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EXTE"D1NG CERTAIN SEMIRING HOMOMORPHISMS T/) RING 

H OMOMORPHISMS 

Bv Loui, Dale 

1. Introdudion 

One of the more interesting aspects of any algebraic struclure is lhc study of 

homomorphisms of that structure. Jt is usually interesting lo scc whar propertics 

of a structure are preserved undcr homomorphisms. In this papCI ‘ve \\'i ll be 

cencerned with extending certain scmiring homomorphisms to ring homo ll1or

phisms aDd determining what propertics of lhc semiring homomorph ism are 

preserved under the extension. Thc rcsulls lha l we oblain wiJl be applicd ’ O 

a proof of a un iversal mapping properly of ha lf rings. ln ordcr lo eX lcnd a 

scmiring homomorphism to a r ing homo ll1orphis l1l we musi first cmbed ’ hc 

scm lrmg m a nng. 

2. Fu ndamcntals 

A sC l11 ir ing is a 50t S logelher wilh lwo binary opcrations ca1Jed add il ion 

( 1- ) an tl l11 ul 니 plication . such thaL (5. +) is an abelian scmigroup with a χcra. 

(S . . ) is a scmigroup. and multiplica tion distributes over addition f rom both 

lhc lefl and lhc righ t. In order thal a sem iring S bc embeddcd in a ring it is 

ncccssary and su[ficient that S bc cancellalive. \Vc cal1 a cancella t ive semiring 

a hal l' r ing. To embed a semiring H in a ring we procced as foJlows. Let H *= 

1(1t. k) llz. kEH) and in H* dc[inc (lt.k) = ( It', k') if and only if lz + k'= Iz' + k. 

This givcs an equivalence relation 00 H‘. Let ï'l bc lhc set of equivalence 

clas50s in 11*. ln H define 

(h, k)+(h’, /，’) = (h+ι， k+ k’) and 

(h , k)(ι ε) = (hh ’ +/,k' , ιk’ +kk'). 

lhcn ï'l is a I'ing with respecl to thcsc opcralions. Thc map ø : H - • H givcn 

by 1>(1,)= (11. 0) is a well defined injcclion and it [ollows lhal 11 is embedded in 

H. Wc idcnlify rhe ordered pair (11. k ) with h-k. Thcn H二 (Iz -k’ 11 , kεH) is 

called tI,e rillg of dlfferellce of H and is lhe smallest ring containing H. Since 

ï'l is lhc smallcsl r:ng containing H. we will call H thc closure of H. 

A nonempty subset 1 of a semiring S is ca lJed an ideal … S if 1 is a subs 
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emiring of S and SI C I and IS C I. An ideal I in a semiring S is called a 

k-ideal if aE1. bES a l1d a + bE1 imply bE1. These ideals are a lso callcd sltb

Iractive. No \V i f A is an ideal in a hal fring H. lhen it is easy to scc lha( A: ~ 
(a,• a) aiEA) is an idcal in H. Convcrsely, if B is an ideal io H , [hco BnH 

is aD ideal in H. It is no t gcnerally t rue that if A is an idcal in H , lhco A = 

A:nH. This can happeo if alld on ly if A is a k-ideal. 

3. Ha1frings and homomorphisms 

Let H and K be hal frings, II and K t heir closures, and !: H•• K a halfri ng 

homomorphi sm. Dcfine! : II一→K by h!=(h,-h2)!= h,! - II2! , 、\'here h = h1-h '2 

THEOREM 3. 1. 1!!: H - • K is a IIal!r끼g homol1torþhism , /hell 1 : H - • K 

is a rillg IIomomorþllism stlcl, t/zal h! = h! !or all hEH. 

PROOF. FirSl we show thal ! is well.defined. Suppose x ="，-잔， Y =y,-Y2E 

II and x =ι Then %1 + Y2 = XZ-'" ) '1 and it fo11o“iS lhat xJ+Y2!= (X' ' )'2)! =(x2' 

y,) ! = x2! + Y,!. Consequently , 

τ] = (" ， - x2)! = x ,! - x,! =YJ - Y2! = (Y' - Y2)!= Y! 

and it follows lhal ! is well defined. No、、

and 

(x十Y)! = [(x,- x,)-r (Y, - Yz))! 

= [(x,+ y,)-(x2 • Y2))! 

= ("， +y ， )!- ("2十 Y2)!

= xJ+ yJ - ("2!T Y,! ) 
=(x,! -x2f) +(yJ - Y2!) 

= (x, -x2)! T (Y, -Y2)! 

