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On the BCK-Algebra.
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Abstract

(1) The direct product Iiji of BCK-algebras E;, (i=1,2,8,--,n), is a BCK-algebra.

(2) Let E be a BCK-algebra and A, 4,, -, A, ideals of E. Define a mapping f: E—»fII(E/A,-)
by the rule f(z)=(4z, Asz, -+, Auz). Then f is a homomorphism.
Introduction and preliminaries.

In [1] Iséki describe a BCK-algebra as a general algebra E=(X;*,0) satisfying the following
axioms: For any z,¥,zeX.

(1) (zry)*(zx2)<ZxY

(2) zx(zxy) <y

(3) z<=z

4 z<y, y<z imply z=y

(56) 0Lz

Where £<y means z*y=0

Let E=(X;% 0) and F=(X’;%,0)> be BCK-algebras.

A mapping f: X—X’ is called a homomorphism, if for any z,y=X, f(z*y)=f(2)*f(¥).

For a homomorphism f, £(0)=0.

Let A be a non empty subset of BCK-algebra E.

A is called to be an ideal, if (1) 04, (2) z=A and yxx=A imply y=A.

The simplest examples of ideal are {0} and X.

We can see that the intersection A B of ideals is an ideal.

Furthermore the intersection of finite number of ideals is an ideal.

We shall state some properties on BCK-algebra:

(1) Oxz=0, zx0=z

(2) Xxz=0

(3) zxy<z

(& =<y imply zxy<z¢z

(6) z<y, y<z imply z<Zz

(6) (x*y)xz= (z*2)*y

(7) zxy<z imply zxz<y



(8) z<y imply zxz<yxz

For a homomorphism f: E—F of BCK-algebras, Ker(f) is an ideal of E and if B is an ideal
of F, then f~!(B) is an ideal of E.

If A is an ideal of BCK-algebra E, then the quotient E/A is a BCK-algebra. For each homomo-
rphism f: E—F of BCK-algebras with f(A4)—0, where A is an ideal of E, there is a unique ho-
momorphism ¢ : E/A—-F such that f=¢op, where p : E-E/A homomorphism.

For the above homomorphism ¢ : E/A—F, ¢ is an isormorphism if f: E—F is an epimorphism
of BCK-algebras with Kernel A.

Main Theorems.

We construct the direct product of BCK-algebras. Let £, E,, ---, E, be BCK-algebras. Their direct
product E='.I:[1 E; is the set of all sequence z=(z,, 15, +*+, 7,) with 2;€E; (1<i<a) and componen
twise operation.

Theorem 1. :'13. E; isa BCK—algebrq with constant (0,0,0,-,0).

Proof. For any (z,z,, -+, 2,), (31,92, ¥.) and (2, 2g -+, %,) of .-I=]1Ei'

D Uz, oo, 2% (91, 32, 2, 90)) *{(x), 2q, o, T2) % (24, 22, ++, 2)} J# (21, 22, -, Zn)% (31, Y2, 00y Yn))=
(@131, oo, Tuxya) # (Ti%zs, oo, Tak2a)) % (Z1%Y, o0y Za¥a) = (T2 #(21%21), +r, (Takdn) #(Zo%22) ) # (21291
ooy Za¥yn) = (((21%y)) % (21%2))) % (21%91),, +++, ((Zo#Yn) % (Za%24) ) % (Zw#y) = (0, 0, =+, 0).

(@) (@1, o, ) # (1, o0y T * (1, =+, Ia) D) ¥(31, o0, ¥n)= (&1, =+, Z) # (Ty¥D1, *+*, Tak¥n) ) %Y1, oo, )=
(@) (Z1%31), -, Tk (Takyn) ) * (1, o0, Y) = ((Z1% (T 1%91) ) %1, o2y (L (Za%Y2) ) #9) = (0,0, +++, 0).

(3) (@1, *+, Ta) %y, +v, Zp) = (Ty%Ty, o, Tu#Za) = (0, 0, -+, 0.

@) (z1, %z, -, T2 (31, =+, ¥a) =(0, 0, ++, 0) > (T1%y1, ++, Tu#¥,) = (0, 0, +++, 0) DL 1*#y,=0, =+, T Yu=I
DTy=Yy, 0, Ta=Yn (T4, 0 Ta) = (1, o0, ). similarly (3, «, y) ¥(2, o0, £2)=(0, -+, 0)(21, *++, Za)=
(1, +**, 3).

(5) (0, -+, Q% (x5, ++, 2,) = (0%xy, -+, 0%x,) = (0, -+, 0).

Theorem 2. Let E be a BCK-algebra and A,, -, A, ideals of E. Define a mapping f . E—»iﬁ[l(E,

A) by the rule f(z)=(A,x, -, A,x) then f is a homomorphism.
Proof. For any z,ycE,
f(zxy) = (A, (zxy), -+, A, (z%y)) = (Aix*Ayy, -+, Asz*Asy)
=(Az, -+, A, )% (A, -, Auy) =F(2)*f(¥)
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