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On Almost-Continuous Functions onto R, Spaces
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1. Introduction

R, spaces were introduced in 1961 by A.S. Davis [1). In 1975, W. Dunham (3] investigated
several properties of R, spaces and proved that R, spaces are weaker than Hausdorff spaces. Recently,
using induced maps and natural maps, C. Dorsett (2] obtained many additional properties of R,
spaces.

In this paper, we shall give a generalization of a result obtained by C. Dorsett [2): If fisa
continuous open function from a space (X,J) onto a space (Y, L), then (Y,2) is R, if and only if
{(z1, ) |CL{f(2)}) =CL({f(x)})} is closed in XX X.

2. Definitions and Preliminaries

Throughout this paper, spaces always mean topological spaces. Let S be a subset of a space. The
closure of § and the interior of S are denoted by CI(S) and Int(S), respectively.

Definition 2.1. A space (X,7) is R; [1] iff for z, z,=X such that CI({z})#Cl({y}), there
exist open sets U; and U, such that Cl({z,}))C U, Cl({zy})CU; and U;NU,=¢.

Definition 2.2. Let (X,J) be a space and let R be the equivalence relation on X defined by
z Rz, iff Cl({z;})=Cl({z,}). Then the Ty-identification space (6] of (X,7T) is (X*, %), where
X* is the set of equivalence classes of R and J* is the decomposition topology on X, which is T

Definition 2.3. If f is a function from a space (X,J) onto a space (Y,£), then the function
S (X4, T (Y#*, £%) defined by f*¥(a*)=(f(z))* is the induced map from (X*,T*) onto (Y*,
£*) determined by f (2].

In (2] and (3], C. Dorsett and W. Dunham proved the following theorems, respectively.

Theorem 2.4. The natural map Py : (X, T)—(X* T*) is continuous, closed, open, onto and
Py Y (Py(U)=U for all U=T.

Theorem 2.5. A space (X,T) is R, if and only if (X* T%) is Hausdorff.
3. The Main Theorems

Now, we are ready to give the main theorems.

Theorem 3.1. If f is an almost-continuous function from a space (X,J) onto a R, space (Y, %),
then {(xy, x,) |CL({F(x)}) =CI({f(x2)})} is. closed in Xx X.
Proof. Assume that f is onto. Then f* is onto by [2). Let z=X and let V be an open subset



of Y containing f(z). Then there exists an open subsct U of X containing z such that f(U)C
Int(CI(V)) because f is almost-continuous [5). Put U=Py '(U*) for any open subset U* of
X* containing z*. Then f*(U*)=Py(f(Px 1(U*)))CTPy(Int(CI(V))). By Theorem 2.4, Py(Int
CUV)))CInt(CI(Py(V))). Thus we have f*(U*) CInt(Cl(Py(V))). Hence f* is almost-continuous
Suppose that (Y,£) is a R, space. Then (Y* £*) is a Hausdorff space by Theorem 2.5. Since f
is an almost-continuous function from (X*, 5% onto a Hausdorff space (Y*, &%), {(z* %%
S*(@®)=f*(x®)] is closed in X* X X* by [(4]. This shows that {(zy, z,) |CI({f(zD})=Cl({f(z2)})
is closed in XXX by (2).

Theorem 3.2. If f is an open function from a space (X,T) onto a space (Y,L) and if {(x;
z2) |CL({fCx))}) =CIL({f(x2)})]) is closed in Xx X, then (Y,L) is a R, space.

Proof. Suppose that {(z;, z;) |CI({f(z)]})=CI({f(z)]})] is closed in X xX. Then {(z*, z5*)
SE(@ ) =f*(z,*)} is closed in X*x X* by (2). Since Py and f are open, we have f*(U*)=
Py (f(Px~}(U*)))k* for all U*=F*. Hence f* is open. Moreover, since f¥* is onto, (Y* 2%) i
a Hausdorff space. This shows that (Y, L) is a R, space.

The following Corollary 3,3 follows immediately from Theorem 3.1 and 3.2

Corollary 3.3. ((2)) If f is a continuous open function from a space (X,9) onto a space (Y, L,
then (Y, %) is R, if and only if {(zy, ;) |CL{{f(z)})=CI({f(x3)})} is closed in Xx X.
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