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1. IntrOduction 

The nonhomogcneous boundary value problem for regular ordinary differential 

.operators has bccn studied extensively. Sec, for exampl~， tho survey article [3) 

The traditional way of studying this problom is by use of variation-of-constant 

fonn ulas. ln this paper, wc will consider the corresponding problem for a 
,multi-valucd differential operator without using thc variation-Qf-constanr fo rm

ulι The main idca is to treat problcm as a special application of an abstract 
~hcorem in a Banach space developed in 히 This theorem is similar to the 
.Fredholm al ternative, but does not rcquire that a linear speac has a closed 
range. The underlying spacd in this paper is a Lp -type space ( 1드P <∞)， and 

so only the Lagrange adjoint of a differential cxpression will play an important 

,role. The same idea was used in [4] to study the Same problem in the case 

when thc underlying space is the Banach 01 contin uous function s. The main 
.resuIts 이 this paper arc Thcorem 2.4 below for a regular differential subspacc, 

.and Theorem 3.1 for a si ngular differential operator. We now fix SOmc notat

ions. For a matrix D, its adjoint and transpose are denoted by D* anp D', 
r espectivel)'. The adjoint of a linear manifold M is denoted by M ‘ (see [2] or 
[5] . For a norational convenience, the vector spacc of all I Xk rOω matnces 

<with complex cntries is dcnoted by q;k. 

2. Regular Differential Subspaces 

Let 1 be an interva l. Let T be the nth order expr~ssion 

” (k) ( ry)(x) : = ζ p/x)y"', x E 1. 
k = O 

!Here y is a r x l column vector, and 야 is a r X r matrix-valued function on 1 

which is k times continuously differentiable (entrywise), an j p.(x) is invertible 

for all xE 1. Let PE [1 , ∞)， qE [1, ∞)， and let p' and q' be the conjugate 

.of p and q, respectively. Let LpCI) be the Banach space of r XI column vector 

:functions y defined on 1 such that 
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( r / .... ， Þ.ι: \ l/Þ 
IIYμ : =( I (y‘y)" -dx )'" <∞. 

r 、 ι

Let To(; ) and T 1(T) bc thc graphs of thc minimal and maximal c10sed diffcr

ential opera tors gcnerarcd by -: such that 

To(r)ζT1 (τ)c.tP)8ι.cl). 

T hroughout thc rcst of th is section wc wiJI assumc that 1 is a compact in tcval 

[a, bJ . Thus To(τ) . T /r ) arc rcgular diflcrcntial opcra lOr. Let ，니 and ω+ be d 

and d+ fi ni te dimcnsional vcctor spaccs contained in ι/l)잉.t，(l) a nd ιγ(I)， 

eι'p. (I) ， respcctivcly, such tha t 

(2. 1) 띠nT1C，)={{O， O} 1. ω+ nTo'‘(，)= {{O, 이 l 

Let T be an arbitrary, bu t ijxed 이osed vcctor spacc such that 

(2.2) *(To*(') +ω→ )ζTCT1 (，)+ω. 

1n this scction. 、，ve will considcr the problcms 

(;) Estimato thc dimcnsions of the null spaccs of T and T률-

(ii) For a givcn g E ι'<l) ， considcr the solvability problem of finding fEιF 

(I ) such that [κ g }ET. 

1[ d = d +=O, then thc problems were solvcd in [l J. 5cc the survey article [3J 

for a la tcst dcvclopmen t. Thc problem5 、.vhcn the underlying space is the

Banach spacc of continuous functions, thc corresponding problem was discussed 

inη. We will trcat the problcms as special ca5es o[ abst ract çrûblems iπ 
Banach space. Thus we will need following thcorcm which was proved in [5J, 

、\，e wil\ state it herc. 

