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A BOUND ON CHARACTERISTIC FUNCTIONS OF 

SIGNED LINEAR RANK STATISTICS 

By Munsup Scoh 

J. In!roduction 

Let X N1 , X N2, …, X NN be indepcndent r. v ’ s ( random variables) with dcn 

S씨 functions f N1 , f N'2' •••• f NN• respec뼈ly， and 1et RL, 1드j드N， be thc 

rank o[ IXNj l among flXNk l : 1드k드N). We shaIl considcr the signed Iinear 

rank statistic 

D l ( N 

T싸=뀔CN1aNRZsgn X꺼’ 

,vhere cN l' cK2' ...• cNN are arbitrary regression constants; aN l' oN2’ • aNN 
are scores and sgn x=l or -1 according as x:::'::::O or x<O 

The st때stics of the type T ,'• are often used (sce e. g. , Hájek (1962) , Hájek 
v 

and Sidák (1967), chaptcrs V and lI) for lesting (he hypothesis H :fN1=f N2= 
=f NN =l N and l N(x ) = l N( • x). against certain c1asses or alternatives. The 

case 、，vhen c."l1 = c.N2 = ‘ .. = C Nl".r= 1 is well kno\'.rn. 

Define for each N , N = 1, 2, 

(1. 2) 
T t ET ; i • 

T，=〕Lτ→L ‘ FN(x) =P(T，.드x) 
νι 

、、 heIe u; IS eithel exact 、 arìance of T~~ 01' some nonnaliz때 constant. 

It is well known (see e. g. , Hájek and Sidák (1967) , H usková (1970) and . 
Puri and Ralescu (1981)) that under suilablc assumptions, T N has asymptoti. 

caI1y, as N-.∞. the standard normal distribution. i. e. , })m /'이 = 0 -...vhere I". N 
N→∞ 

=sup IF:(x) φ(x)1 …h the s때clal벼d norn때 d이1잉St1뼈u따(10ωon fωum때1[ 
x 

\vever, one neecls rnore precise informa tion than the asymptot-ic normality can 

provide. For example, one may try to find (i) suitablc order bounds fo1' !\^-.' 

or (ii) some poJynomiaJs 와(X) ， j = l , 2, "', r, such that 
-‘ • _N 

( 1. 3) sup lF N(x )- l\.(x) I = O(N- 'μ) ， 
x 
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where , with the standard normal density function q,(x ) , 

(1, 4) F N (x) = φ (X)+ øω설 N %l(X]

Such an expansion F N(x) is typically ca lled t he Edgewon h cxpansion up to 

(r+l) terms. Interesled readers are referred (0 Bickel (1974). 

An applica t ion of Esséen’ s smoot bing lemma (sce e. g. , Fcller (1971), p. 538) 

10 our probl cms (i) and ( ii) yields thal for any 7> 0 and E능O 

(1ι1. 5딩) s염3p띠I F잔，v (xωx서)- F잔，y(써x서씨) 1넌드 ;. J ，………‘“………‘”…'"샤’ 1얘먼씨￠κ샤L끼(“ωtη)←-냉@ι((tη씨)1/ 1씨”깨/끼샤씨1 t비t l d비d바lι샤+애O(N - Cν“r서+“，) 1 1씨l1 ~rN 

、;vhere 싸 is lhe cha l때erislic function of T ,., and ~N' the Fourier-Stieltjes tr ' 

ansform of F N ' is of the form 

( l. 6) øN싸 

\'li lh some polyn’mor 

shall sp미liαt t“t he i ntegra띠1 in ( 1. 5) into two parts lO obtain t hc following (,‘ o facts; 

{ ‘ - r/ 2 
(1 . 7) 1 ØN (l) 껴N ( l) l/ltldt =o(N - " . ), 

It l 5:: !ogN 

(1ι1. 8히) J , .. …….“‘ v 10。앵g N5: l tI ~rι‘N 

As Van Zwet (1982) has mentioned in a different context, proving ( 1. ï ) is 

genera l1y a dif[icult and highJy technical a ffair , lhe difficulty ly ing nol so 

much in finding ~N and proving ( 1. 7) but in doing 50 under reasonably mild 

assumptions. Howcver. proving ( 1. 8) is a problem of an enlirel y differenl 

nalure because il is cssent iall y a sm∞thness pr띠erty of t he dist r ibul ion func

tion F ,y and generall y appl ica ble methods [or establishing il arc nOl avai lable. 

