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On the Tensor Products of C*-Algebras

By Chang-Ho Byun

In the theory of von Neumann algebras, the classification of factors is an im-
portant problem. This is to classify factors to non % -isomorphic classes and is ac-
complished by finding algeblaic invariants.

Our study here is the classification of factors constructed from a product state
of an infinite tensor product of C*-algebras considered by E. Stérmer [6), when
the resulting factors are of type M. Generally it is not known whether the ten-
sor product of factors with type [ll, is of type [I,. But as an application of our
classification, we can prove that the tensor product of infinitely many factors
with type I, is not of pe II,.

Also our result contains the famous uncontablly many non * -isomorphic hyper-

finite factors with type [ introduced by R. T. Powers (5].
| . DEFINITIONS AND LEMMAS

We refer the terminology, technical term and the results with respect to C*-
algebras and von Nenmann algebras, [1,4], infinite rensor products of C*-alge-
bras and von Neumann algebras, [2,4].

If A is a C*-algebra and s is a state of A, then (7, H,, h,) denotes the cyclic
* -representation of A constructed by s such that s(x) = (%, (x)}h,, k) for x€A
where 7, is the % -representation of A on the Hilbert space H. and h, is the
generating unit vector in H_.

Let A, 1 i=1,2,+ be C*-algebras with identity and s, be a state of A,. Then
we can define B= *A,, tz’?‘ s,, the infinite tensor product of A, and of s,.

B is a C*-algera and t is a state of B. B is to be considered as the inductive
n %
limit of the finite tensor product = A, pn=1,92, -

=1

where the norm is the small-

est C*-crossnorm.
Let H, i=1,2, - be Hilbert spaces and h, be an unit vector in H,, and M, be

m
v . s i hi . c e .
a von Neumann algebra acting on H,. = "" H, denotes the incomplete infinite
t

e
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tensor product Hilbert space with reference vectors (k) and :i. M, denotes the
von Neumann algebra acting on ;f‘ " H, which is an infinite tensor product of
M, i=12--.

It is well-known that H: is isometrically isomorphic to }{?;’M“Hs‘ and = (B)"is
spatially % -isomorphic to :51 7, (A)). Moreover if =, (A)" 1i=1,2 - are fat-
ors, then 7 (B)” is a factor. cf. [2].

If Ais a C*-algebra and s is a state of A, then we call s a factor state if
7, (A)" is a factor. When s is a factor state of A, s is said to be of type X if
7 (A)”is of typeX X=1I, n=1,2, II,, u MM\, 0sis1.

If Ais a C*-algebra and G is a group, we say A is asymptotically abelian with
respect to (. if there exists a representation g—a, of G as % -automorphisms
of A and a .equence (g, - n=1,2 ) in G such that for x, yEA

f a, () y— ya, () | = 0 when n tends to oo,

Let G be a group of finite permutations of positive integer i, e., &€ Gis an one
-to-one map of positive integers onto itself which leaves all but a finite number
of integers fixed. Then if A,=A is a C*-algebra with an identity i=1,2, ---, and
B=(‘§‘J”A,,G acts on B by &, (X ®x,) =X ®x,, g6, and B is asymptotically
abelian with respect to G. And also t=1)s is a G-invariant strongly clustering
state of B, where s,=s is a state of 4, i=12 -+ cf. (6].

If s is a state of a C*-algebra A with an identity, . Stérmer introduced the
spectrum of s, denoted by Spec s, is the set of non negative real numbers u
such that, for a given € >0, there exists an z&n (A} for which | xh | =1

and

[ u(yzh,, bh)— (xyh, h) | <&l yh,l

for all yen, (A).
We denote the support of a state s of A by E, =[x (A)"h,]. where [K]is the
projection onto the closed linear span generated by K in H,. h, is then a cyclic

L4

and separating vector for the reduction x,(A)"s,.

w4

L.et 4, be the modular operator for h, relative to 7, (A)”e. We define 4, as

an (unbounded) operator on H, such that

J. on E.H,
4,=
0 on (1—E,)H,.

LEMMA 1 ((7), Theorem 2,3, Corollary 2.4) Let A be a C*-algebra with
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On the Tensor Products of C*-Algebras 3

an identity and s be a state of A, Then
Spec s=S8p 4, , where Sp 4, is the spectrum of 4, in the usual sense. also
we have that

(1) Spec s= {1} iff s is a trace of A.

(2) Spec s= 10,1} iff the vector state w, == (+h,, h,) is a trace on 7, (A) but
s is not a trace of A,

If M is a von Neumann algebra, we define $' (M) = NSpd, where w runs th-

rough the set of all normal states of M. Then we have the following result in(7)

Theorem 3.1, Corollary 4. 2.

