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 ON THE SPECIAL CLASSES OF p-V ALENT FUNCTIONS 

By Shigeyoshi Owa 

1. Introduction 

Lc t A denote 1hc family of functions 
∞ 

f(z) =강 +프1 ap + ηZP+ 1l (pEN) 

‘ 
analytic in the unit disk U二 (I z I < 11. Lct f*g(z) denote the Hadamard product 

of t WQ functions 

∞ 

f(z) :: zP l glαþ l ’l ZO F!l (pEN) 

and 

∞ 

g(z) = z' 十 ι:bp4 nZP + n 
n=l 

(pEN) 

in the family A. that is. 

∞ 

f썽(Z) =zP + gla써bp+ nzp -I- n. 

Furthcnnore. le t 

rI ,a - j f(z) =←」와;;- 4(z) 
(l-z)' ‘ ” 

for 0 <α <p and pEN. 

K M. Goel and 'J. S. Sohi [1] studied the cJasses T n+p-1 (α) of functions 

f(z) = zþ -1- r; a，ι ” zP 「 n
n=1 r ‘ 

analytic in the unit disk U and satisfying 

띠'+þ- 1f(z: 、
l\ c--"으식으_J _> a 

pz 

(pεN) 

for 0 든α < 1 and zEU. 
In this paper. Iet T p+ a _ l (β) and T

þ
_ a _ 1 ( ß) denote the cJasses of functions 

∞ 

f(z) = zÞ -1- L극 ap+n :z p+n 
η = J 

(pEN) 

in the family A satisfying the condi tions 
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2. The fractional calculus 

T here a re man y definitions of the f ractional calculus. In 1978. S. Owa [4J 

gavc the following definit ions fo r the fractional calculus. 

DEFINITIO"l 1. The fractional integral of order a is defincd by 

D ~"/(z)=←上- 「 -파j댄-
r(α) j o (z -i)l • a ’ 

whcrc α> 0. / (z) is an ana lyt ic function in a simply connected region of lhe 

z- plane contai ning t he origin and l he mu ltiplicity of (z -이g 1 lS lemoved by 

requiring log (z-이 to be rcal when (z-O> O. Mor∞ver. 

/(2) = lim D-:" / ( z). 
,,-0 ‘ 

DEFI"lIT10N 2. T he fract ional deriva tive of ordel α is defined by 

D"/(z) =，→~ ~~ C~엑d' 
- I ’(J -a) dz Jo (z-O'" 

、.vhere O<a<1. /(2) is an analytic funclion in a simply conneclcd region of 

the 2-plane contain ing the origin and the mu1tiplicity of (z-O- " is removed by 

requ iring log(z-O to be real when (2-0> 0. Moreover. 

/(z) = lim D~ / (2). 
"-0 

DEFINITION 3. Under the hypothcses of Delinition 2. the fracliona l derivative 

01 order (n+a) is defined by 

D~ ,-" /(z) =~ D"/(z). 
‘ dz" ‘ 

where 0 <α <1 and nE NU [이. 

For other definitions 01 the fractional calculus. see K. Nish imoto [2J . T.]. 

Osler [3]. B. Ross [6] and M. Saigo [7J . 

S. Owa [5J showed the following resu1ts for t he fractional calculus. 



On thc Spccial Classcs 01 þ-Vale llt FunctioJl s 

LEMMA 1. Let tlze Innctio l! 

∞ 

l(z) = zP + .므lapF” FR 

be ;n the lamily A. Then we have 

and 

r/+a-l /(Z)= --rr강:rt+α 1 (Za- l / (Z)) 
r(p + α) , 

DP•

lf(z) = llln d Fα-l /(z) 
a • U 

(or 0 <α <1 and zEU 

LEM IvI A 2. Let the f，μκctiOll 

I(z) = zþ + 윌 aþ+n 
zþ +n 

be ;η t he 1 a11li 1 y A. T hen we have 

aηd 

” π ?Þ !J -α -1 - a- l D- I(z) r(p - a) D; (z I(z)) 

DP-1/(z) = lim r/ α I
/ (Z) 

a-O 

(or O<a <p and zEU. 

3. P ropcrties of the classes Tp +a
_

1 
(β) and Tp

_
• 1 (β) 

THEOREM 1. Let 0 <α <1 and 0르ß1 르ß2 <1. Then we have 

T p+/ß2) C T p+a_lCß1). 

PROOF. By using the same technique as in the proof of 

T， +/α) CT，， +p_l(α) 

in [1]. we have 

Tp+a(ß2
) C T p+a

_
1( ß2). 

Furthermore. by the definition of the class Tp +a_ 1(β)， 

T p+a(ß
2

) C Tþ +α-l(ßzl C T p+a
_

1(ß1) 

for 0든에르ß2 <1. 

THEOREM 2. Let 0 <a <1 and 0르ß1드ß2 <1. Then ωe have 

Tp_c，cβ2) C T p_a
_ 1(ß1). 

21 

(pεN) 

(pEN) 
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The proof of Theorcm 2 is obtained by using the same technique as .in thc 

proof of Theorcm 1. 

4. Applications for thc fractional calculus 

In 1973, D. B. Shaffer [8] showed lh c following lemma. 