THEOREM 2. 1. Let T o' T , be I"e closed liilear m‘a’zi[ olds cOlltailled ;11 the 

direct slmz X 1E!lX 2 o[ Bmzaciz spaces X , alld X~ stlch Ilz a! 1‘oCT, and N : =diμ 

T/To<∞. Let B be a contÎll1tOllS 1‘llear oþerator 011 T 1 0끼o ç’ such IIzol N "If 

B=Tα alld B+ be a '"‘ . C01Z!Î1l!lf) l(S li1!ear oþera!aT 0 1! T 0‘ on!o çN Sιch tlzal Nul.ι 

B + = Tt. Lel C be tlze N x N inverlible lIla!rix sιcll that 

Greell’ s formula: ola~) -0 , (a ,) =iB(a)C( B + (b)) ‘ 
[ or all a= {a" a2J E T" b= {아， b ， J ET。‘·

F;nally lel P bc a m X N cOII$la’“ matrix 01 rank m. and dξfine 

T: = {a ET! : P (B(a) )‘ = O .. x z} ' 
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Then we have lhe follozoing 

[1 ] m+dim N“ll T르dim Nκ11 T ,. 

N -m+dill‘ Ntt/l T*?di끼 Null T.。용. 

lf 10e ossume furlher that 

dim NullTo=dim Null Tt=O, 

t hell 

dim Null T 1+ dim Null To*드N 
with the equality holding '1 and only tf 

dim Null T+d’'" Null T。’=dim Null T융+N- lI’ 

ami 
dim Nι/l T‘ +dim NιII T 1=dim Null T + m. 

[II] Let g E Range T 1 a1!d r E ç m be giv8lI. 

(1) 1f there exisls s E Dom T 1 Sιclt lI.al 

(*) [S , gl E T 1, P(B( [S , g ) ))*=r', 

the1l 

z (g)= i깐PP*)- IPC(B+ ([z， 이))용 
fo r all z ε Null l' u * satisfying 0ηe of the following Ihree equivalenl condition" 

( i) zENμllT‘. 

(ii) B+ ([2, 0)) belongs 10 the νector subspace of q!' generaled by the rows o[ 

PC‘ l 

(i ii) C(B+ ([2, 0) ))*= P‘ ( p P*)-1 PC(B " ( {2, 이))*， 
(2) Ass“me f.ιrther tlzat 

di", N lIll 1'o=dim N u/l T t=O, 

dilll T/To=dim Null T 1 +dim NIIl! T。’‘·

T lum the conνe，se of (1) is true. 

[m ] Assιme that 

dim N ,dl To=dim Null T t=O. 

dim T / T o=dim NκII T 1 +dim N씨 1'0*' 

Then there exists a ιnzqχe s E Dom T 1 satisfying (*) .1 atzd o"ly tf d;m Null 

T =O and m=d; llZ Nul/ T 1 

REMARK. 11. parl [ID J. Ihe "only '/" was nol slaled ;n Theorem 5 of [5 ]. 

Bul ~his is obviolls ;11 view of parl [n) as dim Null T =O -a/,d m =dilll Null T 1 
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'1 alld 01νy il dim Null T=O, dim Null T ’ =0. 

Wc will changc our prob!cm in such a way that fits into the setting 01 the 

above theorem. Thus "re must deci야 our maximal and minimal subspaces T l' 

T o' operators B. B+ , a cocre,,!xmding N x N invertible matrix C. The corres 

ponding Banach ‘paccs in th i~ caæ will be that 

Xj= ..t:ι (1)， X 2= ..t:,(I) 

To this end , we define 

(2.3) Tj:=Tj(T)+ω To : =융(TO*(1) +ω+). 
Then T j and To* are closcd in ι'[(I)tf)..t:，cI) and ..t:，，(I)tf)..t:，γ (I)， respec tively. 

Because of (2. 1) \VC can rcwrite ω， ω+ as 

(2.4) ω= ({W j α， W 2 α' ) Iα Eçd) ， ω+=({W/ a', W강α' ) I αE çd+). 

where W 1 and W 2 are rxd matrices who않 columns are in ..t:pCI) and "c,(I), 

'respectivc1y, such that \vhcncycr lW 1 αl， W2 gtl g Tl (r) for %me α E q;d, 

lhen α=Ü1 Xd' Similarly, wt and W 2+ are rXd+ matrices whose columns are 

in ..t:,,(I) and ..t:þ,(I), respecti、.c1y， such that whenever {W j- α W2+ a'} E 
d+ TO* (1) for some a E C" -, then α=OjXd' 

Since it is well kno\',rß that 

dim (T j (1)!To(-r: )) = 2 m , it [ollows from 

*(To* (，)+ω+)CTl(r)↓ω 

lhat 

(2.5) N: =dim (T/To) 

=d +d + +2rn. 