LEMMA 2 Let A be & C*-algebra which is asymptotically abelian with res-
pect to a group G and s be a G-invariant strongly clustering state of A. Then
(1) Spec s— {0} is a closed subgroup of the multiplicative group of positive

, and

(2) $' (7, (A)”) =Spec s.

real numbers R*

If M is a factor, A. Connes has defined the algebraic invariant S(M)=NSp
4., where w runs through the set of all normal faithful states of M. cof (1].

LEMMA 3 ({1} P. 188) Let M be a factor and E be a non zero projection
of M. Then S(M)=S(M;).

2. MAIN THEOREM

E. Stormer considered the product state of an infinite tensor product of a C*

-algebra as its copy. He obtained the following result in (6]

THEOREM 4 Let A=A be a C*- algebra with an identity and B=-="}§,‘>*A,-. Let
s be a factor state of A, Then t=:2s is a factor state of B. Moreover the f-
ollowings are true. \

(1) t is of type I, iff s is a homomorphism of A.
(2) t is of type I. iff s is a pure state of A but is not a homomorphism.
{3) t is of type II, iff s is a trace of A but is not a homomorphism.
(4) t is of type Il iff w., is a trace of 7, (A}’ but s is neither a pure state
nor a trace of A,
(5) t is of type M iff w,., is not a trace of m (A)".
We can classify the case (5) of Theorem 4 more refinely using the Connes’

invariant S, ef. [1].
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4 Chang-Ho Byun

THEOREM 5 Let A, s, B ¢t be as same as in Theorem 4, We suppose the
case (5) of Theorem 4 occurs. Then we have
(1) tis of type MM, : 0 <A< 1 iff Spec s— {0} is a subset of a non trivial
closed subgroup of the multiplicative group R*%. In this case
log A==max {logl‘—' Tu, <u, u,u €Spec s— {0}}.

(2} t is of type I, in all other cases.
The proof of Theorem 5 is based on the following lemmas.

LEMMA 6 Let A, s, Bt be as above. Then we have 8§ (7 (B)”) =S (=, (B)”")

PROOF By the definition, it is clear that S8 (z (BY"YC S (7 (B)”). If w., is
faithful on 7,(A)”, then w, '==f}2)w,.a is faithful on = (B)”. ef (2). And so Spd, =
Spec t=S8" (% (B)")CS(m (B)”) CSpd,, because of Lemma 2 and 4, =4, in this
case. Suppose w, is not faithful. Then

S" (% (B)”) =~ Spd, ={0tU Sp d, ={0} US" (7, (B)"s,) = {01U S (=, (B)"
because of faithfullness of w, on 7, (B)”r, and Ere& 7 (B)”. Hence we can use
LLemma 3 and the faithful case. Q. E. D.

LEMMA 7 Let A [i=1,2 " be C*-algebras with an identity 1 and s, be a
state of A,. Put B= Q*A and t=0(s,. Then we have ‘l:J‘ Spee s,C Spec t and
(p Spec s, —{0}) C(Spec t— {0})" where P denotes the annihilator of P in the
dl;e;l of R%.

PROOF  We can identify b, with Xk, , and 7, (B)” is identified with ::7! (A,)”
as in 1. For fixed ¢, let u be in Spec s,. Then for given € > 0 there exists
an x, €7, (A)” with [z, h, | =1 such that, for all y&n, (A,),

(%) | uw, (yx)—w (x,y) | <ellyh, 1.
e n (B)”, Then i h Il =1.

m
For z€ B and for an arbitrary 6> 0, there exists z' &{0)A, X1 for a certain
iy

Put z,=1,&-®1, &z &1

integer m, where (2) denotes the algebraic tensor product, such that | z—2 |

< 8, Then we have

luw,,(yf)—whg(iy)l 'ulw ((y—yx) | + |uw, y2)—w,
(Fy) |+ 1w, (Z @ —y) | =@lz]-+ 1)d+imu, y'i)—w,
(2,97) | o .

where y=7 (z) and y =7 (2’). We can set y nZ' \,Qyw)\x Tow0-+in ‘5':5)”3‘,(14.,)
)1, Then, we have
uw, (y' %) —w, (£y)
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On the Tensor Products of C*-Algebras 5

~uE Mlyhyb)w, (4,5) =5 Db, b)w, (5y,)
<>§ b b y,)2) =0, (2 (Z Ty, b ho)3,).

