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Abstract

The body surface ECG(electrocardiogram) is produced by the electric fields caused by
the propagation of action potentials within the myocardial cells. The repolarization phase
of the action potential is very sensitive to factors of clinical importance.

Therefore, in this paper of the inverse electrocardiography, we studied a method of

estimating the uniform action potentials during repolarization phase from the body surface
ECG using digital signal identification techniques,
The estimated action potential of a normal was similar to that of clinical data in the

repolarization phase.

I. Introduction

The t-wave of the ECG is determined by
the repolarization process in the excitable and

conductive heart muscles. During this re-

*HEGA, IR, dE KB THAR BTIREH
(Dept. of Electronic Eng., Seoul National Univ.)
IEEH, SRR BIBH
(Dept. of Biomedical Eng,
Univ.)
BT R 1983 7H 14A

Seoul National

polarization period, the intracelluar potential
of the excitable cells returns slowly to its
negative resting potential starting from the large
and fast action potential condition of the
depolarization phase.

There are two approaches about the analysis
of the T-wave, One is the reconstruction of the
T-wave with the dipolar source three-dimen-
sional heart model and the associated for-
mulas.!?! The other is the reconstruction of
the action potential with variations of the
Hodgkin-Huxley mode.[m]

We have studied a new method of finding
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the action potential of the repolarization phase
with the body surface ECG and the digital
system identification method.[8!
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Fig. 1. (a) The equivalent circuit for the

Hodgkin-Huxley units,
(b) The global circuit for the repo-
larization process,

The uniform action potential (V) is con-
sidered to arise in an idealized condition
when an action potential is initiated in homo-
geneous segment groups of cardiac muscle
such that the potential changes are uniform
through the whole muscle without further
propagation.[”

This conidition is closely satisfied in the
repolarization phase, as the shape of the re-
polarization is not critically dependent on
whether the propagation occurs or not. [
At this condition of no propagation, the
membrane current (I,) becomes zero in
Fig. 1, and the capacitance current (c) becomes
equal and opposite to the net ionic current
(1). Thus, the uniform action potential and

the net ionic current are related as follows;

v )
-c, T I, [uA/em?] n

where C_ [uF/cm?] is the membrane capaci-
tance.

For the relationship between the surface
ECG as the output and the electric current
in myocardial tissue as the input, we can make
the following simplifications based upon the
physiological considerations:

i) The body channel from the myocardial
tissue’s electric current flow to the surface
ECG can be approximated as a linear time-

invariant system.[‘” 171
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ii) The magnitude of the net ionic current
in the. repolarization phase is extremely small
as compared with the impulse-like depolariza-
tion current [} (Noble and Tsien, 1972)

The time-invariance in the first condition
provides that the system transfer functions
relating the myocardial tissue’s electric current
to the surface ECG are same both for the
repolarization and the depolarization pro-
cess. Also, the linearity means that the two
independent sources in the input make an
additive and homogeneous output field. Then
using the above two simplifications, the system
function of the body channel can be obtained
from the impulse input of the depolarization
phase, and, this system function, in turn, can
be used to estimate the action potential of the
repolarization phase from the T-wave of ECG.

In the present paper, we present a method
of estimating the uniform action potential of
the repolarization phase from the surface ECG.

II. Methods

1. Parameter Indentification

The net ionic current through the whole
cardiac cycle can be represented as the sum
of the fast and large impulse (8(n)) occurring
during only the depolarization time and a slow
and small ionic current, u(n), as follows;

i(n) = 8(n) + u(n) 2

In the discrete-domain, the input-output
relation between the body surface ECG and
the net ionic current is described by the system
function, H(z), as follows;

G(z) = H(z) I(2) 3)

where G(z) is the z-transform o the sampled
ECG, and I(z) is the z-transform of i(n) of
eq.(2).

Also, using the time-invariance and the
linearity, the discrete system function H(z)
between the sampled ECG and the net ionic
current is represented by eq.(4).141.17]
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where 2o # 0. Then, the transform of eq.(2)

becomes,

I(z) = 1 + U(2). (5)
and U(z) = up + uyz7' + ., .+ uk_lz'KH,
where  up,uy,.u , is the discrete ionic

current and K is the total date number.
Combining eq.(3), (4) and (5),

(20 + a2 + ..+ ay 1z MY]) (1 + U()

=(1+byz' + ..+ bN_IZ'N”) (o + 12"

-K+1) (6)

LA T
where
data,

The net current uy is zero during the de-
polarization phase of QRS period, and the
order M in eq.(4) is much smaller than the
total sample number during QRS period.
Also, themagnitudes of u; are extremely small

{ go ,gl,...,gK_1| is the sampled ECG

during the repolarization period as compared
with the impulse-like depolarization current,
Therefore, the left side coefficients of eq.(6)
can be approximated as follows;

ap (1+ug) = a

n

aguy ta; (1+uy) = a

. - .

aoUp41t .- tay (LHug) & apyp g

aouM + . .+aM_1u1 & CM

agupyp bt Ay U £ oepyg

Boug ¥ Fay Ug.M £ e 7
where ¢; (i = M,M+1,-K-1) represents the

[s1,[6]

error terms caused by the non-negligible

net ionic current during the long repolarization
period. (M € n<K-1)

Let a = (ap a; - aM_l)T, b =(1b
b.Ts e = (e epge -y and
U= rupy Uy Uy , then we can
LR R &) derive eq.(8),
u Uy . uK-M
ele = aTuTua. (®)

And we can estimate the system parameters
a; ’s and b s by minimizing uTu the diagonal
terms of U U where UTU is a positive de-
finite symmetric matrix. Eq.(6) is rzduced
to €q.(9) using the relation bet ween the z-trans-
form and the convolution,[31:(6!