The a im of lhis papcr is to find a s‘Jfficient condi tion for (1. 8) in the case 

of sig ned lincar rank stat Îstic. restr ic ting thc Edgeworth expansion valid lo 

three terms (i. e .. r = 2). Because of (1 . 6). it is 5ufficien t, in order to prove 

( 1. 8) . to show 

(L 9) j 1%,(I)l / 1t |dI - o(N •') 
10ι，，，，r s:. lt l 5:rN ，~ j 

The me lhod lo prove ( 1. 9) i5 a foll ow-up of va n Zwet (1982). By accomplish

ing ( 1. 7) a nd al50 using ( 1. 8) . Puri and Seoh (l981a. 1981b) ha,'c deri \'Cd 

Berry .Esséen ’ 5 bound of order O(N - 2 ) and an Edge \Vorth expan5ion with 
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remaindcr o(N-
1
) , respecti vcly, for a 、，vide class of Lhe signed linear rank 

statistics incJuding normal scores case. In forthcoming papcrs Seoh and PUI'i 

(1 983c, 1983d) , Berr)'.Esséen’ s theorcm and asymptotic expansions shall bc 

estabEshed for the staLÎstic under conLiguous Iocation aIternati,'es 

2. Assumptions and main thcorem 

Let for an)' real num bcrs '>0, (} (aN1 , aNN : 0 denolc thc Lebcsgue mc 

asure ;( of '. ncigh borhood of the scl 10N i' oN2’ ‘", ONN) , thus θ(aN1 • a jV2’ ’ 
aNN : O=}.(x : Ix-aNjl <C for some j ) . 

ASSUMPTIO'iS: Suppose lha t 1here exist positive numbers c, C, a, A , δ， a 

sequence f N of densilîcs and a sequence EN • o such that 
N N 

(A. 1) 설 1싸르cN， 침 짜(:;，CN 

N N 
(A.2) 뜸'1 I a，vjl츠oN 뀔 a'Nj~AN 

(A.3) O(a,\'I ' 0"2' .... O,vN : 0는δN( for some t?,N • :/" log N 

N { r f ” rx)-fN(x))2 
(.\ . 4) ε l • 1L 「1X- - dr드Nt，v 

l =ll fN X) 

(A.5) li많p J 1 1N (.<)-I)、← x) Idx = O 

Let 싼 (1) denote lhe charac[(때 

(2. 1) 1/ ’ ψ，，(I)= Eexp !iIN "-(T ,;, - ET.v )} ' 

Then our mai n thcorem reads 

THEO llEM 2. 1. Under I" e ossllmþtiolls (A.l ) 10 ( A . 5) , Ihere exisl þositive ημlJl 

bers B. ß aηd r deþe’‘ding only 011 c. C, a. A , δ and l he sequence ë N such that 
3/ 2 

for log N~ I I I드rN 

(2.2)φ，，(1) 1 드BN-ß1ogN 

In ordcr 10 get l3erry'Essécn bound of order O(N - 1/2), we nced lhc conci usion 

of thc ~["heorcm 2.1 for a domain log N드[t1 < rJVl/2. But to Ret (2. 2) 01] t he 
l/~ domai 11 log N드 1 I1 드rN.'-， the assum ption CA. 3) is superfl uous. Thus 、，ve get 

the follow ing co rolla ry 
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COROLLARY 2.2. Sκþþose Ihat the a5s1lnzption5 (A. 1). (A.2) , (A.4) a l1d (A.5) 

are satz'sfied. T Jzen there exist þositive numbers B, β aηd r depeηding only 011 

c, C‘ a, A and the sequer.κe EN Sμch that (2.2) holds 101' log N드 1 I1드rN1/2• 

To conclude this section we pro‘ ide a discussion of Theorem 2. 1. We shall 

be bdc[ in the fo lIowing sequence of remarks because aur Theorem 2.1 is par 

allel to the result of Van Zwel (1982) , which deals wilh the unsigned linear 

rank statistics. and most of his discussion abou t his result can be applied to 

ours. 

