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AN EXAMPLE, WHICH SHOWS THAT THIERRIN'S CHARACTERIZATION
FOR THE JACGBSON RADICAL OF A RING IS PROPERLY NEW

By Ferenc Andor Szasz

In 1967, G. Thierrin [8] hasintroduced the notion of Neumannian right ideal
R of a ring A, as follows:

A right ideal R is called in a ring A Neumannian, if for every clement e=4
‘there exists an clement b4 such that

aba—aER

holds

In [8] is also verified by G. Thierrin that every m dular (see N. Divinsky
[1], N. Jacobson [2] or I'. Szasz (6], [7]) (maximal) right ideal is Neumannian;
furthermore the intersection of finite number of Neumannian right ideals is
-again Neumannian. Moreover, also by [8], if R is in A Neumannian, then the
ideal guotient

R:a=[x; x4, axER)

iis again Neumannian for arbitrary clement a=A.

One, among the important results of Thierrin [8], asserts that the Jacobson
iradical J(A) of the ring A coincides with the intersection of all Neumannian
(not necessarily maximal) right ideals.

THEOREM 1. (of F. Szasz). The Jacobson radical J(A) of a ring A cotncides
Jwith the inlersection T(A) of all Newmannian maximal right ideals R, of A

RROOF (cf. [8]). By the first proposition of G. Thierrin [8] evidently T(4)
-<J(A) holds, J(A) being the intersection of all modular -maximal right ideals
111, [2]1, [6], [7], and since modularity of right ideals implies the Neumannian
.behaviour. If we assume that

T(A#T(A)
is valid, then there exists an element ¥=/J(A4) such that x&T(4). Then there
-exists also a Neumannian maximal right ideal R of A such that x&R. We now
.use the following right ideal:

Z =RNJ(A).
"Then there exists, by our assumption on R, an clement y&A satisfying
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xyx—xER,

whence x&J(4) implies also
2YX—-XEH .

Furthermore, if z=xy, then

zg-z=(xyx—x) s yeEF,
being % a right ideal in the ring A. Now x&J(4) implies z&J(A4). Therefore
there exists an element wEA such that:

z2+w—z-w=0,

whence we obtain, by multiplication with (—z), the equations:
2 2
2rw—zw—2 =0,

and
(zz—z)w—zz=0.

But 2% implies:

7= (zz—z)wE L

Thus
2 2
z=(z-2)+z €,
consequently:
2 A=yEX,
and

z=xyx—(xyx—2)EF"
holds. Therefore:

=X CR
is va id, which contradicts our assumption x&R. Conscquently we obtain T°(4»
=J(4), indeed, qu.e.d

THEOREM 2. There exists a ring A containing a Neumannian, maximal, but
non-modular right ideal R of A. Therefore the Thierrin-Szasz characterization of
the Jacobson redical T(A)=]J(A) of A is not only formally, but also properily
new. -

PROOF. (cf. Szasz [5], [6], [7]). The letter p let denote 0 or a prime number.
Furthermore, let b, be a prime field of characteristic p:.#" be an arbitrary
infnite cardinal number, I be a set of indexes of cardinality .#",, moreover-
J,45 be the Kronecker symbol. Let A be an algebra over P, with the basis-

elements:
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(e, 8, r&r)

a. 7. 5 S

a "af “afr
and R be the subalgebra, gencrated over P, by all Ts Sapy

Put the multiplication table:

a . r - s, -
Ca % as Cae" %
Tap Sape 7 e T an J 5t S50
Sasy Sape are “Sapn are *Sas

Then A is a monomial algebra, in this | asis, over P, Every element a of
A has a form:

™ @=XI* 728, +Z¥ 01,0 +Z* 0 Spp.,
where 7, o, 7P, and X* is a finite sum.

We can explicitly verify that this table defines an associative multiplication.

Moreover, we obviously see that R is a right ideal of this ring A.

If a&R, e€4, then there exists a coefficient 7P, such that 7,70 in (¥).
Thus we have

a(:r‘._l-,c-rmﬁ):p-aﬁ-i—r’ r'er)
for every S&I' and p=P,, consequently:
aR+R=A.
This shows that R is a maximal right ideal in A4, indeed.
Now we verify that R is not modular in the ring 4, i.e. (1—-@)ACR holds
for every a€A. Namely, if ¢=R, then
(1-&e,=a,—a a &R,

being a, &R. But, if a@R, then there exists in (*) a coefficient 7,70 such that
(1—a)-(z;‘-rm5)=aﬁ+r"ssk

Thus, by (1—-a@)ASER, the maximal right ideal R is not modular in A.

Now we show that R is a Neumannian right ideal in 4. By |I'|=#",, there
exists an index w in (*), which is different from all occuring «; 8; 7, If
all z, is zero, then ¢ in (*) belongs to R, and thus ¢ER trivially implies

a-a-a—a=R. .
But, if there exists for @ in (*) a coeflicient 7,70, then with the denoting:
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. 1 =1 —
(z*mz.-aa'_-I—Z* p,-_,--rmﬁﬁrz* ‘Tijx'sa.-ﬁ;r.)'(”i -sa'_j_,w)ab
-01e calculates:
b=aw+r”. where 7"ER ;
-whence we obtain, by (*) and by the choice of w, the relations:
a(rz—l sar#w)a—a:ba—a:(aw rra—asSR.

Therefore R is a Neumannian maximal, but not modular right ideal of this
ring 4, qu. e. d.

REMARK 3. R is also guasimodular in A: that is R : ACR holds, where
R:A=(x; x4, AxCR).
«(See [5], 16], [7].)

REMARK 4. Over b, holds:
dim A=dim R=.4",.

PROBLEM 5. Does there exist a Neumannian, maximal, but non-quasimodular
_right ideal of a ring?

PROBLEM 6. Does there exist a quasimodular, maximal, but non-Neumannian
right ideal of a ring?

PROBLEM 7. (A. D. Sands, communication in a letter.). Is the Jacolson
radical J(A) the intersection of all simultenously left and right primitive ideals
-of the ring A?

Budapest
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