LEMMA 3. Let tlte fuηcti01l 

h . þ+l 
h(z) = I +a/+ap+1 z" 

be allalytic t'll the ιnit disk U and Re [ι(z)] >k (0:르k <!). 

Thell 

!h'(z) 1 를꼼팝 

THEOREM 3. Lel Ihe f.μ1Zctiotl 

。。

f (z) = zÞ + r; a“ _ zβ+n 
n= 1 γ ，- •• 

be in tlze class Tþ+ O' _ I (β) for O<a < 1 alld 0르ß < 1 a /ld salisfying 

∞ (P + Il ) /， (p -i- ll 'r α) 
lao+ 1I 1 트M， 

11 = 1 시 ’ (þ+α) 

where M is a constanl. T hen liJe have 

IDÞ+ O' - '[zO'-'fCz)] 1 르r(þ+a) (1- ,"'!. Iz l) \ p+ l ' - '} 

0 1ld 

| 껴+0'→ 1 [zO'-l f (z) ] 1 등rcp+ a)(1+원11z l ) 

for zεU a/ld 

lra lflκz)] 든f’ (p+α)(옮 + 풍픔M) 

and 

+a l- l , a- l ,. .. ~ •• _ _ , ~ (‘ p(1 β) 
1 Li'+ O' H [2,,- 1 f ( z)] 1 르r(p+ a ) 1 ~"'~ -τ-

l (1 - 121)' lz l 

+」떡þ-: 1) +..i2P + !) (3p - 1) 씨 
’ . ’ ... ! Izl- ρ .，. ， 

for zEU - [이 

PIWOF. By usi ng Lcmma 1. 、，ve ha ve 

(pεN) 

(pEN) 



Hence, 

and 

On the $þecial Classes 01 Þ• Valenl FUI1CtfOllS 

lf(Z) =τ파--:::，\ D’+a→ 1 {Za깐(z)} 
r ( p+ α〕

|Dt+a-l {감 

- þ , ξ r(p土걷f낀 -þ~. " 
‘ ’ 떼 n! r(p+α) “ þ+n ‘ 

r(p + a )M 르r(p +a)+ , '';.주뜨ι~ I z l 
ρ +1 

Id+a- 1 {Za - lf(Z)} 1 르r(p+a) -잭±띄쓰I zl . 
b+ 1 

Io the second place, by a simpl c ca Icula t ion , Wιe havc 

{Dþõ a- 1 fμ))'=p;/- l + 울 (p + n ) r (p + n + a 2.. 0
“ 

zp+n- l 
0=1 n ! r ( p , a ) - Þ+ 

Therefore, bl' using the condition of the theorem , 

1 {d+a-γ(z)} ' 1 든plzlρ-l+M l zI P• 
On the other hand, we ha ve 

23 

[DÞ+a - lf(Z)) '= ~f웰rDP+a-l {zflfz)} +τ파~ II.+a [Za - lf(Z)) 
r(P+ α)""'z l'"' JV".IJ' r(Þ주a) 

with the aid of Lemma 1. Conscquently , we have the tbird estimate with the 

second estimate. 

FinaIly, since the fuoction f ( z ) is in the cIass Tp +a_ 1(β)， 

Re.Jd +a
-

1 f (z)} ’ 
‘ JI '--~I > β 

pz 

and 

파받피겐-= 1 + 울 (p+ n)r(p+ ll +α) a .. .. z’ 
b z P( l “=1 p,‘ ! r ( p + a ) 

is analytic in the un it disk U, that is, {d +a- 1f( z ) )'/ pZ,-1 meets the condit. 

ions Lemma 3. Hence. 

1 [d +a- 1f(z) }"1 르 2þ(1 -β) |zjp l + P(P-l) 1zlp- 2+ (P-l)Mlz jP- l 
(1 -l zl ) 

by Lemma 3. Furthermore, by using the second estima te and lhe third cstimate, 

we have the fina l cstima te. 
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THEOREM 4. Let t /ze function 

∞ 

f Cz) = 2μ :L; a‘“ zþ+n “= 1 y “ 

be itl Ihe class T þ_,,_ICß) for O<a < 1 and 0르β < 1 a1ld salisfyitlg 

∞ (þ +n) T(þ+ n -α) 
gi ” ! r(P-α)l aþ+ "I 르M. 

ωιere M is a COllstallt. Then we have 

lD: g l lz a-lf(Z)l l 르T(þ-α)(1 -뽑\Izl) 

。nd

!껴 a-I [Z - a-lf (2)) 1 든T(þ-a)(l+뽑I l z 1 ) 

for 2EU aηd 

|껴-a [2-"-1 fCz)) 1 르rcp-a)(츄+ 뽑M) 

alld 

h-a+L . - a-1 _，~ .. __ , ~ ( 2p(l-β) ID: ~ ， . [2 ‘ f Cz)) 1 드rCþ-a)[ ,,', l (1 - 1 21γ 1 ， 1 

+갚앨걱L+.l2þ ， I )(때- 1) 씨 
Izl" þ+ l …j 

for 2EU - (O) 

( þEN) 

The pr∞f of Theorem 4 is given in much the samc way as lhc proof 01 

Theorem 3 with lhc aids of Lemma 2 and Lemma 3. 
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