=x! . y] 

(xy)! = [(", 전)(Y， -Y2)1! 

= [(x ,y, + x2Y2) - ( X' Y2+ x2Y, )I! 
=(", Y, + X2Y2)! - (x'Y2 ' "2Y')! 

= (x ，f) (YJ) 카 (xJ)(yJ) - (xJ) (Y2 f) - (xJ) (y ,f) 

= (x,/ - x2! )(y,! - Y2f) 

=(X,-X2)](Y' - Y2)! =(XJ) (yJ) 
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Thcre[orc 1 is a ring homomorphism. Now if hEH. lhen Iz = h-O and hl 二 (h 

- O)I = lzf-Of=hf 

DEFIJ\ITION 3.2. If f ‘ H - • K is a halfring homornorphism, ihen the rnap 

1: fl• • K given in Thcorem 3.1 is callcd t he exLensio lZ of f to H 

No、.v suppose g : fl•• K is a homomorphism of rings. Then gH' the restriction 

of g Lo H is a homomorphism. 1f x = x1
• x2EH. lhen 

xg =Xlg~X:.g = XlgJl - X"l.cH = (;\"1 -x?)gH --' xξg 

and it fO lJOW5 that gH = g . Thus cach halfring homomorphismf: H-• K induccs 

a ring homomorphism 1: H--K and conver~)ely each ring homomorph islll g 

fl- • K gives a ha1fring homomorphism g H ‘ H - .K 5uch lhaL gH = g. lf H 

and K arc half rings an d f. g ε Hom(H. K). 1hen 1. 강 E Hom(fl. K). It is 

clear Lhat Hom(H, K) is scmigroup under addition dcfined by 

a (f+g) =ι'1 + ιg. Lik e、，visc Hom(김. K) is a group. Let x = x,- xzEH. Then 

xCl +g) 二 xl+ xg 

二 (x ， f-x,!)+(x,g-x,g) 

= (x,!+ x,g)- (x,f + x,g) 

=x/!+ g)-x,(f+g) 

=(x， -x) Cl수당) = X(了주강). 

Con5equently. 1 +강 =1주강. Thus lhe map 1J! : Hom(H. K)••]J om(fl. K) givcn 

by fψ=1 is a homomorphism. This proycs the fo lJO\ving theorem. 

THEOI<EM 3.3. If H and K are halfrings with clos1lres fl and K. then the 

maþ 7Jf : Hom(H. K)~Hom(H. K) given by !7Jf=1 is a1l isoJllorþhism. 

\Ve \vant to show now that f is μn isomorphism if and on1y if 1 is an iso 

morphism. lf f ‘ H - .K and f is înjcclive it is clear LhaL f is injccUvc since 

hf= hl for all "εH. On lhe other hand. 5UppOse f is injcctive and 11/ = (",- h2) 

1=0. Then 7il = Iz, f μ， f= O a nd it [01l0w5 that h,J= hJ. But f is injective 

SO Lhat hl = h간. Consequcntly. h ~ it， - it2 = O and it follows lhat 1 is injeclivc. 

No\V if J is surjectivc thcn iL is clear that f is surjectivc since KcK. On the 

othcr hand. suppose f is surjective and yEK with Y =Yt - Y2' T'hcn Lhere cxists 

X[ ’ 잔EH such thal x,l=Y, and x2f=Y,. Consequently. 

y =y,- y,=x,J- x2f = (x[ - x2)1 = x! 
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and it follows that 1 is surjective. This proves the following' thcorem. 

THEOREM 3.4. 1f f : H - • J( is a hαlfring 1I0rtlO>μorphism with exteηsion 1. 
then f is αη isomorphism 11 and 0ηly if 1 is an ’somorphism. 

We 、‘ ant to considcr nQ\v composl Lions of homomorphisms and thcir cxlcnsions. 

THEOREM 3. 5. LeI f: H-• J( and g: J(- ’ L be halfring l101UoηIOrpl.μ 5m5 

wilh extensions f and ξ. Theη 

1. fg ~jg 

2, IH ~ lπ 

3. Cf) -I ~ (f→i) 2ff- l exzjs 

Pl<OOI'. (1) Lcl h~ h j - Íl" ε H. Thc n h C1g) ~ (hl)흥 ~ [(hl - il，) flg ~ (ilJf→ 

lä)강 ~ (hJ)g→ (h， f)g ~ l시(fg)-hι (fg) ~ (hl- h2) (잖) ~ h (j중) . Co마equen Lly ， 안 

have 19 ~ fg. 

