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A NOTE ON CONTINUATION AND BOUNDEDNESS 

OF SOLUTIONS OF A NONLINEAR DIFFERENTIAL EQUATION 

By H. El.Owaidy and A. S. Zagrout 

A nonlinear sccond order dif ferential equation is considercd. Sufficicnt con 

ditions for a ll solut ions lO be continuablc and bounded LO the right of an initial 

value Lo2 0 are gi\'en 

1. This nOle is considered with somc properlies of thc solutions of the peslurbed 

nonlinear second order diffe rentia l equation. 
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“ hcre 1 : R-• R, g:R-• R+, h: ! X R'2_R a re con linuous functions and 

R ~ ( -∞， ∞) ， R+ ~(O， ∞) ， [ ~[O， ∞). 

We shall gi\'e sufficienl condilions for all solutions of (1) to be conlinuable 

lo the right oî lheir initial va luc loE I , and for all solutions x ( t) of (1) LOge lhel 

wìth deri 、 a l! \'c X ’ ( t) to be bounded on [ 

DEFINITIO" S. (i) By conlinuablc we mean a Solulion which is derincd on a 

ha lf. Ji ne [to’ 
∞) . 

(i i) A solulion .t (1) of (1) is said to be oscillator)' if it has no lasl l cro, 

othet “ ise it is nonoscil la lory. 

Let 
X 

F(x) ~ ρ(s) ds므o fo r all xER 
0 

(2) 

y 

G()') ~ I [s/g(s)] ds , g (O) 7"0, li m G(y) ~∞ 
~ \ yl -∞ 

(3) 

Our mai n assump lÌons are 

Ci) T here ex îS lS a cont înuous function u ‘ I~R such tha l ι(1 ， x , X’)드μ(1) 

(ii) T here cxists nonncga tive constant M such tha t 

I y l/g(y)드MG (y) fo r [ y l 르1 (4) 

TH EOREil l!. Under the COlldiliolls s!ated (]bove. t ile solft!ioll x (t ) 01 equalio1l 
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(1) is cotzlinuable 10 Ihe righl 01 ils inilial I .valκe 10' 

PROOF. Let x(l) be a solution of equation (1) with initial I.value 1，。ε1.

Suppose. on the contrary, that x(t) can not be continued past the finile point 

T > IO' TEI. l t sufficies to show that x(t) remains boundcd as 1 approaches T 

from the left. 

Let V (I, x, x’ )=G(y)+F (x)+C where C is a nonnegative constant. Then 

V'(I x, x’)=4몫드u[N+MG(y)J g (y) 

Inlegrati ng bolh sides from 10 to 1 and nOling that "(1) is bou nded on [10, TJ 
we have 

v(t)드C1 +M Jκ(s) G(y(s)) ds 

Thus 

G(y(t))드V <C1 + J,,(s) MG ω)) 야 

Gsing Gronwall.ßellman inequality [1J there is a constant C2 depending on u ( t) 

but not on G(y) such that fo r all 1[10' T ) 

G(y (1))으C? <∞. 

Thus G(y (l)) remains bounded as 1- • T from the left and so y (l ) = x' (t) remai ns 

bou ndcd as 1-•• T f rom the lef t. Consequenlly x(t) is also bou nded as I~T. 

Thus we have a conlradiction lo our assumption that ιτ (t) is not conli nued past 

( finile) poin t T. This completes the proo f. 

2. In lhis seclion we will prove a boundcdness theorem for solulion x (t) of 

eq ua tion (1) & their deri\'a ti、 es x' ( t) by using a modification of the lechnique 

or the r revious scction. 10 addi lion LO the gi\'cn condilions we suppose that 

(i) 

(ii ) 

li m F(x)=∞ 
l .r l - ∞ 

y2/g<y)S MG(y) T Nl

Iyl /g(y)드MG(y)+N2 for all yεR 

These fo llow from cond ition (3). 

(iii) There are continuous functions η : l~l， ;= 1, 2 such that 

Ih(t, ", y) I 드T1 (t) + r2(t) l yl 

for all (1, x y)EI × R2 

(5) 

(6) 

(7) 
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THEOR EM 2. Lel assumþlions (2) , (3) , (5) , (7) hold. Let η & r2 are iηlegrable 

012 1. Thell f or each solμtion x (t) 01 eqκation (1) wilh inilial 1 .νalαe toEI, . (t) 

z's bo찌ded 0 11 [1，ν ∞). 11 in addition conditioη (5) holds Ihen x(t) is bounded 

also 0η [10, ∞). 