REM 이RK 2. 1. The standardization of T~ in the thcorcm is different from 

the one in seclion 1. lf the normalizing constant (J N2 is of exact order N. 

lhen lhe difference is of no importance and (1. 9) follows immediately from 

(2.2) 

RE.\IARK 2.2. Assumplion (A. 1) may be replaced by 

(2.3) 2: lcNj l';::>c'N, εIc，./드C’N 

for positive c' and C' and for some 5르2， 0<r<5. For 5=2, this is equivalent 

to (A. 1) and for S> 2 it is slronger. The same remark applies to the assumption 

(A.2) 

REMARK 2.3. Assumplion (A.3) is well known from previous work of 

Albers. Bickel and Van Zwet (19ï6) and Bickel and Van Zwel (1 9ï8) . Its role is 

to ensure that the SCares a loll, a,vz' aNN do not cluster too much around too 

fc\v pOÌnts. 

REMARK 2.4. Assumption (A.4) is satisfied if a sequence cf Nl' 1 N2' 

f ,\,l') is conliguous to 1he hypothcsis Ho : f]>,Il = f /.'2= ' " = fþu'.r = J N for some choice 

011 N' N = l , 2, 

REMARK 2.5. Under the cnse X ^i l' X N2, X
NN 

are independent and 

identìcally distributed \viLh a commOD density 1 N ’ lhe assumption (1\.5) may be 

replaced by a \veakcr condition that 

(2.4) 
1，~(Xν1) 、

P(e<" , v , “‘ <1-ε1>1-δfi' \ f .. (X .,,)+ f ‘ J • X ... ) v '; 

for somc eE(O. 1/4) and δ5 is defincd in (3.1). The condition (2.4) is used in 

Albers. Bickel and Van Zwel (1 9ï6) lo prove their Theorem 2.2. 
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Proof of main thcorcm 

The proof of this thcorem is a technica lJ y complicated affair and we sha lJ 
split it up in a series of lemmas. 1"0 avoid the laborious formulation in each 

of tbese lenunas wc adopt the following conventions. \Vhenever wc assume that 

one or more of the assumptions (A.l)-(A. 5) are satisfied. it \\.川 be lacitly 

underslood that the numbers c. C. a. A and δ occurring in lhcsc assumptions 

are indced positive and that EN • O. In each lemma 、，vhere lhey appear. Bι and 

gν arc positive numbers ,.vhich may depend 011 C, ι a, A , δ. (e서 and othcr 

quantities specified in that lcmma. Furthermore constants δp δ ι3' δ<1 and Js 

3. 

a 9c2 
1 =τ6c’ 

are defined by 

-
-” ‘ 

。
‘ 4 

δ 

δ，=숭min(δl' δ싱. iis=승min {ò2> 21씨} 

ò2= 1~ minf δc = --;-;:-m 1 n ( n-:--;-;;;-16 lIuu l 2c十8 ’ 

? 

6 9a-
3-τ6A 

(3. 1) 

ln the seq ueJ, we wi lJ u50 notations [xJ as the integer part of x and [xJ 용 as 

the sma llest integer g realer than 0 1' eq ual lO x. AIso we should mentíon that. 

for convenience of no때on. ‘ve shall om it indices N in X Ni• 맘Î' CNi , a Ni' 

I N , and 1 N" etc 

NOling lhat I p 12’ 
. / N denOlc lhc dc찌 tícs 이 X1‘ X2” 

R = (Rl , R; , , RL] al1 [l Z = (Z1, Z2, ·, ZN) denote the \- r n -I 

ran ks and the order statistics 이 IX11. IX21. IXNI. 

X N and tha t 

vectors of the 

for 

n 지( I Xj l) 
‘ … i 

'j - 1/ IXj IHI/ -IXj l) . η-‘j
u.

