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PARSEVAL’S IDENTITY ON ßANACH SPACES 

By ~'I. A. Kandi 1 

1. Introduction 

Parseva l' s IdentiLy plays a cenLral role in the theory ofFourie l'‘ s coefficien ts 

in Hilberl spaces. An cx Lc nsion or lhc ident ity to t hc !:ipace of 、rector valued 

runctions ' .... Îlh val ucs in a Banach space seems in order. 

ln lhis articlc, ‘,\-c carry oul thc trealmcrH for t\‘ o C,1‘ :es. '1‘he f irst, arc 

쩌uarc B intcgra blc vector valued functions. “ ’lh va lues in a Hilberl ,;pace 

The second. which is more intcresting. is a sq uare B inlegrable. veclor valued 

function with ,-al ues in a Banach s j>acc. :\150, wc sho\V tha t ParsevaJ ’ s identity 

may not be considered as a lcst ror Il ilbeniza tion of a 8anach space or value;;; 

lor squa re J3 integrable vector valucd funclions. 

2. Parseval’ s identity for B.,(H , K ,) 

F'or simplici냐 , 、vc here consid er vccLor valued fu nclions of two variablcs on 

lhc Euc lid e‘ tn spa !,;e R~. The rcsu lt ca n be gcncralizcd tlirecLl y lo thc u-dimcn 

sional Eucliclca l1 space RII" So. IC L 

(i) K "]. bc a lWO dimensîonal rcclangtc , 

κ2= [0으X‘<2;! . 0 、X:!드2;r ) 

(i i) B;(X , Kz) be lhe ;pace 0 1' ;quare B integrablc veclor valued funcl ions 

on K ., to a ßanach space X “ ilh thc norm 11 11 . 

Hencc , “ 
í(.t !, x) EBz( X . K 1) 

Then f r if (x1• x} 1I
1 

dx} dx"}.<∞ 

(ii i) Fouricl ’ s coefficicn t i'or VCC Lor valued (uncLions in B .. / X , K .) can be 

defined as 

r r r/ ， -i (k，x서 k~xl) 
Ck ， .k.=←~ I I J (x " x ,,)e . v. ,-, , .. ,-" dx , dx .. 

(2π - 66 ‘- ‘ : 
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where k ,. 씬=0. :t 1. :t2 . . 

(iv) B/ H. K Z) be a special case of B2CX. K 2) wilh lhe valucs in a Hilbert 

space H. 

On analogy of the inner product of Hilbert spaces. let us introduce for any 

two functions ICxν x2) , gCxl, x2) in B2CH , K 2) thc following inncr product, 

2γ 2. 

〈ι g> = ，o~ ， 2 I I (fCx j • x2) , gCx j , X2)) dX j dx2• 
(2πJ d 6 

50. B2CH. K 2) becomes a Hilberl space of vector valued functions. where (/(x ,. 

'<2) ' g (Xl' "'2)) is the usual inner product on the Hilbert space H. 

LEMMA- Let lel, e? - - - - g, . . } be a compIele orthollormal system 11l H. T/1% 

{%et(kI‘ +k,%,l), þ= l , 2, 3. .. k ,. k2=0, :!: 1, :!: 2, "" is a comþlete orthonormal 

system in BzCH , K 2) . 

PROOF. lt is required to prove lhat, for every combination CÞ. k j , and kz) 
(k， X~ +k~Xt) 

if </Cx l' "2)' el’ > =0. ,hen I(x" X2) = (J almost everywhere on K 2, 

where Ð is the zero ‘rector for thc space H. 50, 

(k ,x,+ ktXi) < f(Xi, x2), epel l l ‘ >= 
2π 2π 

=「Lr f f (f(Xl· X2), eet(klXlf klXj) dXl dxι 
(2π) - J J y 

2rr 21! 
( r" r/ '" -i(k，%， +*:‘지) 

=--~ -，，- f f (f(x ,. x?), e.)e ' v -r. ' " ' - ") dx. dx., 
(2rr) - 0 0 ‘ -

CL) 

The numerical function C/Cx j • "'2), e，씨 is defined on K 2 ω R I CR, is the real 

line) and summable. Hence if (1) equal zero we have C/Cxj • "'2)' eþ) = O almost 

everywhere on K". consequently lhe lemma 

THEOREM. 11 I(x l' 전)EB/H， K 2) a1ld il Ck .. k, are its FOllrier co적(Iiciettls 

tlten, 

+∞ +∞ 
</(x,‘ X2), f(Xl· X2)> = z: z: (cklki, c샤，) 

‘ k ,= ∞ k.=-o。

PROOF. Applying the previous lemma, we have 
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<f(x,. x2). f(x 1• X2)> 

= 풍 풍 풍 1 <f(x .. xι). e씨(k，암싹)> l' 
p=l k ， =-∞ ι= 一。o “ ν 

2r. 2r: 

If ’ r r ". r" i(kl.rl+kaX~)\ | = ε ε i::; i \-< τ I I ct(X l' X2). epe"'" )dx, dx21 

p= l k,= ∞ k.= -∞ 1 、 ι;zJ i b / l 

2π 2π 

= 풍 풍 ￡뜸쓸 I(아/n~~~ fμ머Iρf(씬x잔X，.’ x2써)eγeε-→tκ

“
μ써싸써(“ι싸싸써kιμμ써l끼씨“x지싼써↓샤새세썩+샤써써kι@써i“

x 

þ=늬1 k ， =-∞ kι.= ∞ 1 \ (27πrY' J
O 

J
O 

J.. "- p /1 

+∞ +∞ +∞ ” 
= ε ε ε I(c.,.