We will now procced to construct boundary operators B and B+. First we 

.havc 

PROPOSITION 2.2. (i) There exisls arxd ’llatrix 'W such that the colα1nllS 

'01 'w are in Dom T j ‘C-,) aηd 

J/W>굉)-W삿)dx=ldXd' 
lv[ oreover. an y ω ={ψl' W2} E 띠 caπ be written μniquely ，as 

w= (W j a' , ' W, a' ) 'where 
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a=jI(Wl반과5-W2t，굽) dx. 

,T?,, + (ii) There exi,/, a rXd+ mo/rix 'W+ sαch /"o//he COlt"'I1IS 01 ’ W T are in D01Jl 

To(r) alld 

II((WC)갇WT) - (W/)'과규)d:t = Id+ xi". 

M ι (10 . + , w~+l oreover. aηy 10 = (1O, " W
2
') E ω can be written 11’'ziqttel y as 

ω+ = (Wl+ αI， W2+ at} ttIhe7C 

α=J/(씨+)'깐팎)-(텅)'파굉 dx. 

PRα)F. (i) The map 

{샤z’ r써+나닝z치)--→→케"J/션 

de터f“me않s a map on T t(r) onto çd. For, suppose that for some βE rt， 

f ((?+Z)t&l-ιW2) dx 하=0 
> 1 

for all zEDom T,* (r). Then ß=OlXd as 

T ](r)=*(Tt(,)), (W] β W2히) E T / ,). 

This shows that the map is surjcction. This shows the existence of such a ’W. 
Take aoy zu= (씨， 10

2
) E ω. Thcn. since the columns of (W!' W2) form a basis 

for 띠， there exists a uniquc α ε ç" such that 

zu= (W, α W2 α') . But, then 

J
1 
(w'τ + (' W ) -W2" W 1) dx 

=L @WJ : +(’ W )-aW;'W]) dx=a. 

This proves (i). The proof for (i i) is similar. This completes the proof. 

For y E Dom T1(r), or in Dom T，하(，)， let ý(x) hc the 찌X r column matrbr 

defioed by 

(y(x))' = ((y(x))' , (y'(x))', “" (/"- ' ) (.<))'). 

Theo there exists a m X rn iovertible matrix C,(x) depending only on the values 
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1)1 the coclficients 01 , and its Lagrangc adjoint. ,+. of , 
5uch that 

(2. 6) 11 (z흩(x)(，y)(%)-(，+.야) y(x)) dx 

펀 (--i~~::)~~~;~~!~b)-) (:~:~) y(b)! \ O,.m : -iCj (b) ! \z(b) 

Here ’W and 'W + are the same as in P roposition 2.2. 

Let C be the N x N invcrtible block matrix defincd by 

(2.9) 
{ iC ,(a) O,. y ,. \. 1 _ 0"1 、 . 1 、

C: = 1 ..... : ............ , ........ ;.:: ........ 1+1 “ d+Xd. l+f iI ..I"' .... 1 
\ O,.x,. : -iC,(b) J 、 / 、 1' _ I 

PROPOSITlON 2. 3. Lel B. B +. C be as (2.7) - (2. 9). Tllel! B al!d B + dψ1leS 

co씨찌κOt/，s linear operalors 011 T 1 ond T앙 01“o f , %SPectt%ly, 잉'，eh IIIal 

Null B =T o*. Kull B + = T i" . 
• ~1oreover. toe have the Greell'S !ormu[Q: 

{[(，y + tιι>' 같균3 @+tu,)t FgJ}] dx , I ‘ 

=iB (IY+ wj, :y + wι) C(B+({z + wj+. ,+z+w/J))‘ 

η'0'011 y E Dom T j(,), zE Dom T ri’ ( ,), {w , . ω~J E ω alld {W1 +. 102 +} E ω. 