R， ' 

Kow we prove the following Iemmas which are used in the proof of our rnain 

, 
r. v. s 、ve define 

l드J드N 

For any i Jlleger N and real t. 

19,v(t) 1 드E띠 [ 1 → 2P/l 一 Pj) [1- cos(N- 1찌)) ] 112) 

theorem 

LE"nIA 3. 1. 

sgn X.'vT sgn X 1• sgn X 2’ 

R +) = l -P(sgnXj= -IIZ. R +) . 

(3.2) 

Since. COllùilionally given Z and R +. 

are independellt “ ilh probabil itics 

P j= P(sgnXj= II Z • 

、，\，c have 

PIWOF 
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!끼N(t) 1 S:;E I E [ex p [itN- 1η(TJ E (T;|Z , R+ ))} IZ- R 4 l l 

= E {lE lE [exp M lU/짜s쟁gn Xj-(2Pκ;- 1)끼씨)η씨)} IZ 

= E티lLlE꾀I P꺼j exp(“ω1“t씨tN
γ-1떼2- 2PκlJ)써 P씨(itN→l/2DJ( 껴)) I} 

c 
,.. ">. .. ___ /' '' T- l!2n~n '' 11 !2 = E{ 

El 
[l 2Pl(l -꺼) l1 -c05(N " -2tDj )}J ., -} 

LE\nH 3. 2. l f the ossulIlþliollS (A . 4) O1zd ( .4.. 5) Izold , theJl f or every 0드 

(0. 1( 4) alld ηε(0 . 1). 

P(e드Pj드l 一 o for at [easl [ηN) * i lldices j)는l-BlC
〔alN. 

P I<OOl'. II ['o ll ows by ( A. 4) , (A. 5) . ChebY5hev ’5 ineq uali ly and JCn 5en ’S 111 

cqua lily lha L 

i「 .감 P([ 2꺼 - 1 1> 1-2e) 

드 -」---L Ff
∞ (2 1지(x)- J (x) 1 + [J(X) - J( -X) })dx 

2(1 - 2e ) N f=[ J -∞ 

~r上슴 「∞ 쓰쓰f깐:dxl l/」+一. ， 1 ~J_ '\ r∞ IJ(x) - J( - x) Idx 1- 2, \ N ÞI J -∞ J (x) UkJ ' 2(1 - 2e) J -∞ 

l →∞ 
<;:20τ + 1 IJ (x)- J ( - x) ldx 

N } _O。

Define. for j = l. 2, N , Y j = 1 if 12P,-I [> 1- 2e and Y j = O olhe rwise. Then 

I3ern5tein' s inequali ty (5ce e. g. lIoe ffd ing (1963)) yie ld s 

P(eS:;Pj드I - e at lea51 [ηNJ ‘ indices j) 

= l - P(Yl二 1 al lea5L N - [~N) indices j);? l - B ， e →β‘N 

|‘ hc proof is complcte 

A s traighL fOl 、，vard computation show~ t ha t the assu mpt ion (.1\. 1) implies that 

(3 5) | C1딘÷ rol a t least [δ 1 N] * lnd lces j 

“ nd Lhe assumplion (.4 . 2) implic5 t ha l 

(3. 6히) 1 0센a꺼센jl 근4뚱T r따or a따t l e때e떠a5안t [03씨N씨} 용 m떼l 

I3ecause t니the assumptions as w'ell as the conclu5ion of the lheorc !1l are invariant 

under simul taneous permutat ion of the 딩• X j a nd f j , j = 1. 2, N , in the 

seq ue l. we may. wiLhoUl 1055 of gene ral ity. assumc tha t 
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(3.7) 씨 1는응 for j = l. 2. δ ，Nl ‘-

Under the model \\.e are discussing , X l' X 2' X ,\, are indepen cIent \vith 

densities 11' f.!. , ' .. f N and probabili t ies and expectations under this model are 

indicatcd by P and E. \\'C nü\v introduce a n auxil iary mocI el under \vhich X 1’ 

X2’ 
‘ , Xh, are independcn t and identically distr ibu ted with a common den sity 

f and wc s허ha띠11 、w r끼l미띠IIω‘C P
1

) am띠d Eo 10이r p미Jrobab비i l…1 i t띠tI밍es and ex씨\\ pec미lations u띠III띠de히r tl미h비1 lS S 

moα때de이1. 

