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ON EIGEN-FORMS ON SURFACES ‘NïTH NULL GAUSSIAN 
CURVATURE IN ELLIPTIC SPACE S3 

By M. A_ Soliman 

1. Introduction 

Let (F, g) be an oriented compact connecled n-dimensional Riemannian man
ifold . To each p-[orm ω on F. there is associated the (p + 1) - form dω and 

the (,,-p)- form 뼈 respectively, 흩 being the H여ge operator. 

The ex terion codiff eren tial δ is lhen delined by 

δω=(- 1)Þ *- lD*ω， (1) 

용→ 1 being thc inverse mapping to ‘ ([2], [3], [4]). The Laplacian J on p-forms 

is given by 

dω=(D.δ+ÔD)ω. (2) 

(P) We say that ;1.드R belongs to spec"" ( J) if there is a nontrivial p-form ω on 

F 5uch that 

4ω = ，{ω. (3) 

(P) The general problem is to exhibit spec"" (<1) for a given (F, g). Up to now. 
(, ) little is known. Spec' . ' (<1) is known just lor the hypersphere. Reccntly [51 

3 • __ .(1) 
it has been proved that lor a unit sphere of the Euclidean space E" spec' " ( <1) 

equal to 2. There are no general methods for solving the gencral problem. We 

are going to use the stokes theorem 

JDφ=0 
F 

where φ is a n (n -1) form. 

(4) 

Consider ‘ln 3-dimcnsional projective space P3 refere이 to a moving frame [A,I 
of fou r linearly independent analytic points Al' Az- A:J> A.. An infinitesimal 

displacement of such a frame is determined by the equations. 

dA， =ω; Aj' Ci, j , k=l , Z, 3. 4) (5) 

where the one-→-fωorms 

lhe pro이Jκec야띠tive group PC (덩3’ R) whosc $tructural equations have the fo rrn 
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DωωfA야 (6) 

A homogeneous space S3= (P;l> H~) is called an elliplic space if 떠 is a sub 
3 

group of the group PG(3. 찌 the transformations in the subgroup H~ do not 

move a non-degenerate imaginary quadric (absolute) (J. \Ve choose a moving 

frame conjugate to any arbitrary manifold embedded in S3 as a normalized polar 

tetrahedron {Aj) ' In such moving frame. the absolute (J is determined by the 

equation 

4 ‘ 
E: Cz')ι=0. 

The conditions of the s잉와ta t io뼈) 

ω~ =0α. ω'+ω1. =0 

2. Lincar forms on surface 

(7) 

(8) 

Let F be a closed surface with null Gaussian Curvature. We are going lo 

investigate its coordina te neighbourhood UζF. To each α，inl A,EF ‘ ICl us 

associatc a moving normalized poJar te trahedron {Aj) such that the points A.,’ 

A3 are in the tangent plane to the su rface F at the poì n t A, 
The fundamental eq uations 01 a movì ng te trahedron a rc ‘ 

dA. =띠4 A +ω3 A . ω~ =0. 1- ....... 1 u '2 ' ....... 1 .... 3 . ...... 1 

1 ~ 3 A 4 
dA.=띠 A. +ω Ao+ω A 2-W'2 ~ J. l 1""'2 4 "'3' ......,2 4 ... 4' 

2 4 
dAo=ω A.+ω Ao+ω A 3-Ul3 .. ..0 1 I '-<13 ""'2 ' """3 u4’ 

2 3 
dA.=ω A.+ω A 4- l.U3 Uz i ..... 4 u 3" 

(9) 

The dìfferentìa l equation of the surface F in the fì rst dif feren tìal neìghbour 

h∞d is 

ω:=0. (10) 

Exterior dìfferentiatìon and using Cartan ‘ s Lemma [4] 、，\"e gct, 

4 2" 3 
ω =a띠 +/:JÚJ 2 - ........... 1 ' f'J’ l ’ 

2 3 
ω3=βω1 +71띠l ' 

(11 ) 

The Gaussìan curvature of the surface F ìs gì 、 en by 

• 
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Dω2 
K=------;:;-• 

ω;6ωl 

1. 2 4. 2 
ω λ띠 +ω;6띠 3 l ω3 

2. 3 
ω nω l 시 l 

= 1 +αr g2- (12) 

Hence the differential equations of the surface F in the 5econd differential 

neighbourhood are 

ωj=o， 
4 , 
ω2αω; + ßω1" 

4 '"' 2 . 3 
ω3 껴ω; +rω， ' (13) 

with 

1+αr-ß'=o. 
The purpose of this \vork is to prove the follmving 

THEOREM. Let (F, g) be a closed surface wilh nnll Ganssian curvalμre 1tl 

(1) elliþlic space S3' g being the indμced rnelric. Lel ÀEspec'.' (4). Then Ihe mosl 

geηeral eigenvalue satisfying Jω= .1.ω. is that .1. =0. 