PROOF. It is clear that B is continuous on T , into C
N

• and B + is continuous 

on T앙 into ç'~. I t is also clear that ~ull B=Tι， :--Iull B + =T,*. \'v'e will show 

that Range B = q;‘ . To this end. for all Y E Dom T ,(:), z ε Dom T o*(' ) ' 

For this. see p 73 01 [2J 

\\'e now dcfine the boundary operators B and B ~ on T, and To' as follows: 

Lct B bc the lincar operator on T , in to q; N and B + the onc on To* into çN 

.ociined by 

(2.7) B ( [y, .yJ + (WJ' wz]) 

= I(i(a))t (i(b))t L(ry)fJ한) dx 

L찌T+(/W)-W2ψ dxJ 
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rior {y , Ty l E 1- j (<) , 1101' 10,1 E ω · 

(2 8) B + ( {y, r - yl + 11Ul+ , ω2 1 ) 

= I(j(a))t. (j(b))t , jI (( tUl+ )f ;군)- (w/i꾀τ) dx , 

Il ((yhUl?꼬- (r+y+W2+)l폐 dxl 

for {y, r + yl E To석t)， {Wl+, 1U2+) e ω+ 
L 

it is sufficicnt to show tha t (Range B) = {Ol . Let a , ß, r be the l X2m, 1 x d- , 

ì x d constant matriccs 

B ( ly+IO I, "Y+I‘’21) (α， β， r )‘ =0 

for all y E Dom T 1( ,), 1/0
1, ω21 Eω 

"Then 

((ÿ(a))'
’ 

(ÿ(b ))') α용 =0， 

II 
l(TY)t꾀+ -y끽구J dx하=0， 

/t / + 1/0 1 τ (’ 1Q) -W;'ω dxJ r‘ =0 

i"or all y E Dom T1 (τ) ， Iw l' lu2J E 띠 

It is wel] known that 

II (ÿ (a))' , (ÿ (b))'J : y E Dom T t(,) J =(f'". 

I t foll。、、 s that a=O lX2rn 
The second eq ua tion in the abovc implies that 

1/0 1
+ ß, 

'"/ ßI ε T o* (r) , 

‘ and hcncc p=Oj X' " The third cquatioD ho:ds, in particular, for 1OJ = Wj~r'， 

zo~=w:!-i- r'. a nd hencc r / dXd Y*=o. Thus r =OlXd' This shows tha t Rangc 

B=C
N

• Similarl y .... ve can show Lhat Range B+ =(1:."1. To prove the Grcen ’ S 

formula, !ct y E Dom T /r) , z E Dom T하(，)， wEω. w +Eω+ By Propm:jtÎon 

:2.2, 、.ve can wntc 

m= {” lat, 1UFI) , zo+= hora , α때']， 

‘where 

a=Uωltr+ (’10) -%t’ IOJ dx 
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a=L[(Wl+)파w+)-(α2十)파카] dx 

Using the expressions for IQ and 10+ as the above and the relation in (2. 6), wε 

can easily verify thc Green’ 5 formula. 

We will now rewri te T in (2. 2) as in Theorem 2. 1. Since T is closed, there

exjsts a ’nXN constant matrix P of rank '" such that 

(2.10) T = {{Y+w 1• , y + w2} Iy E Dom T 1( ,), {wl' w2} E ω， 

P (B ( {y + 101' ,Y+102}))*=OmXl}' 

T he condition for (2.10) is rewrittcn equivalently as follows 

(2.11) OmXN=P1랐깅+Pz강R 

+R( (η)lJLyt;되 * dx 
'1 ‘ -

+SJI[2Ult카J- mr;;1% dx, 

where P l' P2' R, S are the m X rn, m Xrn , ’nX d+, m X d constant matrices.:

such that P = (P l' P2' R , S] and P is of rank m. 

The last integral can bc rcwri tten as a if lQl = lU1 a
t
• w2 = to2 at for some

αε q;d. 

Now, with T
1
, To' B , B +, C defined in (2. 3), (2. η-(2.9)， we are now in a . 

position to apply Theorcm 2.1 tO thc presen t sctting. 

THEORE:Yl 2.4. Let T be as (2.10). Thell 10e have tlte follo1O;,'g [1]- [ll]. 

[ 1] dim K ull T드d+d+ +2m - 1I/’ 

dim Null T*드m， 

dim Null T ‘ = dim Null T+m-d-rη. 

