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Two-Dimensional Slow Viscous Flow Due to a Stokeslet Near a Slit

Hyung-Jong Ko and Moon-Uhn Kim

Abstract

Two-dimensional slow viscous flow due to a stokeslet near a slit is investigated on the basis
of Stokes approximation. Velocity fields and stream function are obtained in closed forms by
finding two sectionally holomorphic functions which are determined by reducing the problem
to Riemann-Hilbert problems. The force exerted on a small cylinder is calculated for the arbit-
rary position of the cylinder translating in an arbitrary direction. The features of fluid flow
are also investigated.

FtkmEhe] =8 a7k ol mEY W% 7
1. M E et Wz stell A WA= S A wEA 4>
L pRe # Eityl stokeslet o) oA =7 W
9 FeEERe Al uel kT EE, BEw BEHS ¢ o9 £55 Ae AT & =F ol A
LE, 2AgRNAY mEEe 53 Aste] s 243 584 W¢stE Ful3 3 5% Davisetal®,
W= gl Hasimoto® 7} figirst B Tl & FH =¥A
3 HREEY A%, AAde] FAE 28 o] stokesleto] €13t &93 FEojvh & AT A}
slAeh AARel & A4 BT = S AR e dudel 34 B8 AE
W OREHES AT dUAE RIS S 4T 4+ JEF e WS AT £ Aol
Foll, RrFot BEmzE] Azsh KT
aAd W& & = A& e “reflection o ¥Y7E A B e 23AE S5 BEE 209 MTEK
A AARY 238 mE e Zo] BFojuhhP o 2 E£Hsx AAzAoc =xie Riemann-Hilbert A
o 339 F1ELE HEE EJ(oint force) T 2 24956 249 mEEEKS AR 3AAAE
stokeslet 2 dlAgond doid F gt A2 A o) oy mirmme KBEE PEREE £
A el stokesleto] A% =A MR AT g 9. ymame 29 ditE FAAE BE
Be TAToRY HEe FEE, Kk eddyH& =T o] Feste EHH)SS Rstz, slit 9o sto-
S 5 B4 e AANES BEAE FHIE | aa sze mme pm e
AFFo] o] Fof A 7.
LR AE Z 249 slit 29 £5F A4 d&
3 A7) stokeslet o] &js] YA UL 2309 3

I°1'

L

—_—

>

2. &b HH

* EgR, BERHBEWE Fig. 13} o] 5 BdERE ¥

25

o] & 24l slitg o]



Slit 7¢79) Stokesletof 9| 2%75e] ma KEHHE 387

C

v—dj'ﬁ stokeslet
Lon

S+ :
|y
SR N 4 ¥

ST i Z= X4 Yi
Z=x-yi

Fig. 1 Definition sketch

E o, slit o}& Qg o2 3tz 2-5¢ ¥z 95
A, -5 olst FASH A AmstEAdA &
A7) c(=c;+ic,=]clexp(if))3] 2 A4 stokeslet 7}
A(d, el Q& )9 =7 HEREE AL @E A
=044 e [dI<D). AARY 715LA N2 E 28}
m d=0, h20 22 T % ZFH(F stokeslet 7} A 1
Agte] §% wivl mHEAEFEEE). AF s o
E2EWu g g4y, kel stk - T £3EE 44
S+.S-, \ade Agg AFTAE Sz g SH(S)e
A dmeoz ¥ A9 BRI EFF H(E
o7l =z el

Fege] L 2 fitke] & 73-%(Reynolds vt =%
zZ+2e 73-%), Navier-Stokes v} 42} A g FAT
% glom g &5 th-&o] BN (Stokes wH A1)
o2 JlEHEy.