PROOF. On the surface F. he given a 1-form ω in U. 
, ., 

ω=aω: + bw: 1 . V~l ’ 

a. b+ : U-• R being function5. They are de fined by , , , 
da-bwυ =a ω一 +ιω“ 2 ... 1 ...... 1 ι l ’ 

db+a석 =bl야 +b2ω?. 
The exterior differentiation implies 

da,- (a2十 b，)ω야 Aω; + (da2 +(al -b2)ω~}6ω; =0 {da, - (a2 +b，)w~16w~ + (da2+ (01 -b2)W~ }6w~ 

{ 
31 2 f db，+ (a ， -b2)띠;[6ω; + (db2 +Ca2 +b，)ωn ，~ω: =o 

Applying here Cartan’ s lemma \Ve get the functions. 

b" : U~R 5uch that , 1’ '1 

da l - (a 2 + b ，)ω3 = all〔ui + ttl싼jt ， 
323 

da2+(α ， -b2)띠:2 = a 12ωl 十a22ωl ’ 
'~ ') q 

db, 十 (a ，-b2)ω; =bUω; + blp;. 

r‘ ’ q 
db2+ (a2+b，)ω2 =이ιω; 十 bZ2ω 1 . 

(14) 

(15) 

(16) 

( 17) 
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Thc conscquences of exterior differentia tion of (17) are 

(da\l - (:강'2+ b\l)폐Aω: + {M반(a1l - a깅-bI2)핵 l ^야 =α 

(da 12 + (a 1l -a깃-b-n)펴l^야+싸-n+ (강12- b-n)펴 l ^썩 =0， 
{ 3 、 '2 r .. 2 、
db ll + (a ll -2b꾀띠; ) ^ω; +[db년 (bI2+ b ，， -b강)ω; J ^띠; = 0, 

3) ^ _.2 , f .J L 1 1'_ . O L 
,\. .31 ^ ,,3 

ldb l2+ (a I2+ bu -bn)ω; J ^ω; +[db잊+ (a-n+2b I 2)ω;;J ^ω; =0. 

Using Cartan' s lemma equations (18) givc lhe existence of func tions 
Ai , Bi : = U• -• R such that 

• ? • 
da1l - (2a12+ b ，，)써 = AIω; +A%l, 

3 2 3 dal2+ (a1l - a-n - b12)띠12 == A싼 +A~'í ’ 
3 '2 3 

da2Z + (2a12 - b-n)ω~ = A싼’; + A，ωl ’ 
‘ 

., 
db\l + (all -2b꾀ω.~ =Brω; +Bz띠1 ' 

323 
dbI2+(a'2 + bll- b깅)ω;; =B2ω i +B3ω l' 

1 ’ o 
dbn+(a껑+2b1z)ωi =B3띠; +B，ω1 ' 

Now 1'0 1' l - form , wc ha、 e 
2 3 , 2 3 

융(pω; + q띠j )=- qωi +Þωi 
- 1, . 2 3 ’ 을 (PW; +qω; ) = qω1 - pw;, 

4ω= (i{lDfD D*-lD*)ω. 

ln our case we ha ve 
? • 

ω=a띠7+bω’ 
1 I ULUl’ 

2 i. 3 
Dω= (bl -a2)띠; 1\ωl ’ 
.Dω= bl. -a2' 

D*Djω= (bll -aI2)야 + (bI2 -a싹야， 

* -lD*DIω= (b I2 - a-n)야 - (bll - aI2)야 . 
? • 

*ω= - bω1; +01ωl 

2 . 3 
D.•ω= (b2+ a l)ω; 1\ωl 

*- I D*，ω= b2+a1 

( 18) 

(19) 

(19) 

(20) 

(21) 

(22) 
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D*← ID *<ú=(all +bI2)야+ (aI2+싸)여(잉) 

Hencc for the 1-form ω lhe Laplacian 

4ω= - (all +022)야 - (bll +b잉)ωf. (찌) 

lf the form ω satisfying (3). then 

au +a?2，二 • }, a, bll +b22=-Àb, 

ßecause of equations (19) ‘,vc get 

AI+A3= -λ al， A2+A4= -λ O2， 

8 ,+ 8 ,=-;l. b" 80+ 8， =-λb 1 I L.l3- l' v l' ........ 2 I L.l4- l' v2" 

For a general form ω \Ve can gct 

D육D [(al ←b2)-+(a2+bl)2} =2Kail - bl2)2+(al2-b22)2+ 
0) 0) '1 

+ (a'2+ bll)‘十 (a22 + b,2'n ωï ^ωl 

+( -2씨(a「b2)2+ (aj+ b끼야 A야. 
U8ing the stockes theorem on D*Dw, we get 

a1 - b.)= O, a,,+ br = 0. 2- "" "'2' " l 

Ou -b12= a12- b22=a lι+ 1’ 11 =“22+ bI2 = 0. 

F rom which [01l0w8 tha t 

a11 + a깅= 0. bll + b22 =0. 

Comparing (27) with (25) it follow8 direc tly tha t 

λ=0. 

This pro\'cs Qur theorem. 

(25) 

(26) 

(27) 

King Abd ulaziz Unive rsity 

Jeddah , Saudi A rabia 
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