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1. Introduetion

Digital fluidic devices or “fluid amplifiers”
which utilize the “wall-attachment” phenomenon
(called “wall-attachment fluid amplifiers”) are
used to implement logic circuits for a broad
range of application.

Although extensive analytical and experi-
mental work has been done on the basic jet
reattachment phenomena in wall-attachment
devices [1, 2, 3,4,5], no analytical model has
been successful in accurately predicting the
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position of the jet reattachment in the presence
of control flow.

In this study, an analytical steady-state jet
reattachment model is developed for a wall-
attachment fluid amplifier, which can predict
the reattachment position of a two-dimensional,
turbulent jet to an offset, inclined wall in the
presence of control flow. The jet centerline
axial velocity distribution in the semi-confined
jet was measured to investigate the effect of
the top and bottom plates on the effective jet
spread in the test amplifier. Published experi-
mental data on the steady-state jet reattach-
ment distance [3] and jet deflection angle [9]
are used to validate the analytical model.
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2. . Analytical Model

2.1, Assumptions

Major assumptions made for the mathema-
tical formulation of the model are as follows:

1) The jet flow is everywhere two-dimen-
sional and incompressible.

2) Momentum interaction between the control
and supply jets takes place in control volume
1 shown in Fig. 1. The deflected jet emerges
from a “hypothetical nozzle” of width b,, the
exit of which is located at line A, A,

3) The velocity profiles at the exits of the
control, supply, and hypothetical nozzles are
uniform.

4) The supply jet velocity profile is descri-
bable by Goertler’s turbulent-jet profile [6]
and is not affected by the presence of the
attachment wall. That is,

5
=gty ] =(sy) o
where [ is the momentum flux per unit depth
(J=pb;U?), s,is the distance from the “hypo-
thetical nozzle” exit to the “virtual origin” of
the jet, and ¢ is the jet spread parameter.

5) The static pressure and wall-shear forces
acting on control volume 2 in the vicinity of
the reattachment point (Fig. 1) are negligible
compared to the momentum flux of the jet.

6) The path of the entrainment streamline
can be represented by the equation

—panff
r==Fk sm(—c—> @)
where £ is a scale factor, 8 is defined in Fig.
67
4, and ¢= 50 [71.

7) The rate of fluid entrainment is the
same on both sides of the jet.

8) The distance measured along the entrain-
ment streamline is approximately equal to the
distance measured along the jet centerline.

That 1is, s.=s; where Se’:‘@ and SJ‘EZO\F’
(see Fig. 1).

9) The angle included between the extended
jet centerline and the wall is approximately
the same as the one included between the
extended entrainment streamline and the wall
(r in Fig. 1).

10) The supply and control jets retain their
identity (i.e., there is no mixing of the jets)
within control volume 1.

3 Control Volume | Reattachment Streamilne

2 / / Entralnment Streamilne

Jet Centerilne

Control Volume 2

Attachment
Reattchment 5 Wal
Polnt

Fig. 1 Steady-state jet reattachmenut with control

flow.

All variables in capital letters are dimensi-
onless. Variables with the dimension of length
are normalized with respect to supply nozzle
width b.. Variables with the dimension of area
are normalized with respect to &, since these
variables are defined per unit depth in the
present model. Flow rates are normalized with
respect to the supply flow rate per unit depth
gs, and pressures are normalized with respect
to supply jet dynamic pressure %pUsz where

U.=q./b..

2. 2. Continuity Equation
The separation bubble is defined as the
cavity enclosed between the entrainment stre-
amline ZTE, attachment wall and lines IG,
GH, and HA, (Fig. 1). The flow balance in
the separation bubble in the steady state is
Q:=Q—Q, €))
where @.; is the normalized flow rate entrai-
ned by the concave side of the jet, and @, is
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the normalized return flow rate.
Using Eq. (1), @.; and @, can be written as

AU S

=1(y/1+ >-1) )
1
Qr_z . smse
T) 5)
where T’Etanh<_8%>‘ (5a)
Combining Egs. (3), () and (5) gives

=—;~(T,1/1+—§:——1). )

2.3. Momentum Equation at Reattachment

Momentum equation for control volume 2 in
the vicinity of the reattachment point (Fig. 1)
can be written as [7]

Jeosr=Ja—Ju
= ! pS:uz dy—p) wdy @
Substituting Eq. (1) into the above gives
_37r_1p,
cosy=- T. 5 T.3. ®

$=3Sa -

Solving for T, gives
T+r T
T.= 2cos< 3 ), O<7’<2. @

2. 4. Jet Deflection
The momentum equation in the logitudinal
direction for control volume 1 (Fig. 1) is

(J+J) cos == =0 (10)

where J. is momentum flux of the control jet.
The momentum equation in the traverse
direction is

pe—pbe=(J+ [ sinp—p G~ (D)

where p. is the control nozzle exit pressure

and p, is the unattached side pressure. Egs.
(10) and (11), when combined and normalized,
yield

p=tan~| - (P.— P

%‘f ] 12)

