HONAM MATHEMATICAL JOURNAL 1
Volume 5, Number 1, September, 1983

Fiber Spaces and Bundle Properties

By Dae-Shik Chun

1 . Introduction

There are two notions of a fiber space and a fibre bundle, and each has several
different notions . Hurewicz fiber space, Serre fiber space etc and principal bhundle,
fibre bundle etc. There are fiber spaces that are not fibre bundle, and a fiber
bundle is not necessarily a fiber space, The object of the definition of fiber spaces
is to state a minimum conditions under which the covering homotopy property holds,
and the leading condition of the defintion of fibre bundles is the locally trivial condi-
tion.

We know that under some condition, a fiber structure with the SSP has the co-
vering homotopy property (cf, (2], p.405), and any fibre bundle has the SSP (cf,
(7], p.760), that is, a fiber structure with the SSP performs the intermediate role
of the fiber spaces and the fibre bundles.

In this paper, we. shall give a condition in order that a fiber structure with the
SSP has the locally trivial condition {Theorem 1), and we shall give a property of
the fibre bundles (Theorem 3).

2. Definitions

In this section, we recall various definitions,

(A) A fiber structure is a triple (E, p, B) consisting of two spaces E, B and a
continuous surjection p . E~—— B

(B) A fiber structure (E, p, B) is said to have the covering homotopy property
(CHP) for the space X if, for every map f: X—— E and every homotopy g::X—B
of the map pof(go=pof), there exists a homotopy fi: X— E of f such that pofi=
g -

(C) A fiber structure (E, p, B) is called a fiber space for a class .# of spaces if
it has the CHP for each X&€ .4,
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(D) Afiber structure (E, p, B) is called a Hurewicz fiber space if it has the CHP
for every space X

(E) A fiber structure (E, p, B) is called a Serre fiber space if it has the CHP
for every triangulable space X

(F) A fiber structure (E, p, B) is said to have the slicing structure proterty
(SSP) if for each b&B there is an open neighborhood U of b and a:continuous funct-
ion ¢ Uxp' (U)— E such that

Dpabr=> for all (42 eUxp '),

(2) d(p(x), x) =x for each xEP™ (V).
The maps ¢ are called élicing functions and the neighborhoods U are called slicing
neighborhoods. The fiber structure (E, p, B) with the SSP is also called the fiber
space in the sense of Huebsch and Hu (cf. (8)).

(G) Let é=(E, p, B) and &= (E’, p’, B) be two fiber spaces for a class & of
spaces, and let ¢ . E~——FE’ be a continuous map. ¢ is‘ called a fiber map of £ into
£, if there exists a continuous ma.p'f . B—— B’ such that p’-¢= SFp. fis called
the induced map by ¢

Let £= (E, p, B and &= (FE', p’, B) be two fiber spaces over B for a class .«
of spaces. A fiber map ¢ | E——F is called equivalent map and ¢ and ¢ are
said to be equivalent, if the following two conditions are satisfied :

i) ¢ maps E onto E” homeomorphically.
ii) The induced map f: B—B is the identity map.

(H) Let £ = (E, p, B) be a fiber space for a class .« of spaces. For any space
F and the projection p . BXF——— Bonto B, (BXF, p, B) isa fiber space for
a class .# of spaces. If £and (BXF, p, B are equivalent, £is called a trivial
fiber space with fiber F.

A fiber structure (E, p, B) is said to have the locally trivial condition if for
each bEB, there exists an open neighborhood U of b such that (p~' (1), p|p~"(U), U)
is equivalent to (UXF, p, U), that is, (p7 ' (U),p|p(U),U) is trivial fiber
space with fiber F. )

(I) A fiber structure (E, p, B) is called & locally trivial fiber space, if there
exists a space F such that, for each bE B, there is an open neighborhood U of b
together with a homeomorphism

6: UXF ———p™ " (1)
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of UXF onto p™* (V) satisfying the condition:
06, (u, y) =u for all (u, v) € UXF,

that is, (p™" (1), plp™'(U),U) is a trivial fiber space with fiber F. The open sets U
and the 6, will be called the coordinate neighborhoods and the coordinate functions
respectively, The locally trivial fiber space (E, p, B) is also said to have the
bundle property (cf. (6] p.65).

For a fiber structure (E, p, B) and a space F, &= (E, p B) is a locally trivial
fiber space if and only if there exist an open covering {Uiaca of B and coordinate

functions O, UyX F

p' (Uy). These system{lU, falacy is called coordinate neig-
hborhood system of ¢,

(J) Let (E, p, B) be a fiber structure, and let G be a topological transforma-
tion group actingon E on the right. Then 7= (E, p, B, G) is called a principal bundle
having G as a structure group if, for each b€ B, there is an open nighborhood U of
b together with an onto homeomorphism

¢$: UXG p (U)
satisfying the conditions:
i) p-olbg =b
ii) ¢(b, g)-8"=¢(b gg) for all bEU; g, g’ €G.
By the definition, a principal bundle (E, p, B, G) with G as fiber is a locally tri-

vial fiber space.

3. Main Theorems,
First of all, before entering our main theorems, we shall introduce the some well
known results without proofs, which describe the inter-relations among the above

various notions of fiber structure,

Proposition 1.  Let (E, p, B) be a fiber structure with the SSP.
Then
(1) (E, p, B) is a fiber space for the paracompact spaces.
(2) If B is paracompact, then (E, p, B) is a Hurewicz fiber space (cf. (2],
p. 405).