‘
, ep) 1" 

þ=l h’，=-∞ k$=-∞ 

+∞ 4 ∞ 

= ε: 껴二 (Ck，k~' ck,k) 
t

‘
=- 0。 α‘=- 0<;1 
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This [heorem gives the Parseval ’ s identity [or 
‘rector valued functions in B.。

(H, K.) 

3, Pareseval Identity and B, (C [O.lj' (0, 2π)) ， 

Le t B,(C[O, l j' (0， 2π)) be the space of square B integrable vector valued 

functions defined on (0, 2π) to the supremum normed space of all complex 

continuous functions defined on the unit interval [0, 1]. 

In the following , we show that Parseval’ s identity does not hold for a vector 
valued function in this B2(C[0.lj ' (0, 2π)) ， 

Take f (x) = 2+1 cos x , O:S:x드2π0:드1<1 

So 

f(X)EB2(C[0, lj' (0, 2π)) 

II f(x)[I = sup 12+1 cos xl = 견+cosx 

O~t~l l~ 

2, π'12 2r. 

cosx능O 

cosx <O 

옳1 [I f(x) 11' dx二숲1 (2 + cos x)2 dx+윤 J (2+C08 x)2 dx = 4, 25 (2) 

:rπ 

While Fourier ’ s coefficients are 

50 II co[I= 2, 

co= 2. c1 =꽃 C_l =승 
c,=O for k르2， k드 2 (θ is the zero vector of C [o. lj) 

Ilc111 =웅 II c→ r ll =송 
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II c.II =O, k는2， k드-2 

+∞ a 

k프∞ 11c.1I"= 4. 5 (3) 

Bessel’s inequality are 

‘;vith va]ues 

Theo 

From (2) and (3), we get, Parseval’ 5 identity and 

refuted in thc case of square B integrable vector valued functions 

in a Banach space. 

Parseval ’ s identity and Bz(m, 0α 2π)) 

Consider lhe space of complex (or real) bounded sequences such as (cl' cZ' ’ 

c’‘, …) with thc norm sup lcil . This space is usually denoted by 111. Let Bl m, 

(0, 2π)) be thc space of squa re B iotegrablc vector valued functions defincd 00 

4. 

Take ω， 2π) to ’n. 

sin 2x 
2 

f (x) = {sin x , 

f Cx)EB?(m, (0, 2π)) 

κx) :I =뺀 |흐띈ε1 = Isinx 

21! 2s 

꿇! l f(x) 11 2dx =옳f sin2 xdx=윷 
o 0 

50 

(4) 

T hen ils Fouricl ‘ 5 cocfficients are. 

냉
 

x , “ 、

찌
 

-
κ
 

’ 
-
I 
! ’ ’ J 
n 
v 

1 
) 
강
 

。
c 

‘ 

‘ 

(e is the zero vector 01 …). 

짧o
 

Ck=숲 ff(X)e-lkxdx= {o, o , o, , 

” 

cιμ-k-길갓r fμμfπ(x)씨eJ감t샤%k 
o 

{(5) 

I lc. I I = lI c내1=랬「 
+∞? 1 +∞ 1 rr~ 

뀔때 =τ gEl XT=1T 

Ilcoll= O, 

+∞ ‘ 

k프∞ IIc.lI" = 2 
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From (4) and (5). we get again tbe rcsult: in tbe case B/m. ω. 2)) Parse 

val ’ s identi ty and Bessel’ s inequality do not hold. 

5. Non Hilbertization for a Banach space of γalues of square B integr;<ble 

vector valued functions 

It seems from the above discussions that Hilbertization of a Banach space is 

a necessary condition for the validity of Parseva l's identity. But the question 

is the condi lion sufficient? 

、Ne like to give here an example lo show lhat Parseval’5 identity may be 

valid for a vcctor value function with values in non.Hilbert Banach space. 

Lel [ ( X) = (x 좋 .. 승 ....... }. O<x<2;r 

[(x)EB" (1Il. ω. 2π)). 

So 

경:r J 11[(x) 1I 2dx =풍 π2 
0 

F궁L{l. 웅 .. j r 
II coll = rr. l,c. 1I =소. II c_.II=소 

9 
-

4 
-j 

9 
-

k p ‘ 썩
 ε 쳐
 

샤
 

’ --R . * 얘
 ε 얘
 

As a resul t of this si mple cxample, we can state that. Parse val’5 ide ntity for 

a sq uare B iJl tegrable vector valued t' unction with values in a Banach space can 
not be considered as a cr iteria for Hil bert izat ion 0 1' the space. 

U niversity of Assiut 

Egypt 

REFERENCES 

111 E. Hewitt & κ Stromberg, Real alld abstract allalysis, Springer-Verlag, BerJ in He
idelbcrg. (1975) 

[2J E. Hille & R. S. Phillips. Fuηctional allalysis aηd semigrouþs, Amcr‘ Math. Soc 



l여 M. A. Kandil 

Publ . Vo1. 31. rev. ed. Amer. Math. Soc • • Providence R. 1. . (1974) . 

{히 J. D. Pyrce, Basic me/hods 01 Iinear IUllctiollal analysis. Hutchinson University 1i bra 

ry. London. (1973) 

[4] A. Zygmund , Trigollomelr‘c series, Cambridge Univ. Press. Ne、、 York. (1959) 

[5] M. A. Kandil , The Weiner Paly theorem and other q“esUons in 이e theory 01 abstract 

fUllctions , Math Sbornik Tom 73(115) No. 3 (1967) , 306-319. Englîsh Translation. 

Math. USSR Sbornik VoJ . 2. No. 3. (1967). 271- 284. 


