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On certain almost Kaehlerian manifolds

By Lee, Jae Don and Shin, Eung-Sub
Daegu University, Daegu, Korea

I. Introduction

Recently many authors have studied on Kaehlerian manifolds with parallel or vanishing Bochner
curvature tensor.

The main purpose of this paper is to investigate the properties of almost Kaehlerian manifold
with vanishing Bochner curvature tensor. In II, we introduce almost Kaehlerian manifold. In III,
we suppose that almost Kaehlerian manifolds have vanishing Bochner curvature tensor. Under this
assumption, we got the following theorems.

Theorem A. An almost Kaehlerian manifold with vanishing Bochner curvature tensor is a Kaehlerian
manifold.

Theorem B. Let M be an almost Kaehlerian manifold with vanishing Bochner curvature tensor.
Then the following statements are equivalent.

(1) M has the constant scalar curvature.

(2) M has the parallel Ricci tensor.

(8) M is locally symmetric.

II. Preliminaries

Let M be 2n-dimensional almost Kaehlerian manifold covered by a system of coordinate neigh-
bourhoods {U;z*}, where here and in the sequel the indices %,i,4,%, -+ run over the range 1,2, -,
on and let (F;,g;;) be the almost Kaehlerian structure, that is,

@.n Fi#Ff=—8/,
and g;; a Riemannian metric such that
2.2) guF*Fi=gj,
and
2.3 ViFiu+piF;+paF;i=0,

where we denote by {jlz} and p; the Christoffel symbols formed with g;; and the operator of

covariant differentiation with respect to {jlz} respectively.

From (2.2), we have

2.4 Fji=—F;.

Now we denote by K,;*, K;; and K local components of the curvature tensor, the Ricci tensor,
the scalar curvature of M respectively.

The Bochner curvature tensor of M is defined to be



2.5) By;it==K,;i*+0:*L;i =08, Ly;-\- Ly*g ;i — L *g i+ F\* My — F* My, 4 MibF;
~ M Fy—2(My;F#+ F; M"),

where
Ln== (n-}-4) Kt 2(n+2§(n+4) Keso L =Lug",
M""=_L"’F"=“"(n41r4) Hyit 2(n+2§ Gray K
Mkh:Mklg’h, Hj= _KJ'IFi[-
We define Fj;; by
2.6) Fii=p;Fiu--7:iFs; -t piF;;.
Transvecting (2.6) with F* and then using (2.1), (2.3) and (2.4), we get
2.7 F;Fit=—2F; (7, F"),
and transvecting (2.7) with Fy/,
(2.8) paF=0.

By virture of (2.3), (2.6) and (2.8), we can see that the rotation and divergence of skew
symmetric tensor F vanish. Thus we have
Lemma. In an almost Kaehlerian manifold, the structure temsor F;; is harmonic.

III. The main results

In this section, we assume that the almost Kaehlerian manifold is of vanishing Bochner curvature
tensor. From (2.1), we find easily that F;;F/’ is constant function on M.
Taking the Laplacian operator 4 into the constant function F/#Fj; on M, we find

@1 =S A(FF;) =" (7sr Fa) F*+ |7 Fal,
from which, using (2.3) we obtain
(.2) 87 (s iFn; +pafaFs) F*— g iFunl?=0,

or, using Ricci’s identity,
(3.3) gY(Kuw'Fi;+ Kuij' Fry—pipnFaj) F'* + g% (K Fri+ Kunit Fsi— pap o F3 ) F* 4 | s Finll2=0,
which reduces to

3.4) 2(Kuin' it - Ky Fy!) Fit=— || p i Fl| .
Differentiating (2.1) covariantly, we have

3.5 By ) Fit-|- Fy; (P F'™) =0,
Again differentiating (3.5) covariantly, we get

(3.6) WigoFn;)) F* -+ (p:Fj) (o F™) A Fo (pip F?) =0.
Transvecting (3.6) -with g% and using (2.8), we obtain