N-1 a. for i=0,1,2,-- M-1

S bg =11

n=0 "0 ¢; for i=MM+1,~K-1

9

The existence of roots (ai’s and b’s) is
guaranteed for a condition of K > N + M - 1,
i.e. the data size is larger than the sum of orders
N, M and eq.(9) can be represented in matrix
form as follows;

[0 7] 8o 7711

a £1 by
M| T | BMe1 BM-2 bN-1
eM gM EM.1 T " &

eM+1 EM+1EM T &2
LEK-1] Bg.1 8k-2 BK.Nl (10-a)
or

[_ Hi [EJ

e H, (10-b)

where a,b,eH , and H, are the associated

vectors and matrices.
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As the minimization of ETE means that
the diagonal terms of matrix QTI_J has the
minimization condition for arbitrary values
of ajs, this condition is same as minimizing

ng of eq.(8). In this case, we can obtain
the solutions of eq.(10-b) using the Shanks’
method,[®1:16] R
b* = (Hs THy)" Hy Th! an
b = [1} (12)
Do e
a = ﬂl 9 (13)

where h', Hj are the first column vector and
the residual matrix of H,, respectively.

2. Depolarization Process

The above estimation of H*(z) from a and
b of eq.4) is used to obtain the impulse
response, d*(n), of the depolarization process,
which is related to the QRS waveform of the
body ECG. The optimal gain Kp is introduced
to compensate the effect of decreasing magni-
tude of the impulse response due to variations
of the measured magnitudes in ECG’s R-wave-
form,

The QRS portion related to the ventricular
depolarization process, d*(n), is given in
eq.(14),

K-1
d*(n) =DFT (X _*H*(z)) = £ h(n-1) K_56(n).
p r=0 p

(14)
Body Channel
! 7
‘g(n): ECG date
i) ——> H(z) ,
! 5
Lo | - Repolarization
part
P.ILB. + H* Y z) S -dt —
3T ¥ u(n) w(n)
Inverse-
filtering
Ky 8(n) H*(z)
d*(n)

Depolarization part K;: Optimal Gain

Fig. 2. The schematic diagram of the whole
system (P.I.B. = Parameter Identification
Block).
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where h(n) is the inverse transform of H*(z).

This computation procedure of depolariza-
tion process d*(n) is shown as the parameter
identification bilock (P.I.B.) and the depolariza-
tion part in the schematic diagram of Fig. 2.

3. Inverse Filtering and Repolarization
Process

The repolarization process is computed
using the above computed H*(z) and d*(n)
as shown in Fig. 2. Since the ECG can be
represented as the sum of the depolarization
process, d(*n), and the repolarization process,
r*(n), the measured ECG can be represented
as follows ;

g(n) = d*(n) + r*(n) (15)

Also, from eq.(2),

K-1
g(n)= ¥ h(n-s) i(s)
s=0
K-1
= ¥ h(n-s) (K_8(s) + u(s)). (16)
s=0 p

Then, from eq.(14) and (16), the T-wave of
ECG is related to the computed repolarization
process, r*(n), as the repolarization input
current, u(n), produces the T-wave,

K-1
r*(n) = g(n) - d*(n) = EO h(n-s) u(s) (17)
S:

In the transform domain, eq.(17) is re-
presented as,

A(z)

R*(z) = H*(z) U(z) = B(2)

U(z) (18)
In the transform domain, eq.(17) is re-
presented as,
Then, we can compute the net ionic current
of the repolarization process of u(n) using the
following Gauss-elimination method.
From eq.(15), A(z) U(z) = B(z) R*(z) 2 T(z)
(19)
where A(z) and B(z) are the numerator and the
denominator polynomial of H*(z), respectively.
Then, by rearranging eq.(19), it becomes

T(2) =ty +t,27 .. K+1

Sty 7 (20)
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where ty = borp, t; = bgry + byro, ..., tg g =
borg g+ bitg o+ ...t by 1 TE N-

Since K is much larger than N, the sequences
related to n > K period are excluded in both
sides of the equation. The associated matrix
is given in eq.(21).

N ’ 0
a1 N
a 4,

a3

r—uo - —to -
Uy ty
Uy t2
ugd o Lty (1)

From the above equation, u(n) can be

Data Acquisition by
an A/D Converter

Parameter Identification;
Estimate 3 and b from ECG.

Depolarization Process;
Impulse Response d*(n)

Does K,
maximize the Performance

index(ERPR) 7

Repolarization Process;
Find r*(n).

