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A study on almost strongly ¢-continuous functions
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I. Introduction

Recently many authors studied various forms of continuity on topological spaces.

Furthermore, they have defined a function h : X—Y from a topological space X into a topological
space Y to be strongly 8-continuous [1) (resp. almost-continuous (3), B-continuous (3], 8-continuous
{23y if for each z=X and each open neighborhood V of f(z), there exists an open neighborhood
U of x such that f'ClU,;CV (resp. f(U)CIne(CUV)), FICIU))CCUV), fnt(CLUY))CTInt
€UV

The purpose of this paper is to introduce the concepts of almost strongly @-continuous functions
which are weaker than strongly 6-continuous functions and stronger than f-continuous functions and
d-continuous functions, and to investigate some properties of them.

II. Basic concepts

Definition 2.1. A function f: X—Y is said to be almost strongly O-continuous if for each z=X
and each open neighborhood V of f(z). there exists an open neighborhood U of z such that f(Cl
(U) Tt (CI(V)).

Theorem 2.2. The following diagram implications hold:

strongly O-continuous

1@

almost strongly 6-continuous

7@ AN

O-continuous«—: - independent--—0-continuous
- Proof. These are obvious from definitions.

Exé,mple 2.8, The converse of (D need not be true. For let v be the finite complement topology
on R and let f: (R,7)—(R,t) be the identity function. Then, f is almost strongly 6-continuous,
but it is not strongly f-continuous. Because Int(CI(U))=R for each open set U of (R, 7).

Example 2.4. The converse of (@ need not be true. For let X={a,b6,¢} and 1={X, 0, {a}, {c},
{a,c}} and let f: (X,7) —(X,1) be the identity function. Then, f is &-continuous, but it is not
almost strongly 0-continuous. Because {a, 8] =CI({a}) ZIrt(Cl({a}))={d}.

Example 2.5. The converse of (@ need not be true. For the function fin example 2.4 is
#-continuous.



In (6], A subset S of a topological space X is said to be regular open (resp. regular closed) if Int
(CI(S))=S (resp. Cl(Int(S))=S). '

In (5], N.V. Velicko defined the followings:

(i) The &-closure (resp. O-closure) of a subset A of a topological space X, denoted by Cl;(A)
(resp. Cl3(A)), is {z=X|every regular open neighborhood of z meets A} (resp. {z=X|every closed
neighborhood of = meets A}). The subset A is &-closed (resp. O-closed) if Cl;(A)=A (resp. Cls(4A)
=4).

(ii) The &8-interior (resp. O-interior) of a subset A of a topological space X, denoted by Int;(A)
(resp. Int;(A)), is {z=X|some regular open neighborhood of z lies in A} (resp. {z=X|some closed
neighborhood of x lies in A}). The subset A is 3-0pen (resp. O-open) if Int;(A)=A (resp. Int;(A)
=A). Of course both &-open sets and f-open sets are open, and both &-closed sets and 6-closed sets
are closed. Furthermore, the complement of a §-open(resp. f-open) set is d-closed(resp. f-closed) and
the complement of a J-closed(resp. f-closed) set is §-open(resp. f-open).

Theorem 2.6. For any function f. X—Y the followings are equival?nt.
(@) f is almost strongly O-continuous.
(b) For each x=X and each regular open set V containing f(x), there exists an open set U con-
taining zx such that f(CIL(U))CV.
(¢) For every regular open set V of Y, f~1(V) is G-open in X.
(d) For every regular closed set F of Y, f~*(F) is 0-closed in X.
(e) The inverse image of a 8-closed set is O-closed.
() The inverse image of a 3-open set is G-open.

Proof. (a)=(b), (©)=2(d), (e)=(f): These proofs are clear from definitions.

(b)=>(c): Let V be a regular open set of Y and let z=f"'(V), then f(z)e V. By (b), there
exists an open set U containing z such that f(CI(U))C V. Hence CI(UYCf1(V), and so z=Inty
(f~X(V)). This shows that f~Y(V)CInts(f~1(V)). Since f~1(V)DInt; (f-1(V)) is clear, f~ (V)=
Int,(f~3(V)) Therefore f~1(V) is -open.

(©)=>(): Let V be d-open in Y. Then for each y=V, there exists a regular open set W, con-
taining y such that W,C V. Thus, szng,. This shows that f1(V) =f"(yngWy)=yléJ Vf“(Wy).
But by (¢), each f-*(W,) is f-open. Hence f-1(V) is f-open.

H>(b): Let z=X and let V be a regular open set of Y containing f(z). Then V is J-open,
and hence by (f) f~1(V) is a f-open set containing zx. Thus, there exists an open set U containing
z such that CI(U)Cf-1(V). Therefore f(CL(U))CTff V).

Lemma 2.7. A space X is Hausdorff if and only if for any z,, x, in X, there exist open sets U
and V containing x, and z, respectively such that Int (CI(U)) NInt (CI(V)) =4.

Proof. UN V=g implies that Int(CI(U)) N V=@. Hence Int(CI(U)) NInt(CI(V))=4.

Theorem 2. 8.

Let f: X—Y be an injective almost strongly G-continuous function and let Y be Hausdorff. Then X
is Urysohn.

Proof. Let z,#z, belong to X. Then f(z,)# f(x;). Since Y is Hausdorff, by lemma 2,7 there



exist disjoint regular open sets V; and V, containing f(z;) and f(z,) respectively. Thus, there exist
open sets U; and U, containing x; and z, respectively such that f(CI(U;,))CV; and f(CI(U))CV,
because f is almost strongly 6-continuous. It follows that CI(U,) NCI(Uy) =@, from which we
conclude that X is Urysohn.

Theorem 2.9. If f: X—Y is almost strongly O-continuous and g . Y—Z is 8-continuous, then the
composition gef : X—Z is almost strongly G-continuous.

Proof. Let V be regular open in Z. Then by theorem 2.2 in (2] g (V) is 8-open in Y so that
S g (V))=(gef)"'(V) is O-open in X by theorem 2.6(f). Thus, gof is almost strongly #-conti-
nuous by theorem 2.6(c).

Definition 2.10. A space X is said to be almost regular(4) if for each z=X and each open
neighborhood U of z there exists an open neighborhood V of z such that VCCI(V)CInt (CL(U)).

Theorem 2.11. For a function f: X—Y, the following statements are true:

(a) If X is almost regular and f is 8-continuous, then f is almost strongly O-continuous.

(b) If Y is almost regular and f is continuous, then f is almost strongly 0-continuous.

Proof. (a) Let 2=X and let V be a regular open set of Y containing f(z). Since f is -contin-
uous, there exists an open set U, containing x such that f(Int(CI(U,))JCV. Since X is almost
regular, there exists an open set U containing z such that UCCI(U) Ine (CI(Uy)). Hence £(CI(UY)
CfUnt(CL(U)IC V. This shows that f is almost strongly &-continuous.

(b) Let z=X and let V be an open set of Y containing f(z), Since-Y is almost regular, there
exists an open set W containing f(z) such that WCCI(W)CInt(CI(V)). Since f is continuous,
zefH W) CCfH(WHCF W) IntCL(V))].

Now let U=f"Y(W). Then f(CI{U))CS{f1nt(CI{V)))ICInt(CI(V)). This shows that f is

almost strongly f-continuous.
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