Synthesis of a Four-Bar Linkage to Generate
a Prescribed Coupler Curve
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1. Introduction

Four-bar linkages have been most useful and
.common mechanisms appearing in a variety of
machines from small instruments to heavy me-
<chanical equipment. Figure 1 shows a typical
four-bar linkage mechanism. It consists of fixed
crank 2,

frame 1, connecting rod 3 which is

also called coupler, and rocker 4.

7777,

Fig. 1. Four-bar linkage mechanism
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Since the four-bar mechanism has been studied
extensively by many engineers, a considerable
amount of work has been done on its kinematic
theory. This may be because of the followings;

(1) Four-bar mechanisms have been widely
used, and they are simple and basis of lower
pair plane mechanisms.

(2) Complex mechanisms may be converted
kinematically to a combination of four-bar rn.e—
chanisms in some aspects of their motions, There-
fore, thorough understanding of the kinematic
theories on the four-bar mechanism may be ine-
vitable.

Kinematic analysis can be performed using
several methods with applications of vectors,
complex variables and graphics. For a given
mechanism, such motion characteristics as displ-
acements, velocities, and accelerations are obtai-
ned in the analysis. Synthesis is the opposite of
analysis. In other word, it is the creation of

mechanism which will generate a desired set of
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dnput and output motion characteristics. For the
mechanism synthesis, some graphical methods
giving direct results have been used many years.
However, only in recent years have analytical
approaches been introduced.

It is often desired to have a mechanism trace
the points along a previously specified path.
The path generated by a point on the coupler is
called a coupler curve and the tracing point is
<called a coupler point. The use of the coupler
curves has numerous applications in machine
design. Good examples can be found in many
Automatic machines such as those for wrapping,
packing, weaving, vending, and so forth.

The objective of this study is to develop a
method for synthesizing four-bar mechanisms
that will generate such a coupler curve that the
tracing point on the coupler passes through any
previously specified path.

2. Review of Literature

A tracing point on the coupler of the four-bar
mechanism generates a coupler curve. The equa-
tion of the coupler curve may be obtained using
analytic geometry.

" Robert, referring to Hartenberg et al. (1964),
-derived an equation of the coupler point curve

.as follows;

¥ Cc(x,y)

P
o, 77 p x

Fig. 2. Coordinate system and mnotations
used in the development of equ-
ation for coupler curve

sina((¥—p)siny —ycosy) (x2+y*+b>— 7?)

Fysinf((x—p)*+y*+a*—s?))?

= (sina((x—p)cosy —ysiny) (x*+y*+b*—7?)

—xsinB((a—p)*+y +ai—s))?

=4/k*sin*asin’gsin’ (x (45— p) —y—pycoty)? (1)
where % is a constant obtained by the sine law
applied to triangle ABC,

a b c

b= i = sing " siny @)

If designers are concerned only with the coup]err
curve traced by a coupler point, four-bar linkage
may be synthesized by solving Equation (1), and
two cognate linkages tracing an identical coupler
curve may be found by an application of the
Robert-Chebyshev theorem.

Hrones and Nelson (léSI) published “The Hro-
nes and Nelson atlas” in which 7,000 coupler
curves of the crank and rocker mechanism are
contained. This atlas can be used to select coup-
ler curves having one and two cusps or having
crossovers, for curves having segments which
approximate circle arcs, and for curves having
straight-line segments.

In the book of Shigley (1969), it was reported
that Hartenberg et al. illustrated most of the
classical straight-line generators. Tesar et al.
futher investigated many approximate straight
line mechanisms in great detail and developed a
considerable amount of theory on the straight-
line mechanisms.

Freudenstein and Sandor (1959) synthesized
four-bar link mechanisms for generating a path
through up to five arbitrary points corresponding
to the prescribed crank rotations, His method is
needed corresponding crank angles, to the five
points, but with the five points, only desired curve
may not be obtained.

Freudenstein (1965) also synthesized the linkage
dimensions of a four-bar mechanism which would
generate partial parabola and ellipse coupler
curves.