By comparing (3.2) and (2. 19) ()f Van Zwct (1982). ()ur plan of attack is 

ca5ily recognizcd. \\"c shall 5how lhat. wi lh large probability. therc is a large 

5e l f o[ indices. fc [1. 2. ... N ) . 5uch that the seq uences Pj and Dj for 

J'드f sati5fy the condi t ions (2. 17) and (2.18) of Van Zwel (1 982). To do that 

we already proved a necessary lemma (Lemma 3.2) and nO\v need 

LEM 'v!A 3. 3. Suppose that aS5αmþtioηs ( A.3) . (A.4) and the coηdition (3.7) 

are satisfied and let δ~ be dζfilled by (3. 1). Then for 501lle ("? N - 3/' log N 

P(θ(D，. D." ... D.v 이늘δ，NO <I - Bιe← líj， l，，' 

P IWOF. ßy Lcmma 2.5 of vun ZWCl (1 982). it is su fficienl 10 show that for 

some posit ivc numbers B aml ß 

(3.8) Po(O(DI' D,. DN : 0 <α2ND드Be βN 

Un삐 lhe model po. (R;' ’ RJ, “ . R~) equals each permula tion of (1. 2 . 

. N ) with probabil ity 1/ N ! . Take , as in lhe assumption (A.3) and define 

r . I δcN η 
r =l mi n I τ=-τ←， δ N)I‘ L \ 4(2c+8) • V ," )J (3.9) 

\,Vc build up O( Dt , Ð:!. , Dr : 0 in r steps by suCCt았VC1 } elmslng Rr , RJ, 

·, Rr a [ l andom wltflout l eplacemen [ f rom {L 2, , N j und i unn1ng 삐Jugh 

lhe scquencc 8(D, : O. 8(D ,. D,: O. 8(DI' D,. D, : D. lf we choosc 

R; in such a w따 때t Dk ìs not conLai뼈 in thc χ-neighborhωd of [Dj. D
2’ 

.. D,_,). then 8CD" Dι D，: 이 = 8(Dj' D2• D,_, ‘ 인+ 2ζ This is the 

case un less I D, -Djl < 2( for some j二1. 2. k - 1. i. e .• 

,- j 

(3.10) CkaRCg I딘j (Dj→χ Dj+양) 

Since k드r:S; [δ ，Nl 용’ (3.7) cnsures that I c씨 ?,c/4> 0 and he nce (3.10) restricts 
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aR •• [0 a set A . which is the union of ( k - J) intervals of len gth드16;/c. T‘ he 

set 이 aj in A. has ' .neighborhood of Lebesgue measurc a L most (k -l) (1야/c+ 

20. 50 Lhe assumption (A.3) implies thaL Lhe numbcr of j fOI 띠1ich aj,":A‘ 
cquals at least 

r , 0 、 1* r / ìM Q 、「훌 

l학 lδN， χ(k- 1)(운+ 니J 1 =1 뭘'-- - (k - l )( 1+쉰J . 

SubtracLi ng 미c Cαk-카1 ) in뼈1 

、w에v이h…11κch lhe corrc잉!S야poαon…찌l(띠…d띠:Iing a까l may ”wrf폐e리11 be ou띠t잉s잉l“띠de A •• ’ 、we fin따때l(띠dtl미hat r디대he con때1띠d이i t…lion-1-• 

a떠1 p끼)ro!J<:띠lbi li ly that aRt.$Ak. given Rt, R;_l’ 떼als at [cast 

δNj2 - (k - l) ( 1 +8/c) - ( k -l) _ ~IO r-1 ( .." , 8 \ 
르δ/2--'-τ..-'-12 +--"- J르「→ N- (k-I) ~V ， _ N 、 c J 

m VIe끼V of (3. 9). As aR.$A. implies that 걱 is addcd to 0 at the k-th slep, \Ve 

5ee that (}(DI' D", Dr 잉/2~ is stochastically larger lhan a binomial ran 

dom var iable with parameters r and δ/4. Since (}( DI' D2, DN : O :2:(} (D j , D", 