[ll l Let g ε ι.(1)， r ε q;m be given. Dξfine 

r ( z, ß): = P1C1 (a) ii(àj - P ZC1 ( b) i캔1 

-R.앙+재w;강꿈굵 dx 

for z E Dom To*(') , ß E q;d'. The1l in order Iha/ there exisls y ε Dom T1(, )’ 
and aE q;d sκclt Ihal 

(1) (1y)(x) + ZU2(x)at =g(x), a. a. X e I , 
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(2) Pj.랐Ii) +Pz강b:i + sa'‘ 

+반1 [(w/)'감 - (W2+fy] dx 

=r. 
μ is llecessary and sufficienl that 

(3) r g' ( :x;) (z감끊5 (x) dx=-f(PP융「lr(z· 8) 
“ / 

for all z E Dom T o‘ ( r) aηd βε cf' 
which salisfy 

(r+ z)(:x;) + w감(서 rI =O. a.a. :x; E[ 

and 0 ... of lile following IMee equiual.nl c01ldi’'tiOlts: 

(l) z ÷ IO l+β' E Kull T률. 

(ii) Th.r. ."isls ö E q;'" such Ihat 

(iü) 

ii.' (a) =δP1 (Ct(a) - 1. ii.' (õ)=δP2(C/(Õ)- I. 

ß=-òR. ~(z+Wl+배띤d:x; =δS 

C1 
(a) I[àj = Pt (PPη-lr(z， g)

-C1 (b) 강b)=P2‘(PR)- l「(z， g), 

-β‘=P(PPf)-lr(z， β:). 

L1U;파학긍) d:x; =한(PP*) - lr (z. ß) 

Cill ) . [f Nαlt T= {이 • and m =d + '1Z, then there ex:"sts a ιnique pair (y, a Þ 

with yE Dom T 1(r). aE q;d satisfyi’‘g (1) and (2). and conv.rsely. 

PROOF, It is clear that 

dim Null T o= dim ).Iull T 1*=0. 
‘ι 

Since 

dim T1(r)nω=dim To‘(r)nω+=0. 
‘ve see that 

dim Null T 1 =d+ rII. dim ~!"ll To싸=d + + rn. 
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'Thus 

N=dim Null T 1 +dim "ull TO*=2rη +d+d+ . 

Therefore the rcsults of [11 fOllow5 from [ 1 1 of Theorcm 2. 1. To prove [ n 1, 

.ve let X 1 =.ιp(l)， X 2=.t:,(1), and C be as (2. 9). Thus [n 1 of Theorem 2.1 

will bc applicab!e here. In this situation, 

6찌 b，(o ，괴a4l(싸 (X)dx-La써01 (x)dx 

fo r all [0" a) E .t: p(l)8씨(1) ， (b2, b 1 } E꺼，(1)옹ιP’(1). 

Sincc Range T /,) =ιqCI)， Range T1 =ι'，CI). 

T hus g E Range T 1 if and onJy if g E ι，cI) . 

J3ecause of (2. (0) , (2. 1;) and sincc T , = T 1( ,)+w, the statemCI1t in Thcorem 

.2.1 that thcre exiscs s E Dom T 1 such lhat 

{s, g} E T
1
, P( B ( (s, g }))‘ =rt 

js cquivalent to thc cxistcncc of y E Do… T1 (τ) ， α E ç sa tisf ying (1) and (2). 

1n fact , s=y +ωlat. 

The statement in Theorcm 2.1 that {u. 이 E T 1 is cq uivalcn[ to thc statemen t 

that tt = z + w,+ß' for some zEDom T ，(τ) and βe f such 1lhat : +2 + 씬 f 

fJ' =0 in .t:γ (1) . Thc tcrm iPC(B + (( ，ι û) )선 in Theorcm :? 1 coincides with 

J'(., ß) where in this casc 

ι =z .... w;+d (.E Do i T ,(,), βECd‘). 

1t lollows that the sta 'cmcnt 

ii(g )=ir( PP*)-'PC( B+ (zt 이 )‘ 
fo r all zt ε Dom T\t îs cquivalcnt LO the Statcmcnt in (3) for all zE :JOI1t T.;~ 

..,.d" -;-.:.. I + -1 -(,)and ßE Ç' satisfying ， ' z+ 띤 β =0. [n fact , ι =Z + Wl 끼3‘ . That ιg 

: \Ju Il T ‘ ìn Thcorcm 2. 1 is f~quiva[cnt to α =z+ W 1기'31 E \l"u l1 T*. The staLcment 

( ii ) in Theorem 2. 1 is cquiva len t to (i i) of thc abovc theorcm. The statcme r: t 

( iii) of Theorem 2. 1 is cquivalent to the starcment in (i ii) of the abo,'c theorem. 

