
mapping [5], we can say that the operator D has in U a unique fixed point
x(2). :

From above, it follows that problem (1)—(4) has a 'unique solution (x(&), t%).
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“This completes the proof of the theorem.

REMARK: Again problem (1)—(4) will be considered later to study the
stability of its solution, whose existence and uniqueness have been proved here.

Dept. of Math, Faculty of Science,
Al-Azhar University, Nasr City,
Cairo, Egypt.
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