In the book of Suh (1978), it was reported
that if the nine points are given, a unique

synthesis of four-bar mechanism is possible, and
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beyond six points, the synthesis is highly depen-

dent on the choice of coordinates to be used.
3. Synthesis of Linkage

A. Determinations of Driving Link Len-
gth and Length between Moving
Center of Crank and Coupler Point

In 2 crank and rocker mechanism, it occurs
twice-stretched and folded that the driving link
and the coupler link lic on the the same stiraight
line during one complete revolution of the driving
link. As shown in Figurc 3, let R; and R, be the
longest and shortest distances respectively from
the axis of rotation of the crank passing through
an arbitrary point O4 to a given coupler curve.
Then the length of driviag link, ¢,, and the len-
gth between moving center A and coupler point

C;, g, can be determined from the following

relations;
a,+ag=1R; (€))]
la,—as| =R, @)

If R, is not equal to R,, that is, the coupler
curve is not a circle having its center at the point

Oy, a, and ag are determined as follows;

R,—R R, LR,
az=-%‘, ay= »7172,‘ . ()
R,+R R,—R
or a,=- ’"2"'”: R d5=—'l‘2—*{* (@)

By Robert-Chebychev theorem, a four-bar linkage
synthesized using a,=(R,—R,)/2 and a,=(R,+

Fig. 3. Determinations of R, R,

R,)/2 generates another two cognate linkages.
which contain solutions of a,=(R;4+R,)/2 and g,
=(Ri—R,)/2.

The foregoing method for the determinations of
R, and R, is a graphical approach. However, in
order to use a digital computer, it is inevitable
to develop an analytical method. If points Cj’s
are arbitrary points on the coupler curve, the
length from O, to C; may be given by the fo-
lowing equation;

J==1,2,, 0, n25 )
where

n=total number of data point on the
specified curve,
d;=lcength from O4 to Cj,

(x’, ¥")=coordinates of Oy,

(x;, ¥j)=coordinates of Cj.

Assuming that §, is the distance from O, to C,
on which gives the minimum of §; and locates
the coupler curve which contains the successive
adjacent coupler points, such as C,—,, Cpyy Cp»
Cp+ry and C,., can be expressed as a second
order equations as follows;

g(x,y) =540+ byxy+b,x+b,y+bs=0. (8)
Then, the coefficients of Equation (8), b, 8,, &,
b,, and by may be determined by substituting
those five points on the coupler curve, C,_,(%,-,
Im=2)s Coo1Fmty ¥m=1) Con(Zms¥)s Conts Kmiis Yma)s
and C,, 1, (X pnt25Yms) into Equation (8) and solving
for the coefficients.

In order to locate an arbitrary point P on the
curve (8) from which to the point O, the short-
est distance can be obtained, the following func-
tion

F63) = (=) (9—5) ®
with equation (8) as a single constraint equation
must have the minimum value at the point
P(&,n). This minimization process may be facili-
tated with an aid of the augmented function

o:=f+3g (10)
formed using a Lagrangian multiplier. The neces-
sary conditions for ¢(x,y) to have a minimum

value at point P(&,7) are ¢,=0 and ¢,=0 at
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point P(&,%). That is,

fet+2g.=0 at (&,9) (11

fy+2gy=0 at (&7) (12)
with the side condition

g(x,3)=0 at (§,7) (13)

equations (11), (12),

tions in the threc unknown quantities &,7%, and 4.

and (13) give three cqua-

If the parameter 1 is climinated, Equations (11)
and (12) become

Fegy—fg:=0 at (&) (14)
Now, solving the second order simultaneous Equ-
ations (13) and (14) gives the point P(&,7).
and (14) in the follo-

wing fashion facilitates the application of the

Rewriting equations (13)

numerical mecthod.
G(x,3)=0 (13
F{x,»)=0 (16)
Let (%n3n) be an approximate solution of equa-
tions(15) and (16). Assuming that F and G are
continuously differentiable functions and taking

Taylor expansions of F and G about (v,,».)

vields
Fx,¥)=F{&mim) +F (0, (8 —X0)
"+‘Fy(xm!,vm\) (,‘V"“_\m)—f ............... (17)
G(X0,3) =G &y V) TG (s V) (52 0)
Gy () (Y Y e (1&)

Il (8w I8 sufficiently clese to the solution
(%,7), the higher order terms can be neglected.
Thus, equating the lincar terms of the expansion
to zero gives

Fo(a—x)+ 75 (y—yn) =1, (19)

Go(x—i)+Gy(y—yn)y=—0G. (20)
It is noted that all functions and derivatives in
cquations (19)
(Smo¥m)e

Cramer’s rule yiclds

and (Z20) are to be evaluated at

Solving equations (1¢) and (20) by

i"F Fy

x _ =G ‘Gyr" ?[_VF(;),-{—GF,\‘

oo ’Fx Fy J(F.GY (W psin)
6. G, (21)
L F, —F

Yo Y :;G",-jc;: ’fGF"+FGy]

TTIETEET U TEG S
G, Gyl (2%

where J(F,G)=F,Gy—G,F,.