" Dr: 1;) a nd rδ/4는진N. ßcrnstei n’ s inequality (soe c_ g. Hoeffding (1963)) 

ensures (3. 8) for 50mc positive B and β and thc proof is complete 

Finally we necd 

LE"IMA 3.4. I! assumþlioJls (A.2) , (A. 4) aJld l1Ie cOJldilio샤 (3. 7) are salis 

fied and J4 is giveJl by (3.1), Ihen 

PROOF. 

g J\ren 

P(jD l> 3L for at least 〔δ4NJ 융 itldices j)는l -B3C-&N. 
J ' ~ 10 

Takc r= [N min(이， δ/2)J* and let j = l . 2, r. Under P o and 

R~ ， Rj':..r' t he conditional probability that l aκ. 1르a/4 is at least 

δ3N -(j-l) ~， r- I ‘ δ3 
α >δ -~> 
F강=I)<CU

3--π-::::::: 2 

because j-I드r-I드ð3N / 3 and becau5e o( (3. 6). 

It f띠씨o이에lIo\'、\VS t1내h‘at Lh따e nu삐nurr뼈1 

ca씨lIy I너arger. under Po. lhan a binomial random variable with parameler r and 

J/2. Since r.δl2르2ð.N‘ Bern5tein' s inequalily yiclds po5itive B and β such 

that 

(3.11) Po( la R， . I프a/4 fo l' at lea5t [J,NJ* indices j<r)는l-Be 
-ßN 

But if j <;r. thcn j드 [J 1NJ *. Thus Icj [:>c/ 4 by (3.7). which , togcther with 
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(3.1 1). implies 
8N 

Po(I Djl는acj16 f or at least [δ，NJ * indices j)르 l - Be 

Again thc proof is complete by Lemma 2.5 of Van Zwct (1982) . 

PROOF 0 1' THEOI~EM 2. 1. RecaII that. in addition to the assumptions (A.l) 

-(A.5), we may assumc that (3.7) is satisfied for positive c. C, a, A. δ， J 

and eN • O. Also note that 이， 띤， δ3' δ4 and δ5 arc de[incd by (3. 1) . 

Choo않 ee(o 소) and dcfinc 

10 ... . 22 (3.12) d=2 - '"e(1 -e)a~t 낀• D=((A+ C)j，δ5}'. 

I 

Let J C {1, 2, N } be the random set of indices j for which I Dj l드D4 and 

Ict M bc the cardinali ty of J thus 

J = {j: I Dj l 드D 4 )， M = lI f11. 
1/8, _ .. ,,1 r:. , _ ........ n 1J8 Bccause of (A.l) and (A.2) , the sels (j: Icj l> D" ") and {j: lajl > D"U} have 

ιlrdinalities at most CND-τ and AND-' respeclivcly. and lhus we have 

(3. 13) 
N 

ζ
 
“ 

4 
래
 

-
τ
 

m 
。

4 ’ A f 

「
M 
F 

with probabi lily one. Since δ5드3/4. (3. 13) implies lhat 

(3.14) N /4 <M드N. 

3 
Takc ( = N -i Iog N and definc lhc evcnt F by 

F={ε드Pj드 l - e for a t Ieasl [(1 δ5)NJ* indiccs j) 

n {()(D l' Dz, ... . D'I : 0킹zNO 

n [1 Dj l'>ac/ 16 for at Ieast [이NJ * indices j) . 

Then Lemma 3. 2, Lemma 3. 3 and Lemma 3.4 yield 

(3.15) P(F)는l Bf a‘N 

whcre B,= B1 + 8 2+ B3 anù ß， = min(βl' ß']! ß3) are positivc numbers depcnding 

only on c. C. a. A , δ and the seq ucnce eN • 

ì\ow we necd a notaLÌon . Consider real numbers d p d2• d ’ '1/ and 까 Pz. 