Lviu— gi =—8zpc;-d(x—d, y~h), (L)
ﬂvzv__g_?_:_gzﬂcz-ﬁ(x—d, y—h),

au av__

o Tay O 0

AANA u,0,pE F7 Al vy B FE L
3 4d & e g Ao BERE, 0(x—d,y
—h)= Dirac 8] delta gFo]=, & (La)e] $u-24

(d,B)d] A7] ¢ By & stokeslet 7} dete AE
debdicl, HEEE w=u—vE 2454 we &
o % AAzAL RS o} ol
w(x,0)=0 for |x|=1, (¥4 D @
w(x,9)—0 as (x2+y?)V2— 00, (HEIRE) &)

EEBE z2=x+iy, Z=x—iyE E¢Fd, wAH4
(L.a,b)8] S: =h23 o] BHE 5+ Q.
w=f"(2)+GE—-2)g'(2)—&(2)

+2zloglz—2,| —¢

e o
p=dp Re[g’(z)— z—czO ]’
z2o=d+1h. )
&} 7] A overbar “—?= B4 Fo (complex conjugate)
& bl Ree 4 *‘%1—% Jehd =l = £(2), £(2)
E ERREE 44z (), ()T 15 =% 244
ok 81+ HEHEQ log T EHE(F —z<Imlogw)
)& EIL
z7bMdos EEY & 459 244 (09 I
e Fiiw AAzA F ke el & 4 Yol
[fO+EOT = O+E)] =0, fortel+T,
()

[F{O—FZWI+F()—g(t)] =
2H(t), for tel+T, )
A7 A HE)=c(t~20)/(t—2z0) —Clog[(E—ad)*+A*]o]
123
3 g(2)7F S A fEITfe]l =2 Schwarz 9] refl-
ection principled] & g()E Sdl4 #EHTRY] ).
AT R 6), (DT A7 SdA @I F &+ 1@
+&(2)sk f1(2)—g(2)o) w3k Riemann-Hilbert FA]®
7t 53 ol & EA (2, g(2)F AR A Hrct. &
[R33 (| z|—oc)ell A FamEHE= K (3), (DE1H
fi(z2)——clogz, g(z)—clogz, as [z]—oo ®
o] BES 2ot AL ¢ = g,
WAl (6) f(2)+2(2)7F Aol fEMYol =k

E AL Yustz Yeomz 6)Y sl Hlel =, —
RS 4R ¥3 o] BEHE 022 ¥olx Fr)
f(@)+2(=)=0 €)]

= sharp edge(z==1) 2Well4 Fx7+ HReH
@)% aEss (D e oho3) o] FolAY®,

ro-g@=—271(_" | )

=—2¢log(b—az—iq v 2*— 1)-]-()[%—?—-
&0

. 2hJZz'—1
T m(a—zy) ]

o)
A7 4 m= 2,2 —1, b=[%(1+d2+h2+r1rz)]m
a:[‘%‘(l-l-dz'l-hz—rlrz]“z

q=[%(1—d2—h2+rlrz]m
rl=[(d_l)2+h2]112, rz=[(d+1)2+hz]“’
olx 4z*—19 branch cutl 445< wlet (—oo,

=D %2 1,0)& #EH(F %4F ¥ulg branch cut



388 BEEHE- X E

= Feeh.
K (9, 10) 2248 st 22 f(2), g()9] &
g4 der

f'(z)-:c[%— th(z+20)

m( /22 —1+-m)
—igyz*=1),
otz
2= {3~ ey s
(b—az—ig Jz*2—1).
A9 2L 4 W KA 259 AFFA &
EEXE 4E 5 A

]—Elog(b—az

an

2AA T fg9 EdAL 445 3EL T
AA ez skt

3.1. & 2x 4 RE&s
FEREE w = (@, ADRYE ohgra} o] Foizlch,
w(z, 2)=2 ¢ [log|z—2z,| —log|b—az—igq yZ*—1|]
_(2_2)[ \/ZTC(IIZ(I;/—zazij'—qlf/zzzr———l) +
I._E_h(ﬁz“_—l)ntzz.,tl) J
m N 2E—1( V2~ 1~m)*
—c[ z Zi—i;OZZh
i) a2
K (D2 FolA = FREE wot AA2A QD7
S AL AF Ads 44 gadeh jwle
EIREANA 1/12]8 order 2 0°) HE=2 AAZA ()
% w2 B ebe sharp edge (e=-1) 2ol 4
= 121129 order 7} Ho] ¢ AxtgHo] |2+
11728} orderz A -ErM58kA Bgsteth
BB ¢ = BREE wy 29 (12)F 34 A
5t TE ¢ dvh. EEEHoORE w=u—iv=021

Wz Fedmz ALe 4T F AAY 22
BIDAA ¢=00] HEZF s4ad 2 A4 A5}
P=2Im[&(z—2,)](log|z—z,| —log|b—az—iq v2*—1|)
2bqc; {Im[log( V22—1—2)]1—x} +