PROOF. Let x (t) be a solution of equation (1) with initial (.value 10, 10EI 

Multiplying (l) by xτI)!g(x (t)) and integrating on [1，ψ 1] C [10, T) , we get 

G(y(t)) -G (y(tO))+ F(x (l)) - F(x (tO)) 

타lI (s， xι y(s)) y(s)!g(y(s)) ds (8) 
1, 

Using (6) & (7), inequality(8) can be writlen in the form 

(r~ (~， I ~ í~， .. í~ ， l y(s) G(y(t))- G (y(to써(x(l)) - F(x(tO))각 [r[(5) +진(s씨 궁하 ds 

S , a 、y 대
 

씨
 

g M 
十

) N + 、” m r 

t 

단
 

“ 

< 111 f [r[(s)+rls)]G(y)ds 十 /ωs)N，+rι (s싸) ds 

” “ … H J ” ” 
) v “ 

Q 
씨
 

( r 十
” ( y ( 

t ” 

떠
 

“ (9) 

where 

111 (1)= f[N，η(s)+N，r2(s)] ds 

Furthermore 
∞ 

111(1석이r[(s) +N2r2(s)) ds=mo <∞ (10) 
1, 

Since F(x)-→∞ as I x l -→∞ F(x) is bounded from belo \V, say F(x)는 K. 

Let 

v(t) = G(y(t)) + F(x(t)) + K 

Using (11), inequality (9) takes the form 

V(t)드V(lo) 十 m(l)+111 f [써+rþ)]G(y(s)) ds 

(ll) 

(12) 
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Hence 
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by llsing (11) again. ßy using Gronwall- Bellman inequality there is. rhen, a 

constant C, c1epending on r1Ct) & r zCI) but not on V Ct) such that 

V(I)드(V (10) + 1110) C, 

i. e. (G(y( t))+ F(x)드 [G(y(to)+ F(x(to))+ η'01 C. It follow that F Cx(t)) is bound. 

cd for 1"2:.10, The conclusion of the tbeorem follows from (5) 

COROLLARY. If α additioη 10 Ihe hyþolheses of Theorem 2 and G(y)←→∞ as 

Iyl -→∞， thell all solutions x(t) and the deriva!ives x ’ (1) are bounded. 

PROOF. From the proof 01 Theorem 2 we obtain 

V(I)드(V(to)+mo)C<∞. 

The bounc1 edncss 01 y (l) then follows from tbe boundedness of G(y(t)) on [10' T). 

An inlcgration shows that x (l) is also bounded on [10' T). This completcs lhe 

proof of lhe corollary. 

THEORE 'vl 3. If 

xf(x)>O. for ," ",0. ['(x)는0， 

h(t, x , x’)도μ (1)， lim α (1) =0, 
t一∞

(14) 

(15) g (y )2:.00, 

α“d x(t) is a bounded uonoscillalory sol，，!ioη of (1), Iheη lim inf I x(1) I =0 
t→∞ 

PROOF. It wiII be convenient to consider the equivalent system 

x'二y+ !h(s, x(s) , y(s)) ds 
(16) 

y'= - f(x) g(y). 

Let x (t) bc a nonoscillatory solution of (1). Without loss of gcnerality , we 

can assume that x(t)",O on μ。， ∞). Let x(I)>O for 1211는to. A similar argu

.nents hold if x(l) <0 for 1르1 ， >1.. On the contrary, suppose that lim irif 
，.-∞ 

x(l)",O. Thcrr lhere exist positive numbers … & t2~간1 such that 

lJl <x(1) for I는12 (17) 
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T his condition logeLher wi th (14) implics that 

!(x(t))?:A> 0 for t르/2 

Thus from (16) . by integration , we have 

y (l) - yl2二 [ !(x(s)) g(y(s) ) ds 

47 

드 - AC(I-I,,) 

LeLting /→←→∞ in (18) wc obtain 

(18) 

lim y (l)= ∞ 
，-∞ 

Thus. for I는G는t2 fo1' some 13 δufficicn tly large 

,'(1) <0 (or t?: 13 

Then from (16). by inlcgration. it foJl。、，\'3 that 

x(t)~-∞ as t --.∞. 

This, however, is a conLradiction and hcncc 

lim inf x(t) =0. 
t→·∞ 

This comp1c tcs thc proof of Lne theorem. 

REyrARKS (1) lt should be notect lhat x' is not ncccssarily bounded on 

[10' ∞); Lhis foJlows [rom thc fact t hat the equation 

2t X' i • e x 二oX

has thc bounded soIution x(t) =sin(/) \\'1th an unboundcd derivalivc. 

(2) :.Jo rcstriction condition on the forcing term h(t, x , ν) to be sma!! is rc 

quireù . 
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