κ wilh 0드까드1 for j = l , 2, t/l. For '>0 and 0 <. <소， Ict ()(d l' …, 
dm ; Pl' ‘ - , pm : i , E) denote the Lebesgue IIleaslue X of the ξneighborhood of 

the sot of those d j [or which lhe corresponding Þj sa lisfy e드까드1-.， thu 
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θCd l' dm: Þ1" P"‘ , i. ε)= ì. (x: IX - dj l <e. e<까드J - e for somej). 

On lhe lhe se t F in our sample space. the number of indices jE 11. 2. N ) 

101 、씨ch ε드PlSl -ε as 、、;ell as I Dj l 르ac/16 equals a l leasl (δ4 δ5)N. ßecause 

of (3. 13) . (δ4 -2ô
5
)N or lhese indices must a lso bclong lO ] . Combining this 

Wilh (3. 12) and (3.14) . ‘,ve find tha r 
• • 

ε: P,( l - P) D; E E( l - s)(ac/l 6) -(δ4- 2δ5)N 
j E.J 

(3. (6) - 10 , . :!.~ 
、2 - " 'e (l - e)a-c δ'，M=dM .

for c\rery samplc point in F . Simi l a rl~. wc see lhat 00 F lhe numbcr of indices 

I roI Wl1ICh JgEj or Pl6E IE. l-e] , eq ua ls at most 255iV a nd hence 

(j ( Dj' jE] ’ Pj' j드] : ( . e)---Cδ"- 4ii5)N(르δ"，\I{'/2. 

-31" l'a ke :;;' = 3.~ .. r "'- log M . If M르2. lhen (3. 14) cnsurcs lhal 1/24드vç < 1 and 

as e i5 ob \' iousl ~' nondccreasing in ; 

(3 .17) l}(Dj. jE]: Pj. jE] : ζ ε)는(δ션\1{ / 2) (Ç / 24) =띤MÇ'/48. 

Since 이li s is lri via lly true ror ,11 = 1 also. (3. 17) holds fo r cvcry samp]e poiot 

io F. Fi na ll y thc dcfini t ion of J implies Lha l 

(3‘ 18) ε D:드DM. 
j E J 

\Ve ha vc shown that 00 thc seL F lhc scq uenccs Dj ancl P j, jE], 없lis fy 

the coodi tions (2.17) aod (2. 18) of Lemma 2.3 of Vao Zwel (1982) for va lues 

d ‘ D, e a nd i.γ = ð".，/48 wh ich dcpcnd onl )" 00 c. C. a. A. δ and thc 、ιque nce

êN‘ Applica t.ion 0 1' t his lcmrna with b1 = 1 yields thc exÎslcnce of posilivc nu 

rnbcls b:, B5 and β{) dcpcnding on1y 00 c. C. a, A. δ a nd ê N a nd such tha l fOI 

every sample point in F , 
N 
11 [1-2P ,( I - P ) (!-cos(N 으 2tD ) J rr 

}= l 

L/ M 、l ι 
드 11 [1-2P ,(!- P)II -cos(M - " ( ':~ 1" 2tD)J P드B끼「 

}E J ‘ J 、 N I ’ 

• u 、 3

for 1앵M<( Ñ)으 2 1 1 1 드b젠 An easy calcu1aLion ba때 on (3. 14) sho lVs tha t 

this implies lhat there exist posi t i,-e B 6 and ß6 depending only 00 B 3 aod ß" 
such that 00 t he set F 

N ‘ 
(3. 19) 딘l [l4Pl(l 꺼) {l-cos(N-J 2IDj) } l E드BuN--
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for log N:S; l t l 드rN3/'. where r = b/ 16. Combining (3.15) , (3.19) a nd Lemma 
312 3. 1, we find that for every t. log N되 t l 드rN 

β ‘~j\， • n _ -ß,N ___ n . 7 -β1""λ 
| φN (t) 1드B6N-t-'. ‘’‘ + B'le μ

‘ 5 BN - I-" vt'. 

‘.vith B = B,+ B (, and β=min (β4' β6) ' Thc proof is complcte. 
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