The normalized control nozzle exit pressure
P. can be obtained by writing an energy
equation between sections Z; and Z, in Fig.2.
Losses due to an abrupt change in the direc-
tion of the control flow are accounted for
through use of a minor loss coefficient K,
ie.,

Po=Pu+Qi(—r+521) (13)

where P, is the normalized pressure in sec-
tion Z,, and A. is the normalized area of the
control flow passage in the section (see Fig.
3). If A.>B., the term A. in the above
equation must be replaced by B.,
control jet retains its width B. within control
volume 1.

since the

A. can be obtained geometrically

=~ from Fig. 3, ie.,

Ac=ch sin ﬂ-i—(Dy%— ;,
1

+B.tan a1>cos ﬂ— 4)

Based on pressure d:strlbutlon measurements
along the attachment wall [5], it is assumed
that P.,=(P;+P,)/2 where P, is the norma-
lized average pressure in the separation bubble.
P, can be obtained from Euler's equation
written in the direction () normal to the jet
centerline to calculate the pressure difference
4p across the jet (4,8,9]. Referring to Fig.2,

Pi=P,— (15)

The average pressure p, in region 2 (Fig. 2)
can be obtained from steady-state flow rate

balance in the region, i.e.,

2g=(qs+go2—Go2) —ge2=0 16)
where
qbzbb‘/ ‘—sz s qyz'—:bpz __21)_2__
2 o

. e _w‘]z‘/ —ipz ; qezz_—S:udth_

Here, it is assumed that the discharge coeffi-
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«cients for the above equations are equal to
‘unity and the output 2 is open to the ambient.

Eq. (16), when rearranged and normalized,
yields
_ Qe2 2
Pr= [ B+ B+ Wy, ] an

where Q.= dez =~2-(}/1+"‘§—~—‘1)

gs
qu

} ,'

i [

Qutput |

Fig. 2 Overall steady-state flow model for a wall-

attachment fluid amplifier.
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Fig. 3 Control flow passage width.

2.5. Geometric Relations
Referring to Fig. 4, the following geometric
relations can be written in normalized form:

R.;Ksin(—%—) (18)
ar+y=~L{+0.—8 (19)
E,=D,+X,sin a,—%——;—(l—cos 8 (202
or E;=R.sin (0.—B—a;) sec a; (20b)

Xl=—;:(Bc+sin B) sec a; en

X,=R, cos (6.—8) sec a, (22

X=X +X. 23
Also, from Fig. 4,

ds=[(rd0)*+(dr)?]® (24)

Eqgs. (2) and (24), when combined and inte-
grated, yield

S=K{"T1-a-esin( D) 'a(2) 25
The above equation is an elliptic integral of the
second kind which is well tabulated. For com-

putional purposes, S. may be approximated

as [4]
~ d.
S.=K|o. 62< )+0 3881ﬂ< : )] (252)
From Fig. 4 and Eq. (2)
_eoaf ¥dl P
{.=tan 1<_d_r—)e=e- =tan <c tan—=- ) (26)
Referring to Figs. 1 and 4,
X.=X.—(Y.—Y)cscy 2n
where Y. can be obtained from 5:14 dyl i
1 :
——Z—Qb,, ie.,
S.+S,
Y.= ( )tanh / ST b (28)

Substituitng Ye and Y, from Eq. (Sa) into
Eq. (27) gives

X,:Xe——sir—si[tanh-‘ T.
(2

—tanh-‘/ —gg"—&)—]csc 7. 29)

Referring to Figs. 4 and 5, the normalized

radius R.s of the circular arc which is tangent

to the entrainment streamline at point A, can
be expressed as

— Ves __L ds _ﬁ_
RN— b: - bx [ d(6+c> }9=0_ 2c . (30)

The average radius of curvature of the jet

centerline is assumed to be the radius 7. of
the circular arc which is tangent to the jet
centerline at the hypothetical nozzle exit and
which passes at a distance y, from point P
(Fig. 5). That ix,
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_ 1
RC_R8$+7[1
1 1
——Yb 2R23+'—_‘_Yp
Gorfrsd )
R.(cos 2 0,,—1)—7—)— Y,
where
_{ Ss+Se /) S
Y"_< o )tanh‘ S,+S,
From Fig. 5, the following relations can

also be written in normalized form:

——é—Bc— (R”-}—%) sin 8

D:
plztan"[ i ] (32)
(RN-I— 7) cos 8+ D,
D.—iB.—R.sing
—fam- 2 '
7e=tan 1[ R.cos B+ D ] (33
bo=3(B+) (30
SPZZR“H? (35>
Si=R.(8+72) (36)

2. 6. Numerical Computatron Procedure

Given the geometry and control flow rate
Q., any steady-state value of a variable can
be obtained by numerically solving the basic
equations and the geometric relations derived
above. The following are the list of the basic
equations and the geometric relations to be
solved: Egs. (6), (9), (12) through (15), (17)
through (23), (25a), (26), (29) through (36).

Entrainment
Streamline

Fig. 4 Geometry for the steady-state jet reatta-
chment model.