(3.7 WiviF)F*+ (7:F3) (P F™) =0,
or, using Ricci’s identity, (2.3) and (2.8),

3.8 (Kain' Fit— Ky Fif) Fi* - (pIF™) (3 F3) 47 i Finl 2=0.
Substituting (3.8) into (3.4), we have

3.9 (K Ff— Ky Fy!) Fih= (piF*) (7, F0),
substituting this into (3.8),

3.10) 17 Fall>=—2(pF™) (74F ),



vhich and (3.9) imply

3.1 17 Finll2=— 2 (Kpin' Fi* — Ky Fy) Fik,
“rom the hyphothesis of this section, we get
3.12) Kyl 4+ 0 L;i— 8 Lyi + Li*gji — L *gui + F* M, — F* My, + My F;;— MjAFy;

—2(My;F+Fy M%) =0,
From this and (3.11), we have
3.13) W7 i Full?=2F*[{~aL;+8*Ly— Ly*gu+ L*gu+ F My + M} Fyy + 2 (M Ft
+FuM?)} Fyt — {—*%Lip+% Liy— Ly'gin+ Li'gun— Fy' Mis - Fi' My,
— M Fiy+ M Fop+ 2 (M Fi' + Fu M) ) F /4,
which reduces to

(3.19) |7 ;iFinl2=20(2n—4) Ly’ — (2n—4) M, F*'].
Moreover My F*'=—L, F*F*=L,. Hence, from (3.14) and the above equation, we obtain
(3. 15) VjFih= .

Thus we have
Theorem 3.1. Almost Kaehlerian manifold with vanishing Bochner curvature tensor is a Kaehlerian

manifold.
Differentiating (3.12) covariantly by using (2.5), we have

1

m“ 8ty K — 01K+ &7 1 K" — guil? 1 Ki%)

(3. 16) piKsjit=
B mﬁlﬁﬂ_}“ W:K) (88" —gud;* + Fi*Fji— F*Fr;— 2F/ Fy)
- “(—niT)EFkhFil(VlKjr) —FPFHp Ka) + FiiF™ (7:K)
—FuF*(p:1K;) ~2F*F' (1K) — 2F; F* (1K) ).
From the above equation, we get _

Proposition 3.2. If the Ricci tensor of almost Kaehlerian manifold M with vanishing Bochner
curvature tensor is parallel, then M is locally symmetric.

We now assume that the scalar curvature is constant. By a straightforward computation from
(2.5), we can prove piBy;i'=—n(piL;i—F;Li). By virtue of this equation and the definition of
L;;, we have

@G.17) 7 K;i—p; Kiu=0,
that is, 1 K;; is a symmetric tensor. From (3.15) and the Ricci identity pup;F*—p;p.F*=K,;'F*
—K,;i'F, we get

(3.18) K. Fr=K,;hFy.
Transvecting (3. 18) with g%, we obtain

(3.19) KeF =K Fr=3 (Ku ~ Ko F,
or,

(3.20) Ky Fi=— 1K, P,
from which

(3.21) KyF— KMFe=0,



from which again
(.22) K;i=F;'F¢Ks.
Using (3.16) and Bianchi identity p,Ky;.*+p.K;1*-+p7;Ki#=0 and (3.17), we get
(3.23) FAFH(p Ke) + Fi (7K ) + FAFY (7 Kn) + Fio F¥ (71 Ka) + Fn P4 (7K
+ FpF¥ (g ;K:)=0.
Contracting £ and % at (3.23), we have
(3.2 F}F; (piKy) +F*F (7K ) — 7 iKoict p1K -+ Fj P (7K - 7 i:Ki=0.
Using (3.17) and (3.22), we obtain from (3.24)
(3.25) 7:K;i=0,
that is, Ricci tensor is parallel.
From proposition 3.2 and the above fact, we have
Theorem 3.3. Let M be an almost Kachlerian manifold with wvanishing Bochner curvature tenso:
Then the following statements are equivalent
(1) M has the constant scalar curvature;
(2) M has the parallel Ricci tensor;
(3) M is locally symmetric. )
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