J(F,G) is the Jacobian of the functions F ané&

G. For successive approximations, the recursion

formulas may be {ormed as follows;
o fFG_v—(}F,].
sn=n ey i

-GF,—FG, .,

TG i H

Conscquently, The point P(4,7) may be obtained

(23)

Vi Y

by the iteration method using these recursion
fermulas. Then, R, is given by
Re= VE—a) =) (28
Similarly, R, can be obtained as follows. De-
termine C,, which gives the maximum value of 4;
and develop u second order equation using five
successive  adjacent coupler points, C,.,, C,_,,
Cu C,., and C,,., as the same method as done
for the determination of R,. In order to deter-
mine the coordinates (£/,7”) of a point P’ on the
curve (8) from which to the point 04(x’,3") the
longest distance is ohtained, function
FCopy= (=) - (v—=y")? (26)
with a single constraint Equation (8), must be
cxiremized at the point £7(a’,y’) to have the
maximum value. In similar approach to the pre-
vious one, using the recursion formulas (19) and
{20), and in'tiat valucs of x, and y, the coordi-
nates of point C,. £ and 3’ can be determined by

the iteration method. Then, R; is given by

i VE = ) (20

B. Determination of Angular Position

of Driving Link

Angular position of the driving link associated
i g
with a coupler point Cj, 6,4, ;, may be determined
by tho link lengths ¢, and ag, ond the cocrdinates
ol points Cj anl O, As shown in Figure 4,
. . N
ACH = O, — Ul
(=" —a,c086,, )i
+(vi—y —asing,, )7, 27
and
R { -—V)‘Z
gt = AC,'i
!
- (xj—x" —a,co88,, ;)°

S (¥i—y' —a,sinb,, ;)°. (28
2y

11—
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Rearranging Lquation (28) vields

(xj—2"3sinf,, j+ (xj—x")ycosh,, ;

Fig. 4. Relations of driving and ceoupler

links

These are two angular positions of driving link
associated with a coupler point Cj. I{ » coupler
points on the coupler curve are chosen, 2* angzu-
obtained, where the

lar position groups are

angular position group is a set of u angular
positions of driving link corresponding to n coup-
ler points.

From these 2" angular position groups, the
proper angular position group must be found. If
the four-bar linkage is the crank-rocker mecha-
nism and C,, C,, C,,+-, and C, are the successive
1 adjacent coupler points, corresponding angular

positions of driving link must be located succes-

sively in either clockwise or counterclockwise
during only one revolution of the driving link. In
order to satisfy the akove condition, - the values
of all sin(4,, ;.1—¥,,,;) must be either positive
or negative. Thus, using equation

N 7 a i'v'l_:iaz,f)

1:1{Sin(5ﬂg,:’+1_9a2,i> |

32

where 0, =9,
the proper anguizr positicn group is determined

when N= £,

C. Determinations of Fixed Link Length,
Connectirg Link Length, TFollower
Link Length, Angular
Fixed Link, and Angle on Coupler

Position of

From the condition that point B is oscillating
about Op, an ejuation relating ¢, and a may be
derived. This cquation will e be written with
respect to  the new coordinate system with the
X-ax:s along the line paralleled to 0+ at point
04 and the Y-axis along the perpendicular to Qu
at O, as shown in Figure 5.

Let (XY ;) be the coordinates of point C; and

G50, Yj J

Fig. 5. New coordinate system
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(i1;,0;) be the coordinates of point B with respect

to Lhe new coordinaite svstem Y37, then

NjooxT s 33)

Yo (34)

i cosly, j4acosi i, s—ad (35)

vroonstnfy, jhesin(ie, s (36)
wheie

RS 'r;m"‘(?\j;:zﬂ:;%u:" >. (37)

Since reint B oscillates alony the arc of a circle-
with its center at point Us,

et vt lug B C=0, 0=4,2, 3,4 (38
where 1,B, and C arc constants, and index ¢
indicates the point to be preciscly passed.