Re[*—————gé'i/:f—z—(lzj—%")) ]—l—2]m<ihr;?—>lm

[log{ vz2—142)] +2]m<
o] e},

t_h( 242
m o\ Jz22—1+m

-+

)Im( Y21 (a3

Slit & §3sl= & (Al A /A +E +
dek. F SB8F WHDAA ¢=00]22 Q% %
el (MDA A8 ¢ ghat 2ok

Q=——2”—q<clah+c2q2b> (19

=3 =0, ;%0 Y] (5 stokeslet 7} ¥Hwlo} 43
d W)l wred slit & Faldls 3] 9lA HAch
% Bi(d, B)o) stokeslet 7} §1¢ w), #3% Q=02 = 3}
=(F slit & B33t o] gA ) U3 &

p=tan"{2hd/(W—d"+1)] (15)

2 FojAe)

3.3. BV} W= EREN
el (d, )l gz %l Rq HEZ U=,

Vel 452 ¥ WHEEHS ¢ ), Ko] BRI
Al Lol wlalA s Zobdd B 58 (d, )
9] stokeslet ¢} doublet o] &0 2 SFLIAIR F v}
& HiES 5 A3 HEEESM w. =

we=w;+B/(2—2z,)*?
o] Hrf.
ulA 4 (16)ell A we = A7) ¢ 2] stokeslet o] < #
FEEE uel F2HEEL A7l BY doubleto] 2%k
422 depdicl. of7] 4 stokeslet o doublet ¢
A7l ¢y BE HFAAAL AAZA(z~—2|=R
A we=U—iV)a o9 AAzAE 1F3dE5
AR A 3 B HellAY FAzA L S E
7] fsA s B=0[(R/D’ 1|22 w,& (12)d] 93]
FolA = H4EEE il (16)2 ¥4 (I, T A
o AAFAL R/1S 1% order 7k w33y}, EHik
Hell A FAZAL wtF5ES B, c & A8
EiE7t e @ F=Fx, Fr)e

Fx+iFy=—8ru(c,+ics)
2 FoiAc), A A4 A5

F=—4zuK-U an
o] 5=, 7] A K = resistance tensor 4 I 32

Kxx=~1—(log—1—+fyy), nyznyz%fXY;

16

[o

Kyv= <log "l'f xx>

D= <logw+fxx> <log—1- yy) —fxy?,

qz(hz_d2+1)

. B2
Sxx=log(2q x/?'ﬂ’z)—m A



Slit ¥rge] Stokeslet o] o3t 2oL =9 HiLRE)

Fig. 2 Force wall-correction factors fix, fes fov

Srv=—2q*hd[(r\72)?
o} ). Fig. 24 fxx, fxv,frv & EA 8% 0}
EHiF 4t gl A3 99 404 A>10l”

Fx= —47c,uU/[log71§,— +log(2h)+0<#)]

Fy=—tzV/[log—+log(2h)~1+0(x )

o] Rk, o] At H— EETH TAL =l A
g Kim»o] Aslel 9x]ge}, & k7t 2 7 2ddle slit
o] o]l A4 glolA4 wtd FAH | TAY
s} zopalch.
W Fde Agol Wt Astst W waA ANE

FEob slite] due weh 299 9o Y FHuR

Fx=0,

P e — e M)
o] ol BB A5k Adbel Y,

3.4. w&e g % i Eddy
Stit 2uke} Zhg 2 KITHy FA (5 A 7H ¥ 7]

389

o Aol wid wwE] A2 )Y £56 o3, €
Azdel doid & FolHe 552 stokeslet o 2
3 2202 gAN s Fob2, Slit kel stokeslet o
g5 £ 299 £ 54T 24 AdA 2-1
=pet 2 JH £ RFFTBER (0,¢) Fig. DE =9
e}, ARt 24 ¢ 9 EERRL e 21 A4
23
442

