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ON THE SPECIAL CLASSES OF p-VALENT FUNCTIONS
By Shigeyoshi Owa

1. Introduetion

Let A denote the family of functions

fe=2" 4—51 @ " (peEN)

n—=

analylic in the unit disk U={|z| <1}. Let f*g(z) denote the Hadamard product
of two funclions

Fa) = + . Fore (pEN)
and
gD =2+ by, " (PEN)

in the lamily A, that is,

Sre@=2"+ Lay, by’
Furthermore, let

P
PP @ = ()
(1 _szfi @
for 0<a<p and pEN.
R, M. Goel and N.S.Sohi [1] studied the classes Tyiai () of functions

f@=2" + Ziawﬂzf"“ (pEN)
n=
analytic in the unit disk U and satisfying

it te—l ’
Re—2 j]_f(lz)} BT -

pz

for 0= <1 and z&U.

In this paper, let Tyiq-1(B)and T, , , (5) denote the classes of functions

fly=42"+ = Byt T (PEN)

in the family A satisfying the conditions
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Re_ 2@

St o8
for 0<ar <1, 0=5<1 and z€U and
—a—1 ’
Re @pr_%z” > 5

for 0<a<p, 0=8<1 and z€U, respectively.

2. The fractional caleulus
There are many definitions of the fractional calculus. In 1978 &. Owa [4]
gave the following definitions for the fractional calculus.

DEFINITION 1. The fractional integral of order e is defined by

“Eeey=—1 _[*_fQdl
Dz f(z)_ F(Cr) 0 (Z_C)l_a

where a0, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (zhC)‘?_l is removed by
requiring log (z—{) to be real when (z—{)>>0. Moreover,

f(@=1im D] “ f(2).
a—{

DEFINITION 2. The fractional derivative of order o is defined by

o B 1 d_ [+ _fd¢
sz(Z)— F(I—a') dz I;J (z—?;;‘x.

where 0<a <1, f(z) is an analytic function in a simply connected region of

the z-plane containing the origin and the multiplicity of (z—{) ™" is removed by
requiring log(z—&) to be real when (z—{)>0. Moreover,

f(2)=lim D f(a).
a—p

DEFINITION 3. Under the hypotheses of Definition 2, the fractional derivative
of order (#+ea) is defined by

"
"o

D! @)=

4 D _f(2),

where 0<a<1 and #ENU (0].

For other definitions of the fractional calculus, see K.Nishimoto [2]. T.].
Osler [3], B. Ross [6] and M. Saigo [7].

S. Owa [5] showed the following results for the fractional calculus.
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LEMMA 1. Let the function
e " pin
flz)=2" + nglczpmz
be in the family A. Then we have

Dp_"'aflf(z)* Dp+n: 1 A= lf( )

T(p ~a)
and
D" f(2)= lim D7 £(2)
for 0<a <11 and 2&U.
LEMMA 2. Let the funciion
fly=z" + é @yin P

be in the family A. Then we have

and
D™ (@)= lim D'~ f(2)
for 0<a <p and z2=U.
3. Properties of the classes T,  _, (8 and T, , , ()
THEOREM 1. Let 0<ae<1 and 0=F, =8, <1. Then we have
BT T, (B

PROOF. By using the same technique as in the proof of
Tpypla) C Tu+p—1(“)
in [1], we have
Ty a8 C Ty g B
Furthermore, by the definition of the class T, . (8),
Ty B C Ty o (BT, 0 1B
for 0=4,=8,<1.

THEOREM 2. Let 0<a <1 and 0=§,=,<1. Then we have
Tp—a’('BZ) c Tp—a—l('gl)'

21

(pEN)

(PEN)
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The proof of Theorem 2 is obtained by using the same technique as in the
proof of Theorem 1.

4, Applications for the fractional calculus
In 1973, D. B. Shaffer [8] showed the following lemma.

LEMMA 3. Let the function

N b +1
WD)=1+az'+a, 4 (PEN)
be analytic in the unit disk U and Relh(2)} >k (0=£<1).
Then
2(1-4%)
i N T2
W e
THEOREM 3. Let the function
f@=2+ e, "7 (bEN)

be in the class Tp+a—1(‘s) for 0<a <1 and 0=38<1 and satisfying

2 (p+rud)l{(p+n+a)
= T T pra) %l =M

where M is a conslanl. Then we have

DT T @z e (1- M)

p+1
and
1D T @) | =r (14— 12 )
for 2&U and
a, a—1 &= 2 1 ‘-'p =1 oy
D2 @) sr a2 + S )
and
;Dp—-af-l a—1 = B 2;’.?(_1'_—{3)
A O CROR s
_2Gp-1) |, @p+DGH=D 4,
Fik ’ p+l 1 ]
for 20~ (o).

PROOF. By using Lemma 1, we have
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B 2 pra—1 a—l
L= Toray D, f(2)}
o o Linta) ptn
= —.;::._1' ””w(p a) p+arz :
Hence,
T ke {z“’lf(z)]|§r(p+a)-|-|zl;12 F(Lj;’,ﬂﬂi%wl
gr(p+@+—%~izl
and

D2 @ f@) |2 Gray - LELOM ),

In the second place, by a simple calculation, we have

D D) =p T+

°° @+mr(ptnta) g"’”“
=l n!rip-a) bt )

Therefore, by using the condition of the theorem,

HD* @) | =pl21? T+ M 2
On the other hand, we have

pa !
- I'(p+oa)

p+a

@) D P )+ DY ()

S R
I'(p+o)
with the aid of Lemma 1. Consequently, we have the third estimate with the
second estimate.

Finally, since the function f(z) is in the class Tﬁ, a—1(B)

fa—1
ﬂ;—p’—:(—)kﬁ
and
(DAY L B prml(ptnta)
p ! - 35'1 i (pra) Cotn?

is analytic in the unit disk U, that is, {D’”a-lf(z)]’/pz“’—l meets the condit-
ions Lemma 3. Hence,
D = =BT 11027 o 21
(1-1z2])*
by Lemma 3. Furthermore, by using the second estimate and the third estimate,
we have the final estimate. '
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THEOREM 4. Lel the funclion

@=L+ T a,, 2 (pEN)

r=1

(B) for 0<a<1 and 0=8<1 and salisfying

2 (p+a)(p+n—a)
N IV

where M is a constant. Then we have

be in the class T a-i

-
12,4 =M,

D27 @ ) | zr - (1-— a2l
and
—a—1 —a—1 J‘(I |
D @) | =r - a)(1+— 5 12
for z€U and
| g 20 2p+1
D270 (277 f@) | =P (p-a)( -+ 2 -m)
and
—a- —a— 2p(1—
1D (g lf(z)}lér(p—a){ﬁ%
2p(Bp—1) | (2p-1)(3p-1) ,
w 1z|* * p+1 M}
for z&U - [0}.

The proof of Theorem 4 is given in much the same way as the proof ol
Theorem 3 with the aids of Lemma 2 and Lemma 3.

Kinki University
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