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A Note on the Semi-Continuity in Topological Space.
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Abstract

In this paper, we investigate the properties of the semi-continuous functions on the first axiom

space, n-th product space, pseudo-metric space, and proximity space. Counterexample is used when
the converse of the theorem is not hold.

Introduction.

Definition 1. A set A in a topological space X will be termed semi-open (will be written s.0.) if

and only if there exists an open set O such that OCACcl(0) where ¢/(0) denotes the closure
operator of O,

Definition 2. Let f: X—X* be single valued (continuity is not assumed) where X and X* are
topological spaces. Then f: X—X* is termed semi-continuous (will be written s.c.) if and only if,
for open O¥ in X*, f-1(0*)e8.0.(X), where S.0.(X) denotes the class of all semi-open sets in X.

Theorems

Theorem 1. Let f: X—X* be continuous where X and X* are topological spaces. Then f is semi-
CONtinuous.

Example 1. Converse of Thm. 1 is not hold.
Let X=X*=[0,1] and f:X—-X* as follows,

1, if 0254
0, if L<zs1

Then f is semi-continuous but not continuous.

fl@)=

Theorem 2. Let f: X—X* be a single valued function, X and X* are topological spaces. Then
Fi XX* is s, iff for f(p)=0%, there exists an A=S.0.(X) such that p=A and f(A)CO*,

Proof. Let O be open in X and p=f-2(0%). Then f(p)=0* and thus there exists an A,&8.0.
(X) such that p=A4, and f(A,)CO* Then pe4,Cf1(0%) and f71(0*)=U,es-104, 4, For
some 0,, 0,CA,Ccl(0,) since A4,&5.0.(X). Then U,0,CU,4,CU, c(Cp)Cel(U,0,). Hence
let 0O=U,0,, f(0%)eS8.0.(X).

On the other other hand, let f(p)=0% Then p=f1(0*)=8.0.(X), since f: X—X* is s.c. Let
A=F1(0%). Then p=A and f(A)CTO*,



Thorem 3, Let f: X—X* be s.c. and X* a first axiom space. Let P be the set of points of discon-

tinuity of f. Then P is of first category.

Proof. Let p=P. Then there exists an O,,* in the countable open basis for X* such that peO
open in X implies that f(0)Z0;,*. Then there exists an 4;,&8.0.(X) such that p=A;, and
f(Aip) COy* by Thm. 2. But A;,=0;,UB;, where B;,Ccl(0;)) —0;, is nowhere dence set. Hence
PEEO;, and thus p&B;,, It follows PCU,cpBiy and since UyerBi, is of first category, P is of.

first category.

Example 2. Converse of Thm. 3 is not hold generally.
Let X=(0,1] and X*=[0,1]. Let
0, if z is irrational
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1/¢, if z is rational (x=p/q, p and ¢ are relativel prime)
Then f is continuous at the irrationals and discontinuous at the rationals. Hence the sets are of

the first category. But f: X—X* is not s.c. since f(—%—, 1] is a subset of the rationals and thus
is not s.o.

Theorem 4. Let f;: Xi—X?* be s.c. for i=1,2,-+, n, Let f: [1,%X—~I11,X* as follows; f(x,,
Zy, o, Za) = (f(@1), f2(x2), <o Ja(@a)). Then f:ILAX-ILLX* s sec.

Proof. Let []7-;0*C 1/~ X* where O is open in X;* for i=1,2, n, Then f~1([],0%) =[1/f
(0*). But fi"1(0O*) are s.0.in X, for i=],2,--, n, and thus []7-;(0*) is s.0. in J];2, X;. Now if
O* is any open set in [Tl Xi*, then f1(0*)=f"1(UO.*) where O.* is of the form []%; O.*. Then
YO =Uf1(0,*) which is s.0. since f71(0,*) is s.0. by the above argument.

Theorem 5. Let h: X—J[I%, X; be s.c. where X and X; for =1,2,--:n are topological spaces.
Let f;: X—X; as follows; h(z)=(x,, 2,5, *~x,) for z=X and z,=X;. Let fi(x)=z. Then f;: X—
X; is s.c. for i=1,+2, n.

Proof. It is enough to show only f; : X—X, is s.c. Let O; be open in X;. O;x[];Z; X;is open in

1%, X;and A1(0, X IT%=, Xi) is s.0. in X. But f171(0) =k (0 x [1}=; X) and thus f, : X—X, is s.c.

Example 3. Converse of Thm. 5 is not hold generally. Let k : X—X;x X, and f; : X—X; for i=
1,2. Let X=X,=X,=(0,1]. Let fi: X—X, and f,: X—X; as follows;

1, if 05254
fl(x)z . 1

0, if - <zzl

1, if 0Se<E
fz(z>= . 1

0, if —2—§xs_1.

Then f; andf, are s.c., but
h(x) = (£, (), f(z)): X—X; XX, is not s.c. for 8;,,(1,0) is open in X;xX,, but k(S (1, 0))
= (-%) which is not s.o. in X. S;,2(1,0) denotes the spherical neighborhood of(1,0), radius —%-,



Remerk. A s.c. function of a s.c. function is not s.c. in general, in fact,

Example 4. Let X=X,=X,=[0,1). Let f;: X—X; and f,: X—X; as follows;

z, if Oéxé—%— 0, if 0§x<%
fl(x)= . 1 fz(x>= . 1
0, if 5<zsl 1, if z52=1

Then f, and f, are s.c. but fof; is not s.c.

Example 5. Let X=X*={0,1] and f,.:X—X* be defined as f,(z)=x" for n=1,2, .- Then f;:
X—X is the limit of the sequence where
0, if 052<1

Sfolz)= [ ]
1, if x=1.

But f, is not s.c. For (-%—, 1 ] is open in X* but f, (—é—, 1 J =(1) which is not s.0. in X. Thus
the limit of a sequence of s.c. functions is not s.c. in general.

Theorem ¢. Let f,:P—P* where P and P* are pseudo-metric spaces with pseudo-metrics d and
d*, be s.c. for n=1,---2, and let fy:P—P* be the uniform limit of {f,}. Then f,:P—P* is s.c.

Proof. Let fo(z)=0*, Then fi(z)=S,*(folx)) CO* for some 5>>0. There exists then an »* such
that d*(f, (%), fo(y))<% for all y=P. Then d*(f,*(2), fo(x))<% and thus (fux(2)E8,:*(fy
(£))CO¥*, Since f,* is s.c. there exists, by Thm 2, an A s.o. such that z=4 and f,*(4)CS,, *
(fo(x)). The proof will be complete when we show that f,(4) CO*, Let y=A. Then d*(f, (%), fo

@) S (fo(3), FFON)+A* X0, fo(2))<L+-L=n. This shows fo(4) CSF*(fo(2))CO*.

Theorem 7, A proximity mapping f:(X,8,)—(Y,8;) is s.c. with respect to T (8,) and T (5.).

Proof. Note that a function f: (X, 8,)—(Y,d,) is proximity mapping iff A6 B implies f(A)d.f(B),
where (X, 8,) and (Y,d,) are two proximity spaces. J (8,) and J(8,) are topologies on X and Y
respectively which are induced by a proximity on X and Y respectively. This result follows easily
from the fact that z8,A implies f(x)8.f(A). Therefore, f is continucus with respect to J (3,).

Hence f is semicontinuous with respect to 9 (5,) and 7 (5,).
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