_ g(a+b)*
Po, B =—"5" ~ (7

G st (Susing-
=Sz cos-G )+, (s
S1=—c1h(2bd—a—b)+c.[(b*—1)(2ad—a—b) +
(a—b)rr2],
S,=3c1(a*+2d*—2bd —3ad+a+b)+
3¢c:h(2bd—a—b) .
o] Hti
& (18)%& Michael & O’'Neil'Vol] 23 T3] sharp
edge Zubol| A 8] vk HEHES BEs 437
B F =0, k=094l F(YAof] 7l stokeslet 7}
slit $1ell #ol& A-P)E A F4 2=£164 #
%4 ezl delvia o= HEEAL 2tan~'(Sy/Spe]
2 44 & + A 4
o B% yue JREDAA BBET cx
&+ ksnd

1 4k c1—2ze%) Y
Pl Jxi—1 Re[ m(x—2zy)? ]
4¢,9(bx—a)

Vi —=1[(x—d)*+h*] i

_ G EQEL“;(;_*_Z?]Z ] for x>1
o] Heo] 7., 9 MH/F vl B4 B HEET
A7l H3 d=0°l3 htanf>19l A€ A=
hangolA Wzt delde € + AP HFY %
2o} ¥tk eddy o] EAH RAR F5EHE TAA
Abgt A & Fig. 3o Reald. '

Slit 2u}¢] stokeslet of] 2] & -5 5-A-2 sharp cor-

ner v} cusped corner of 4] &} 72 E[E3] ¥-2 eddy ¢
Fe EA 3R %1 eddy & AF7L Hakshete o]k

“o]8] gk &% Liron & Blake'oj] 9] 25l stok-

eslet 7} v Fabel 2ud gle 7-%ok HlEeh
28] F3tsul 2wl stokeslet 7} 91 # eddy &
A=st 0 == 24 KA, slit 2] stokeslet 7}
2 o] AEER eddy & AE 0,12tk F f-F0]
LTFHEQ 7 9oll & eddy 7t gom, %0l ETH
Fhol obl 7 $oll= @=0 o] stokeslet 7t ¢l& & vt
sl 1{He] eddy 7} g3 Q=0c°]= eddy] A
E 0, 1,25 shist slet

&

=
T
-]



390

(A}

c=—1,d=0 h=0

(D} c=i, d=0, h=2
(C} c=1,4=0,h=2

Fig. 3 Streamline patterns. Arrow denotes the
stokeslet and the dotted lines are separa-

ted streamlines

(E) c=expiwsil, d=0, h=2



Slit 3T#ge} Stokeslet o] 3k 2KTY vl KB 391

References

(1) J. Happel & H. Brenner, “Low Reynolds Nub-
mer Hydrodynamics”, Noordhoof-Sijthoff, 1973.

(2) M-U. Kim, “Two-dimensional slow viscous"flow

due to the motion of a cylinder on the center-
line of a wedge”, J. Phys. Soc. Jpn., Vol. 46,
p, 1929-1934, 1979.

(3) H. Brenner, “The Oscen resistance of a particle
of arbitray shape”, J. Fluid Mech.,, Vol 1},
p. 604-610, 1961.

(4) N. Liron & J.R. Blake, “Existence of viscous
eddies near boundaries”, J. Fluid Mech., Vol
107, p.109-129, 1981.

(5) A.M.]. Davis, M.E. O’Neil & H. Brenner, “Ax-
isymmetric Stokes flows due to a rotlet or sto-
filtration

p. 183-205,

keslet near a hole in a plane wall:
flows”, J. Fluid Mech., Vol. 103,

1981.

(6) H. Hasimoto, “Axisymmetric Stokes flow due
to a stokeslet near a hole in a planewall”, J.
Phys. Soc. Jpn., Vol. 50, p.4068-4070, 1981.

(7 M-U. Kim, “Axisymmetric Stokes flow due to
a point force near a circular disk”, J. Phys.
Soc. Jpn., Vol. 52, p.449-455, 1983.

(8) L. Imai, “Some applications of function theory
to fluid dynamics”, 2nd Int. JSME Symp.Tokyo,
Sept., 1972,

(9) N.I. Muskhelishvili, “Some Basic Problems of
the Mathematical Theory of Elasticity”, P.
Noordhoof, 1963.

(10) 8%, “Slit 48] Stokeslet o] 23t 2 3119
3l H4 %7, 53] 4448, 1983

(11) D.H. Michael & M.E. O’'Neil.,, “Separation of
Stokes flow”, J. Fluid Mech., Vol. 80, p.785-
794, 1977.