Qinee this system  involves three unknowns,
A,B. eni (, and feur equations, a unigue solution
can be obtained only when the coefliclent matrix
of the svstem is of rank 3. Thus, {or & system
(38), 13 characteristic determinant muost vanish.
That s,

vt oy v L ‘
2, |
ot (39)
Caen® g Uy 1
Lt iy Uy L
[n order 1o simplily the Lguation (39, it will
(35 and (36)

)

Fe convimient to rewrite Equati

i

as follows;

PG (40)

i pirdssi D
LhceTe

ji ,c08fg, (42)

U sinf i (43)

7 $845,i—@) (44)

s5oosin(fy,, i) (45)

I'valuston of Eguotion (3%) will be summarized
in Appendix . Since the and s; are function
of @, o; and v; have wwo variables ¢ and a,.
Koewriting Lquation (39) is as follows:
iwyat A (e + Ay (w)a. =0, (45)
The condition a,>>0 gives
RETG S OEERTIR
T A ()

I{ three equations (i=1,2,3) are sclected from

Iiquaticn (38), thc unknowns, d, B, and C, are

determincd as follows;

e (48"
J dy vl 5‘
iy vy 1 f
i, vy 1 }
s — (u,*4v,%) 1‘
Do, — (1,2 4,%) 11
B- M= Qefr‘?-_v_@iu‘ (49:
lay, vy 1 i
Uy Uy 1 i
iy vy 1 1
‘ o, v, — (Gt 4
;i wy vy — (it %)
1
82l 0,

i, vy 1

v an arbitrary constant, a,, A, B,
and C arc determined. If the conditicns a,>a.
is satisficd, ¢;. a,, and ¢, moey be determined

as follows;

oL UTE 51
WA e 52)
b.,~tan—{ =) 53

So far, all dimensions of a four-bar linkagc
for an arbitrary angle ZCAB have been deter-
mincd. The coupler point of this four-bar linkage
must pass precisely through the prescribed {four
points.

It is now necessary to minimize the sumation
of distances between the coupler curve and other
n-4 points, DBut it is difficult 1o find directly
distances between the coupler curve and other
n-4 peints.  So, from the condition that point B
derived from above dimensions must be on the
arc of a circle with the center Og and radius a,,
following cquation was used
|

: / o ;‘
di= a~=v EZ-’f—A ‘+J’i‘%if

/

(64}

a2

where ¢; denotes the distance from a circle with
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(,J(\j, \J]

Fig. 6. Determination of d;

the radius ¢, and the center Op, obtained from

Equations (51), (52), and (563),

derived from C; in Figure 6.
When the angle /CAB changes from 0° to 360°

with a constant step size, each angle can produce

to point Bj

.corresponding four-bar linkages and d;. If a four-
bar linkage resulted from an angle /CAB makes
37 d; minimum, the coupler point of that four-
bar linkage can pass precisely through four given

ax
4

B(u.,v.)
(J,J)

A
Fig. 7. The angular position of the rocker

points and most approximately through other n-4

points.
D. Determination of Linkage Type

A four-bar linkage is shown in Figure 7. From
the Grashoff’s law that expresses a,+a,>a,+}a,
and a,+e,<la;+a,, angular position of the rocker

measured from the the positive OgX’-axis can be

neither (° nor 180° during one complete revolu-

tion of the crank. When the angular position of
the crank is 0°, the angular position of the
rocker is either between (¢° and 180° or bztween
180° and 36(G°. Therefore the crank-rocker mec-
hanism synthesized above has two possible types,
upper-type and lower type. The upper-type is
the mechanism whose angular position of the
rocker lies between 0° and 18¢°, and the lower-
type is the mechanism whose .angular position of
the rockzr lies batween 180° and 360°.

From the one arbitrary prescribed point, the
angular position of the rocker is determined by
the following equation;

v;—alsinﬂal) P
—b,,

&’ ,-:tan”(
a8 ©j—acosf,,

(55)

The type of four-bar linkage can be detzsrmined

by this equation.
4. Results and Discussion

Assuming that it is desired to synthesize a

1 €12

Fig. 8. A prescribed curve with four preci-
sion points
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four-bar linkage to generate the coupler curve
shown in Figure 8 passing through the precisely
specified four points, (20, 50), (39, 10}, (52, —10),
and (59,40), with the rotation axis of the crank
-at (20, 30)

C18(22960)9
where C,, C,, C, and C,, are points precisely
given.

The synthesis results are listed in Table 1.

