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PARSEVAL’'S IDENTITY ON BANACH SPACES
By M. A. Kandil

I. Introduction

Parseval’s identity plays a central role in the theory of Fourier's coefficients
in Hilbert spaces. An extension of the identity to the space of vector valued
functions with values in a Banach space seems in order.

In this article, we carry out the treatment for two cases. The first, are
square B integrable vector valued functions, with values in a Hilbert space.
The second, which is more interesting, is a square B integrable, vector valued
function with values in a Banach space. Also, we show that Parseval’s identity
may not be considered as a test for Hilbertization of a Banach space of values
for square B integrable vector valued functions.

2. Parseval's identity for B,(H, K,)

For simplicity, we here consider vector valued functions of two variables on
the Fuclidean space R.. The result can be generalized directly to the n-dimen-
sional Euclidean space R . So, let

(i) K, be a two dimensional rectangle,

K,=0=#x,<27, 0<x,<2r}

(i) B,(X, K,) be the space of square B integrable vector valued functions

on K_J to a Banach space X, with the norm || |].

Hence, if
flxy, x)EB(X, K,).

Then f[ e x.__.)n"}a’xl dx, <00
0 u

(iii) Fourier’s coefficient for vector valued functions in B.(X, K.) can he
defined as
20 2n

— i Az, 1 Ruxy
Ckhk::_l—g‘ fff(xl’ xg)e . e dxldx,, ;
@) 3o -
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where %, k,=0, £1, +2, ...,

(iv) B,(H, K,) be a special case of B,(X, K,) with the values in a Hilbert
space H.

On analogy of the inner product of Hilbert spaces, let us introduce for any
two functions f(x,, x,), g(x,, x,) in B,(H, K,) the following inner product,

o 2n
<hR = ff f(xy, ), g(xy, %)) dx, dx,,
00

'r)“
So, B,(H, K,) becomes a Hilbert space of vector valued functions, where (f(x,

x,), g(x, x,)) is the usual inner product on the Hilbert space H.

LEMMA. Let le;, e, ... e, ...} be a complete orthonormal system in H. Then

{epe , =1, 2,3, .. 3 Rk, k=0, 21, +2, ..., 75 a complete orthonormal
system in B,(H, K,).

r.(k'.xl + k:’:)]

PROOF. [t is required to prove that, for every combination (p, k;, and k)
it <fxy, x,), epei(k‘x‘+k3”)> =0, then f(x,, x,)=0 almost everywhere on K,
where @ is the zero vector for the space H. So,

<f(x1! x'_})l -epei(k|xg-f'knfu)>:

2r 2z 4 ik
.- )d [ f Uy, w0, e ) dx
79 S
21 2n
—i ki 1 k& 3,
- )_ [ Gy . epe” @) ax an, m
&) Do

The numerical function (f(x;, x,), e,) is defined on K, to R, (R, is the real
line) and summable. Hence if (1) equal zero we have (f(x,. x.), e‘,)zo almost

everywhere on K, consequently the lemma.

THEOREM. If f(x;, x,)EB,(H, K,) and if ck,k are its Fourier coefficients
then,

Sy ), fla, w)> = 55 o hn)

ky=—c0 ky=—00

PROOF. Applying Lhe previous lemma, we have
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<f(x1, xg)- f{x]_, x2)>

+-c0 +co +00

=D I T <[l 5y, e z(k,x.+k=x2)>l2

2z 2r

- ;: k.:i—%:o k,:io I( 21)* [f Cfxy, %), t(klxl+ksx2))dxl dx, .
2r 2n )
- 1}3: k‘:%:":o b= E J( (9,@ fff(xi' x) RS xz)‘f dxo )’H

Il

E; f(l.—goo _{22‘;‘ '(Ck ky? eﬂ)]

+oo 400
= Z' 4‘:: (Cklkz' Ck.k,)

by=—o00 fly=—o0

This theorem gives the Parseval’s identity for vector valued functions in B,
(H, K,)

3. Pareseval Identity and B, (C 0,1]° (0, 2m)).

Let BZ(C[D 1y (0, 21)) be the space of square B integrable vector valued

functions defined on (0, 2z) to the supremum normed space of all complex
continuous functions defined on the unit interval [0, 1].

In the following, we show that Parseval’s identity does not hold for a vector
valued function in this BQCCLD'I], (0, 2m)).

Take  f(x)=2+¢ cos x, 0<s<2m, 0<(<1
f (x)EBz(CmJI], (0, 21))

So
. o 2-+cosx cos x>0
IFG) 1= sup (2:+¢ cos x|= {2 —
2¢ = .-r/‘J
o [ 1N dr=— [ @+cos ) dr+ -1 [ @+cos 2 dz=4.95 (2)
Q
5?{

While Fourier’s coefficients are:

- oy - F
=2 6=5 f= g

e,=0 for £>2, 2<-2 (0 is the zero vector of C[o 1 )

So  ligl=2, Hcl‘al:TZ—. lle_yll=—2-
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llegll=0, 2>2, k<-2
+co

Then 2 leyl*=4.5 3

From (2) and (3), we get, Parseval's identity and Bessel's inequality are

refuted in the case of square B integrable vector valued functions with values
in a Banach space.

4. Parseval's identity and B,(m, (0, 27))
Consider the space of complex (or real) bounded sequences such as (e € *%

¢, *) with the norm sup|¢;|. This space is usually denoted by m. Let B,(m,
b3

(0, 2z)) be the space of square B integrable vector valued functions defined on
(0, 27) to m. Take

flx)=lsin x, _sin .3&,’ N - .1 I— }, 0<x<2n

2
&

f@EB,(m, (0, 27))

So 1£C) | =sup lM =ldtnxl,
" i
2 2r
1 # . 2
0

Then its Fourier's coefficients are,

2z
coszl? f f(x) dx=06 (0 is the zero vector of m).
0

D

= 2z o
=1 T = e, O, wee, =L [sin”Rx
= ! f®e dx—{o, 0, 0, e, nf L }
-— e LR _;3‘ llllll
—{Os 0: ) 0,- £l 2k I3 }
G - T N AP
€ k= 9; )ff(x)e dx—{O. 0, mory 0 vees T }
L
. B » e 0
<o llegll=0, llck[l—llc_kkl——gm—
oo #o0 ., 1 4% 1 g
I lol* =2 Tlelf=5 Z 7= ((5)
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From (4) and (5), we get again the result: in the case B,(m, (0, 2)) Parse-

val's identity and Bessel's inequality do not hold.
5. Non Hilbertization for a Banach space of values of square B integrable
vector valued functions
It seems from the above discussions that Hilbertization of a Banach space is
a necessary condition for the validity of Parseval's identity. But the question:

is the condition sufficient ?
We like to give here an example to show that Parseval’s identity may be

valid for a vector value function with values in non-Hilbert Banach space.

Let f(x):[x. £ £
f(x)EB, (m, (0, 27)).

So
2n
1 2, 4 .2
2—.[] Ifl dx=— =
0
el B E, )
=gl =l o S
= T h {1’ 2 " g }
| i | _1
“c‘)h:zr Lckh:-}e—- |it-‘_kﬂ— k
+00 2 > o0 2 2
20 el :x“+2£ legl™=—5=

k=—co
As a result of this simple example, we can state that, Parseval’s identity for

a square B integrable vector valued [unction with values in a Banach space can
not be considered as a criteria for Hilbertization of the space.
University of Assiut
Egypt
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