(2) Now hI J/ ~ (hl -II}IH ~hl1H-h，lH ~ hl → hι=h三hlJj and it follows that I H= 

1 H' 

(3) Prom (1) and (2) wc have l(rJ) ~ (frl) ~ IH ~ lH and (rl)l~(rlf) ~ 

IK ~ lK and it fo l1o“ s that (f- l) = (f) l. 

、Nc now givc an appl ication of Thcorem 3. 5. Rccall that an exacL sequence 
a p 

0-•• A• • • B-• c-•• o 
is said to spμ1 if therc exist r : B~A such that αr~ lA' 

THEOliEκ[ 3.6. Sιppose 

a β ~ tl 
A:O- .H- • J(- • L- ’o and B: O- .H- •• f{-• I-• O 

αre exacl seqt!cnces. Then tke sequc 1Zce A sþlits 11 alld only Illhe sequence B 
splils 

PROOF, lf B splils. lhc Il it is obvious lha l A splils since α=αH" Now suppose 

A splils and r: J(- • Jl such lhat αr ~ lH' Then r : f{•• H and by Theorem 

3.5. αr ~αr ~ I l1 ~ 1 π and it f01l0ws that B splits 

4. A uuiversal property for halfrings 

A noncmpty subset S o[ a ring R is called mιltiplicιtive providcd a. b E S 

j JllJ11ies ab E S. If S is a multip1icati\Tc subset oÍ a commutalivc ring R. thcn 
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the relation defined on the set R X S by (γ， s)~(γ. s') if and only if t(rs'- γs) 

=0 for some tES is an equivalencc rclat ion. If .wc denote the cquivalence class 

(r , s) by 좋 then the set of equivalence classes of R X S. tlenotcd RS' is a 

ring under the operations of addition and multîplication dcrined by 

r r ’ rs' + r's 1 ( r \/ γ \ rr' 
←→ +-，←二←←-，-←→ ana (• - 11 • , • 1=--. • 
s s SS \ S /\ :r / SS 

rs respcctively. Also. the mapping rþ, : R-• Rs given by 얘 τ"-- (for any sES) 

18 a 、Ncll defined homomorphism of rings 5uch that SCÞs is a unit in RS for every 

sES. lf H is a halfring and S is a multiplicative subset of H . then it is rather 

straightforward to show that H S is a halfring. If P is a prime ideal in H , then 

P is a primc ideal in H. Consequcntly. P and P are multiplicative subsets of 

H and H respectively. lf wc Jet S = P - H and s = p-H. then from the dc!i • 

nition of prime ideaJ it follows that S and S arc multiplica tive subsets of H and 

H re5pectively. The universal mapping property for rings states that if S is a 

mul tiplicative subset of a commutative ring R. T is a commutative ring with 

identily. and g : R- • T is a homomorphism such that sg is a unit in T for all 

sES. lhen there exists a unique homomorphism g* : Rs-• T such tha t r/J;fJ* = g 

Our aim is Lo cχtend this property to halfrings using the results in sccLion 3 

TI-1E01<Eì\'1 4. 1. Let P be a þrime ideal in a C01JZηtμlalηle ha!fring H. S二 P 

H . (md K a commutatiνe hα!fring lIIith a lZ idettlily. Tf f: H - .K is “ itα!fring 
ιomomorþhislIl s1fch IltaL sf is α αnit ’u K for all sES. then there exists α 

unzqιe halfl'i쟁 homomoψhism ψ H s- • K such that 끼，'Jf =f. The ha!fring H s 

is cO lJlþlete1y determi’ted by this þroþerly 

1'1<001'. Lct 1: H- • K be lhc extension of f. NO\v P îs a prime idea! in 

H . Let S 二P- H. Then Hs is a cO lTI muLative ring v.rith identity. Let κ :H 

--• Hs bc lhe extension of ø, : H - • H s' J\ow sl = sf is a unil in K for all 

sεs. Thus by Lhe universal mapping property for rings. there exisLs a unique 

homomorphism ψ Hξ←→K such lhat 따ψ=1. By Theorem 3.3. !-lom(Hs' K) 

=Hom(H호• K). Hence ψ :Hs • • K , where ψ=광H.~ is the unique homomor 

phism 81때 tha t 앓=f. The map 함 is given by (좋) 광= l(r)I(5) • and it 

f이Jows 빠 ψ is given by (송) ψ =f(7)f(s) l 
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Thus we can extend the universal mapping property of r ing to ha lfrings 
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