Table 1. Input data, output 4-bar linkage, and error

INPUT DATA | PRECISION POINT | OUTPUT 4-BAR LINKAGE *error

OA (—20.0, 30.0)

C, ( 20.0, 50.0) c, a,  =51.6441 EC, ; .0122
C, ( 25.0, 37.0) c . a,  =19.6254 EC, ; .0172
C, ¢ 3.0, 30.0) | c, a,  =59.0861 EC, | .2763
C, ( 39.0, 10.0) C a,  =28.8355 EC, ; .0324
Cs ( 43.0,— 6.0) a,  =—63.7024 EC, ; .2137
C, ( 52.0,—10.0) 6, =237.985(DEG) EC, ; .0051
C, ( 56.0,— 4.0) a  =149.000(DEG) EC, ; .0542
Cs ( 6.0, 15.0) TYPE=LOWER-TYPE EC, ; .3887
C, ( 6.0, 27.0) EC, ; .5693
Ch ( 59.0, 40.0) EC,, ; .0005
C,, ( 54.0, 51.0) EC,, , 1307
C. ( 38.0, 65.0) | LC,, ;1.1173
Ci ( 22.0, 60.0) | s EC,, ; .5790

1

*error ; minimum deviation between input point and output coupler curve

From the given coupler curve shown in Figure
8, the coordinates of points are determined as

tollows;

0a(—20, 30,

C,(20,50), C.(25,39), C,(31,30),

C.(39,10), Cs(43—6), Cy(52, —10),
C,(55, —4), C4(61,15), Co(61 27),

C.,(59,40), C,;(54,51), C,,(38,65),

—— It s

Fig. 9. The synthesized linkage and input
and ocutput curves

The coupler curve of the synthesized linkage
is compared with the input coupler curve in
Figure 9.

Deviation between the input and output curves
may decrease by selecting the point O4 properly.
But if the desired curve does not satisfy Equati-
on (1), that is, it is not a curve that is gencra-
ted by a coupler point of the crank and rocker
mechanism, deviation may not vanish.

This method can be used when the desired
curve is the full sketch curve with four precisi-

on points.

5. Conclusions

This method was developed using the condi-
tions that it occurs twice-streched and folded-
that the driving link and the coupler link lie on
the same straight line during one complete revo-
lution of the driving link, and point B is oscilla-
ting about point Op, and using the matrix theory

of linear systems.
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The method developed can be used to synthe-
size a four-bar linkage to generate a prescribed
coupler curve using digital computers, The input
data for the computer program are the coordi-
nates of points on the given coupler curve. As the
number of points are increased, the computer cpu
time will be increased. By selecting the minimum
data points to dsscribe the desired curve suffi-

ciently, the computer cpu time will hz minimized.
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The nomenclatures used in this study are as
follows;
A,B=Moving centers
04,0p=Fixed centers
C;j=Coupler point
040p=Fixed link
04A=Driving link
ABCj=Connecting link
OzB=Follower link
a,=Length of fixed link
a,=Length of driving link
a,=Length between moving centers A4
and B
a,=Length of follower link
as;=Length between moving center A
and coupler point C;
¢o,=Angular position of fixed link
6as,i=Angular position of driving link with
coupler point C;
0s,i=Angular position of follower link

with coupler point C;
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f..,i=Angular position of AC; with coup-
ler point C;

a=Angle between AB ard AC; mea-

sured counterclockwise from AB

APPENDIX II

Rearranging the Iquation (39) by substituing
Fquations (40)~—(45) into Equation (39) vields
the following fourth order equation for c,;

AatAa+ 4,02+ Aa,+A=0,

where

Ay=0,

A =2001711a:50) (72 (8, =8, +7, (5, —8) +7,(8:—5.))
200272+ 6:5) (r (s, —5) + 7. (se=s1) Fri(s,—5:))
F 200573+ 4:35) (11 (8,— ) +7.(s1—3) 1. (5,—8.))
+2007 980 (71— ) + 7, (5 =50 +7,(51~52))

Ay =207+ 4:80) (D2 (50=50) + 0. (53—=5) +.(5:—5,))

78— q.) +7,(6:— 4.0 +7.(d:—4q,))

F2(Le 2 05, (01 (5— 8 ) 0. (s —8) + P (8:—52))

+71(4~q) 47 (g.~9)+7.(4:—q.))

F2(PeTs+ 4sS ) b1 (So= )+ (1= 5) F P (5:— 1))

Fr1(4— )+, (g, —~43+7.(0,—4,))

T2t a80(01 (8, —8) + £ (5:—51) T 5, (41— 1))

+7:(d,— )+ (6:~4:) +7:(d:—4,))

A,= 2007 H0:50)(92(40— ) +1: (42— 43 14(d:—42))
+ 200272 05) (0104, — Q)+ 2:(0— )+ .09, —42))
+2(07 5455 (0:1(4— 0:) 15 (41— 40+ p(4:— 4.))
+20p 78501 (a0, —4)+£.(8:— )+ 0.(0.~q,))

A,=0.
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