Proposition 2. Let B be paracompact and locally equi-connected., Then a fiber
structure (E, p, B) is a Hurewicz fiber space if and only if it has the SSP. (cf.
(2]. p. 405).
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Proposition 3. Let (E, p, B, F) be a locally trivial fiber space. Then the fib-
er structure (E, p, B) has the CHP for the class of paracompact Hausdorff spaces.
Since I™ is a paracompact Hausdor{f space, (E, p, B) is a fiber space in the sen-
se of Serre. ((13).p.168).

Now we shall give a condition in ordexj that a fiber structure with the SSP has the

locally trivial condition:

THEOREM 1. Let (E, p, B) be a fiber structure with the SSP.

If i) for any two a,b€B, p~' (a) and p~' (b) are homeomorphic, and the home-

omorphism is denoted by gas:p~'(a) p~' (b) and ii) the slicing function @¢,is
a bijection and satisfies the condition:

gea ¢v (b, x) =x for a, beEU x€p’(a),
then (E, p, B) has the locally trivial condition, where {U} is the slicing neighborhood

system and Ue {U}.

(Proof). Let F be any topological space homeomorphic with p~' (b) for each b€ B,
and let f: F p~' (bs) be a homeomorphism for U€ {I} and b,& U (by the
given condition i), such a homeomorphism exists).

Lets define 8w UXF p~ (V)

by taking 6u( b, y)=¢u(b, fu(y)), for each (b, y) € UXF. Since ¢u and fu are

bijective, ¢, is bijective, and since ¢, and f, are continuous, f« is continuous. By

the property of the slicing function ¢u«, we have
p 6u(b, y) = p (b, yuly)) =0t

Now lets define ¢,:p™" (U) — UXF

by taking ¢u(x) = (p(@), fi' Banwe (X)).

Since p, f:'and gz, 50 are continuous, ¢uis continuous, Now we show that ¢u is

an inverse of 4,
- 0,(by) = (p(6,(b %)), fi' 8oiouitnsy 0 (8.(b, ¥)))

= (b, £ *8e.v0 (8.(b,¥)))

= (b £ 8o $u(b, £u(¥)))

=(b £ - fuly)) (by the given condition ii))

=(bd
Similarly, we can showthat 8, ¢,=1,-3w holds, Thus 6,is a homeomorphism and
(E, p, B) has the locally trivial condition,

Here we shall recall the definitions of a fibre bundle and the related notions.
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Locally trivial fiber space (E, p, B, F), its coordinate neighborhood system
{ Ux, 6} AE4 and a transformation group G acting on F on the left are given
If there exists a family of continuous maps g,a : Uy N U~ G (Au€ed)
satisfying the condition :

0x(b, y) = 6. (b, 8ua (b) -y) for b UxN U, y€EF,
(E, P, B, F, G, { Uy, 6} ) is called a coordinate bundle, and E, P. B, F, G and
{U,, 6} are called total space, projection, base space, fiber, structure group
and coordinate neighborhood system respectively, and { g} is called coordinate
translation system. Let (E, P, B, F, G, { Uy, 6\t ) and (E, P, B, F, G, {Va, ¢u})
be the two coordinate bundles with the same total space, projection, base space,
fiber and structure group. If there exists a family of continuous maps ha . UiN
Vo= G satisfying the condition :
6:(b, ¥) =du(b, haa(b)-¥), bEUN Vs yEF,

they are said to be equivalent. This is an equivalent relation. The equivalent cla-
ss is called a fibre bundle, and we denote it by = (E, P, B, F, G) (c¢f. (7}, bp.
759 and (13), p. 200).

Proposition 4. Let €= (E, p, B, G) be a principal bundle, and let F be a space
such that G acts on F on the left. Then G acts on E X F on the right by the re-
lation
(x, y) - g= (xg, & 'y) -

Let Er denote the orbit space EX F/G, and pr: Er— B be defined by taking
Pe((x, y) Gl =p(x) for (x, y) EEXFand(x, ¥y)G€ EX F/G. Then (Es " pr
B, F, G) denoted £(F) is a fibre bundle with fiber F and structure group G
which is called an associated fibre bundle of & (cf [13], p.201 and (12}, p.44).

Now in order to give a property of the fibre bundle, we shall consider a follo-

wing lemma :

Lemma 2. Let B be a given space and let G be a topological group. If a sys-
tem of continuous maps { g.} on B taking values in G (gw @ U1 U= G) is a1-
ven, then a principal bundle (E, P, B, G) is determined, where {Udacs is

an open covering of B.

(Proof) We can view G as a transformation group on G itself on the left.
Consider a fiber space (E, p, B, G) with G as fiber, Let h: U UsX GXA—E
be the identification map. Then G acts on E on the right by the relatlon h(b, g,
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A8 =h (b, gg’, A), for bEU,, g B €G, AEA,
Define a map ¢ | Uy X G- P (Uy) by taking
(b, g8)=h(b g A) for bel, g€G.
Then (E, p, B, G,) is a principal bundle with { U, ¢.} as the system of coor-
dinate neighborhoods (cf (13) p.185),

THEOREM 3. Let B and B’ be the two given spaces which are different, and
let G be a given topological group. If two systems of continuous maps { g,a} on
B and { g1} on B both taking values in ‘G, then two fibre bundles with the sa-
me total space, the same structure group G and having the each given space B

and B’ as the base spaces are always determined.

(Proof). By the lemma 2, two principal bundles &= (E, p, B, G) and &'= (E/

P, B, G) are determined. By giving a relation
g-e=e-g,
we can view that G acts on E on the left. Thus we get an associated fibre bun-
dle &(E' )= (Eg, Pw, B, G) (see Proposition 4). In the same way, we get an
other associated fibre bundle § (E) = (E;, pi, B. G).
We have .
Ev=EXE/G=E XE/G=E;
Therefore €(E’) and ¢’ (E] are two fibre bundles with the same total space.
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