'Thcrefore by Thcorem 2.1 Part [ lll is valid. Assume now that dim "ull T=O .. ' 
",nd "， ~ d十 rn. Thcn by Part [11 , dim Nu lJ T용 =0. Jf ßE (J: ι and z ε Dom 

r。‘ (r) such that r + z + UJ/ ß =0 and Z+10 1냉 E "u lJ T*, Then {/Ul~ d, ψ2+ 

.:/! = - {z , !' + 7.1, and 50 β=O' )(d< and hcnce .=0. It thcn foilows that the left 
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a nd right hand sidc of (3) arc Q. Thu. bl' Part [ll] . therc exists a unique pair 

{Y. a] E Dom T ,(r ) (Ð :::d satisfying (1 ) and (2). and this 미ust be unique as dim 

1\ull T=O. This completcs the proof. 

COROLLARY 2.5 (Coddington and Lcvinson [1]). 

Let 

T: =[[y. ry} :yEDom Tt(r) . 

P, .v (ι끼)+P뀐:!ÿ갔'(bω)=0ι"…2 

.，.씨lU띠l시까here P 1 al，ιL띠d P ’ are mX rηJl C01ZSμlιan씨lt maι71riκCα'es stlch that t1ze m X 2rn com};ositiOIl 

",atr;:c [P t. P2] is 01 mn!, m. Thell 

[ 11 dim l\ull T* = dim l\ull T -rIll -nl. 

[ll) Let gE.ι/1) a/,d r E Çm be given. T !zen ’ ~l order thal there ex&'sts y ltl 

Dom Tt (τ) such Ihat 

(‘) ~y=g in ‘ι，(1). P t ÿ(a)+ Pâ(b)= r' . 
. it ls llecessary and sufft'ciellt thal 

Ji양(x) 갔d:c =r(PtPt'+P，P，*) -1 [P2C, (6) 해 

一P，C ， (a) z(a)} 

lor all zE Nu ll T*. 

[ml JI dim Null T=O ιl. ! 1'1l =rll, then there exists a ’ouqκc el emenl y E DOi1l 

Tt(r) satisfy…g (‘), a1zd Cüíl!)ersely. 

PR∞F. In Thcorcm 2. 4. take 띠= {{ o. 이}. ω+ = [{O. 이} . 

REMARK. Coddington and Lcvinson {11 cons;dcrcd the casc whcn r 二1. Part 

(II. Part [ll ] and Part [mJ are Thcorem 3. 4. Tbcorem 4. 1 and Corollary 

( p. 295) of [1] . Thc term r'U/ψ in p. 29-1 of D] coincides with the right hand 

sidc of the above in tcgra l. This is much more clearer than that of D] 

3. Singular nonhomogeneous bounda ry value problern 

In this scction we will consider the problems (i) and (i i) mcntioned in 92 in 

t he case when 1 is a scmi-infinite interva l. Thus in this section 1: = [ι ∞) 

이al)<∞)‘ Let To(~)' T ,( r ) will bc as in 92. \Ve will consider lhe case whcn 

thc boundary condi[ions at +∞ disappca r. Thus 、，\~e assumc that 
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dim T1( 7:)/To(τ) =rn. 

Since x=a is a regular point for T 1(7:), this assumption is cquivalent to 

(3.2) Iim ÿ'(x)C1(x)(잉(，，))*=0 
x-∞ 

for all y E Dom T 1(7:), zE Dom T o*(r). 

The proof for this can be carricd out as in the proof of Theorem 3. 1 of [6J. 

THEOREM 3. 1. Assume ( 3. 1). Lel 

T'-떠， ry} }yE Dom T1 (r) , P y강)=O，. X l} ， 

lIJhere P Z"S a m X Y1t C01lstant matrix 01 raπk m. The’‘ 
[ 1 J dim )/ ull T드rn-m， dim Null T*드끼. 

Moreover. 

dim )/ull T1( r )+dim Null T o*( r)=m 

'f alld 0111 y σ 

dim Null T-dim Null T용= nz-m - c1im Null T하(r) 

=dim :'-/ull T
1
(r) - 11l. 