By (%) luw, (y'2)—w, (2y) | s X 1 y,,.,hsq. h,,q) yuh I’
= E ;: ql‘I(yﬂqh h ) (h" i y"’lhﬁ‘q) (yo(h ' y"lhﬁ‘ )

=& E( ’X)yoq {)() (C h x)yl‘(h-?;' 6(>h ) (@ymh )Q._(}ynh\ )

sé' Z’f DYk ‘>9((>9h )®yh, M.HZ(Q’E“’)\X (2y..h,) Dy, b,
But I3 (Cyuh. )& 0k, 0g,h, 17= 1| Z 0y, b I 7= 1y h I,
since A, H =1, and =, (] \1)hsq “'h-*..- for q>m. Analogously

I Z X b 6y b Xy k= y k| *. Hence we have

[ uw, (y’.‘.>“— w, (zyh D 2e] y’h f
and luwh, (y2)-w, (xy) |=0(ulxi+1)+ely'h | s0ull x| +1+6)
+ell yhl.

Since & is arbitrary, we obtain u& Spec .

Let v be in (L,,} Spec s,— {0})". Since Spec s,— {0} = SpZ%, we have ZijsENp. Also
we know the equality Z,’—'C;)Z%, cf (3). But E,mé)Esp, hence 4= 4, =®
E_=E, It means that t iswin (Spd,). But Spd, :’Spec t— {0}, Q. E. D.

PROOF of Theorem 5. By Lemma 2 and Lemma 7, Spec t— {0} is the closed
subgroup generated by Spec s— {0} in R%. By lemma 2 and 6, we have
S(7 (B)”— {0} = Spec t— {0}. Then the condition: §(x, (B)")--{0, 1}, i et is
of type I, cannot occur. If this condition occurs, it is equivalent to Spec
s= {1} or {0, 1}. By the way this is equivalent that t is of type I or of type I
by Lemma 1 and Theorem 4. This contradiction shows that ¢ cannot be of type ..

If ¢t is of type Il , then the above consideration shows that Spec s— {0} is a
subset of {A" . n=0,+1, 2, - } and that logA=max {log %1— Tu, >u,

u,, u, € Spec s— {0}}. '

The converse is obviously true. Other cases are those for ¢ to be of type II..

Q. E. D.
3. EXAMRLES AND APPLICATIONS

Example 8 R.T.Powers (5] has introduced uncountably many non % -isomorph-
ic hyperfinite factors with type I, so called Powers’ factors R, 0 <AL 1,
R, is constructed by the infinite tensor product (X)s where s is the faithful state
of M,(C), 2x2 matrices.
Put A=M,(C) and let s be a faithful state on M, (C). Then there is a positive
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6 Chang-Ho Byun

matrix D, in- A such that s=1tr(D,-), where ir is a normalized trace in M, {C).
Let A,, A, be eigenvalues of D,. Then we have that A + A, =1, 4,4, >0. Take
orthogonal unit vectors A, 4, in C’ such that s=A, w, +Aw, .

We shall show that
A

AZ 1
Spec s= {T“*x:}

Suppose that u is in Spec s. Then for given €> 0, there exists xEA with
s(x*x) = 1 such that for all yEA |us(yz) —s(xy) | <es(y*y). Let {e,:i,j=1,2}
be matrix units of A such that e,*e, = (k) and eye,*=[h,]. Now we substit-
ute e, in place of y of the above inequality. We have | ud,—A4,| + | (zh,, h,) |

4
< €A, .
A N

If ¥ was not in {f—i i,j=1,2}, this inequality shows | (zh,, h,) | *<&* &,/ (uA~4,)".

But for arbitrary >0,

1 ”8(37*27) =A, H -’Ch‘ " 2+ A, " xh, M P [Z,;A/ i (th; ht) 1 t< 8'[22'% A: ("’lx“"‘;) d‘
A 1] 1]
This shows that Spec sC{f* 'i‘-}. Conversely for u==—, it is sufficient to set

v e ¥
-3 . . R .
z=A, e,. Our considering object contains the Powers’ fators.

Analogously if s is a faithful state of M,(C), n=3 and eigenvalues of s are 4,
j=L2m A,>0. FA,=1, then we have Spec s= {4 A7 1 j=12,n}.
COROLLARY 9 Let A=M_ (C) and s be a state of A. We preserve the nota-
tion in Theorem 4. Then we have the followings.
(1) t is of type W,, 0<A< 1 iff log u,/log u, is a rational number for all
u,, u, € Spec s— {0}.
(2) t is of type [, iff there are u, and u, in Spec s~ {0} such that log u,/
log u, is irrational.
PROOF For u,, u, >0, suppose there are integers n and m such that u)=u],
Then log u,/log u,=n/m. Also Spec s is a finite set. Q. E D
In general it has not been known whether finite tensor products of factors with

type [lI, are of type I,. But we have the following.

COROLLARY 10 Let M be a factor with type [,. Then (§M cannot be of
type [,.

PROOF Let s be a non trivial faithful normal state of M. Then we can iden-
tify M with #, (M). The desired conclusion followes from Theorem 5. Q. E. D,
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