Inverse Filtering;
Gauss-elimination method

Simplified Cable Theory;
Find V' by integrating uin).

Fig. 3. The analysis procedures.

computed using the numerical method of
simultaneous equations, where the solution
in eq.(21) is satisfied by a condition a, # 0.
This condition is same as that the determinant
of the matrix in the left side of eq.(21) can
not be zero which is shown in eq.(4) previously.

As the sequence u(n) represents the net
ionic current in repolarization phase in eq.(1),
the uniform action potential V can be com-
puted by the integration of u(n) with a cons-
tant value of Conr The analysis procedures
are summarized in the flow-chart of Fig, 3.

III. Results and Discussions

The uniform action potential, V(n), was
computed from the measured ECG waveform,
as shown in Fig. 4.

The ECG data of a normal (80 b.p.m.)
were sampled every 5 msec through the 8-bit
A/D converter installed in the APPLE II PLUS
microcomputer system, and were normalized
such that 1V has a magnitude of one, The
total 128 sampled data for the whole cardiac
phase were used for computation of the para-
meters ai’s and bi’s in eq.(4) for the fourth-
order equal-pole-zero transfer function.

The optimal gain of compensator, Kp, was
chosen when the following performance index
ERPR (ECG signal to Repolarization signal
Power Ratio) which is defined has the maxi-
mum value so that the fluctuation of r*(n) in
the depolarization phase can be diminished:

K-1
T g(n)?
=0 (22)
K-1

T r*(n)?

n=0

i

ERPR

As shown in Fig. 4, the computed results
show that V(n) lLas a similar waveform as the
reported uniform action potentials in Fig. 5.1
The fluctuating u(n) in the vicinity of the
R-wave is caused by the difference between
the ECG and the impulse response in the
depolarization process.

The initial value, V(0), for integration in
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eq.(23) was adjusted such that V(n) around
the flat region in the depolarization has the
zero level.
At 1
V(n) = V(n-1) . u(n) = V(n-1) --C—-u(n)
m m

(23)

*
= C,/At, and C, = is related to
the membrane capacitance in eq.(1) which

*
where C111

we selected as the proportional constant

between the voltage-current relationship.

EKG Datazg(n) Ispulse Resp.;d¥(n)

lx.a .8
a n Fil~“n
128step 128step

Rie%. Current;u(n) Unifors A.P.3V(n)

Cw=0.2
M | —————-~———-—-—-n—
€4Bmsec } 64Busec

(A) KP=1.0 ERPR=1.532

?(% Datazain) Iugulse Resp, ;d¥(n)
e n e n
128ster 128step

tmifore A.P.;Vin

Cw=0.2

or
"V“‘W

(B) KP=1.3 ERPR=1.592

Fig. 4. A: The normal ECG data g(n), B: The
impulse response d¥(n), C: The re-
polarization input current (net ionic
current) u(n), D: The uniform action
potential V(n), the scale of C and D
is a half of that of A and B.
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Fig. 5. Action potentials and pacemaker acti-

vity recorded in different parts of the
heart.
(a) Recorded from frog sinus venosus
(Hutter and Trautwein 1956). (b)
Recorded from dog atrium by Hoffman
and Suckling (from Weidmann 1956).
(c¢) Recorded from dog Purkinje fibre
by Draper and Weidnmann (1951)
(photograph from Fokow and Neil
(1971)). (d) Recorded from frog
ventricle by Hoffman (from Weidmann
1956). (e) Recorded from sheep Pur-
kinje fibre (Weidmann 1956).

Table 1. The estimated parameter data of the
fourth-order system function H*(z).

Coefficients of the numerator a and b

ap = 2.740x107? bo = 1.000
a; =2.329x107 b; =-1.500
a, =1.791x10™ b, = 5.469x10™
ay = 1.325x1071 by = 3.253x107!

ay = 4.743x1072 b, =-2.394x10™

Estimated error of H*(z) = 2.668x10™

Table 2. The optimal gain Kp and its ERPR.

Optimal gain Kp ERPR

ERPR = 1.592 (max.)
ERPR =1.532

Kp = 1.3 (optimal)
Kp =1.0
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it is shown in Fig. 4 that the resting poten-
tial of V(n) has negative value for proper
V(0)’s. And the initial value, V(0), and Cm*
are relative factors which make V(n) lie in
the template region of the action potential.
The analysis procedures were constructed with
hte UCSD PASCAL (V2.1) language system.
The computed parameters are summarized in
Table 1, and 2, and as a result of characteristic
equation in Table 1, H*(z) is stable as the poles
are in the unit circle of the z-plane,

It is concluded that the estimated uniform
action potential of normal ECG in Fig. 4 has
a similar waveform and a rate as that in Fig. §,
but only the repolarization region is significant
in V(n) of Fig. 4 because eq.(1) and eq.(23)
mean much to the repolarization process,

Therefore, the suggested method will be
helpful to analyze certain arrhythmias occuring
in the repolarization area (T-wave) such as
infarctions and

myocardial ischemias, etc.
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