[ n J Assllllle Ihal 

dim Null T1(r)+ dim Null To*(r)=rn 

Lel g E Range T ,(r) and r E q;’'11 be giνen. Th(m in Jrde l' /hat there exists y E 

D01Jl T , (-r ) suc" I"al 

(*) 7:y=g, P 강깅=r' 
Ü is 1lccessary alld sα'fficieη:1 thal 

f z‘ (x)g(.<) dx= -r(PP*) -IC ，싸표 

for all z E Null T，。‘(r) sati강yillg 01te 01 the follow fllg three eqllivale /!l conditt:olls_ 

(i) zENull T ‘. 
(ii) There exisls ð E q;m sucl! Iftal 

(z(a))'-=δ P(Ct‘ (a))-l-

(i ii) Ct (a)z(a) =P‘(PPη-lpCl(a)E강). 
[m J Am‘’>le Ihal 

rn=dim Null T,(r)+dim :'-/ull T앙(r). 

Then there e"isls a ttnique sE Dom Tt (r) salisfying (‘) if alld only if dim Null 
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T=O and ", =dim Null T 1(')' 

PROOF. In Theorem 2.1. let X 1 =.ιpCI). X2=ι，(I). T 1=T1(-r). T O=TO(r). 

a nd C1 bc as in S 2. Finall y let 

B({y. ry}): =(ÿ(a)/, yE Do", T 1( r) , 

B + ({y. ,+ y}) : (ÿ (a))' , y E Dom TO'‘ ( r ) . 

The Green’ s formula in Theorem 2.1 now takes the form 
… -r ., _ L- .... 

( [(ry)' z-y'Cr T z) J dx 
a 

+... , + =iB( {y , tyJ)C 1 (a)(B T C {z, r T z))) 

for all y ε Dom T 1(r) , z E Do", T암(r) . The operator B defines a continuous 

linear operator on T 1(r) onto C'" with l\ull B=T Ü' and B + a continuous linear 

()perator on T 0’(, ) onto C"’ with NuJl T t(r). 

Now. since 

dim NuJl To(r)=dim Null Tt(r)=O. the rcsult fo Jlows from Theorem 2. 1. 

REMARK. ln Thcorem 2. 4 and 3. 1 we discusscd a solvabili ty problem of 

nonhomogeous boundary value problem. The actual construction of the solutions 
<:an be worked out using the results of [ï). 

University of south Florida 

Tampa, FL 33620 

REFERENCES 

l1J E. A. Coddington and N. Levinson. T Jzeory of Ordúlary DilJerelltial Equalio1ts. Ì\.fc
Graw.Hill (1955), Kcw York. ‘2J E. A. Coddington and A. Dijksma. Adjo’111 subspaces i1~ Banach spaces. WWI aþpUcaft"on 
10 ordillary dtfferenlial subsþaces , AnaL Mat. Pura Appl.. (4) 118 (1Q78) . 1-118 

13J A. λ.1. Krall . The develoþme1l1 01 gelleral differelltial α.ld general dtfferential-bo“’r;dary 

syslems, Rocky Mountain J. Math. , (5) 4 ( IQ75). 493-542. 

f 4] S. J. Lee, Existence o[ the solutioilS 01 bo’mded νariaüons to Ihlear 셔Jegro-dilf ercntial 

equatiolls. J. Diff. Equations. (42) 1(1981). 1:?9- 153. 



128 51ιIlg J. Lee 

[5J S. J. Lee. N onhomogcllco‘ s boundary va/uc þroblemes for liucar ma71ij1lds J. 1‘ Math. 

Anal. Appl. (in press). 

[G] S.J. Lee, On boundary conditio1ZS for line~T dt;!ercuUal operators. J. London ~lath. 

Soc. , (2) 12 (1976) , 447--454. 

(7] S. J. Lee and .Yl. Z. ~ash(..>d. GCllcralized Învcrses lor I‘near mamf olds and aþplicatio.시S 

to bowldary þroble;끼s in Ba1zach spaces. Math. Report. Acad. Sciences of Canada (in 

prcss) 

[8] S. Schwabick, M. Tvrdy and O. Vejvada, Differenlial and I ntegrat Eqμations， D .. 

Reidcl, Boston ( 1979). 