C ircular Arc
/ Tongent 1o

Jet Centerline
at Point Ag

Circular Arc Tangent to
Entrainment Streamline
at Point A;

Entrainment Sireamiine

Fig. 5 Geometry of jet centerline curvature.
3. Experimental Apparatus and Procedure

Fig. 6 is a plan view of a large-scale test
amplifier. The major components of the test
model were a base plate, a cover plate, and
movable internal blocks. The supply nozzle
width (&) was fixed at 2.54mm, which
resulted in an aspect ratio (AR) of 3.1. All
measurements were conducted with a supply
total pressure of 25.4cm H,O and 50. 8cm H,0.
The Reynolds numbers are approximately 9.8
%103 and 1.4x10%, respectively. Jet centerline
axial velocities in the semi-confined jet (no side
walls and splitter) were “computed” from the
total pressure measurements along the jet axis,

assuming the static pressure was constant

6477 —-I——- €4:77 ——

L—— 15344

Fig. 6 Plan view of large-scale test amplifier.
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throughout the jet field. The total pressure
was measured midway between the top and
bottom plates with a standard total pressure
probe (1.656mm O.D.) mounted on a traverse

mechanism and a Meriam manometer.

4. Results and Discussion

4.1. Jet Spread Parameter

Goetrtler’s jet velocity profile [6] given by
Eq. (1) has an experimentally derived para-
meter ¢ which is called a jet spread parame-
ter. A value of ¢=7.67 was found for a two-
dimensional, turbulent free jet [11]. However,
that value of ¢ does not hold for the semi-
confined jet because the top and bottom plates
reduce the jet entrainment.

Fig. 7 shows jet centerline axial wvelocity
The
measured velocities are normalized with respect

distributions in the semi-confined jet.

to continuity averaged velocity U, at the sup-
ply nozzle exit plane. The uncertainty in these
measurements is of the order of one percent
of full scale (%zl, 0). Due to the boundary
layer development u./Us is
greater than one in the “zone of flow establi-
shment”. Goertler’s theory [6] with ¢=10.5
yields best match with the experimental data

in the nozzle,

for s/b.>>25. Since the constant-velocity “po-
tential core” region is not considered in Goert-
ler’s theory, the agreement between his theory
and the experimental data is generally poor in
For the
range of 4<s/b,<15, 6=20 yields better agree-
ment with the experimental data than ¢=10. 5.

the “zone of flow extablishment”.

Although it is possible to use Albertson’s
two-dimensional theory [6] (dashed line in
Fig. 7) in the model,
will be unnecessarily complex and difficult to
Two previous studies [7,12] provide
justification for using Geortler’s profile in the

the resulting equations

solve.,

<o
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present study.

Zone of Zore of
Flow Estoblishment | Estoblished Flow
T 4

Theory:
—— Goertler [6)

T T < Abertscn, et al. (8] €= 0-0806 (¢ =

A
e

Experiment:
Reg =14 x 10%
8 Reg =98 x103
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Fig. 7 Jet centerline axial velocity distributions
in the semi-confined jet (AR=3.1).

4. 2. Comparison of Analytical Predictions

with Experimental Data

Fig. 8 shows the variations of steady-state
reattachment distance with control flow rate
for offset D;=0.5 and wall angle «a,==15°.
Since Goertler’s theory with a single value of
o does not correctly predict the mersured cen-
terline velocity for the entire range of s,
steady-state jet reattachment distances were
calculated using two values of ¢ (i.e., 0=10.5
and ¢=20). With ¢=10.5, analytically pre-
dicted reattachment distances are in good
agreement with experimental data due to Ki-
mura and Mitsuoka [3],

Analytical predictions of two other investi-
gators [4,8] are also compared with the
experimental data in Fig. 8. Goto and Drze-
wiecki [8] used a value of ¢=10 in their
model and Epstein [4] used a value of o=
31.5. Since the value of ¢=31.5 is unusually
large, steady-state jet reattachment distances
were also calculated by the author using
Epstein’s model with ¢=10.5. Predictions us-
ing the present model (¢=10.5) correlate sign-
ificantly better with the experimental data
than do those of other investigators.

Fig. 9 shows the variation of jet deflection
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Theory:

~—— Present Study

-~ +—Gofo 8 Drzewiecki (o~ =10) [8]

| =-—Epstein (@ z31-5) (47
~==-Enstein (0 x10-5) [4]

Experiment:
© Kimura 8 Mitsuoka 3]
=08

16 , s Dy 0
o talz® 157 R
Be= 1.0 ¢ =20

ta r AR=3.3 ,//

s . L
) 01 02 03

Control Flow Rate, Q.

Fig. 8 Variation of steady-state reattachment dis-

tance with control flow rate for D,=0.5
and a;=15°.
angle with control flow rate for offset D=
0.482 and wall Analytical
predictions using the present model correlate

angle a,;=15°.

significantly better with Lush’s experimental
data [9] than do those of other investigators
[2, 3, 8]. The value of minor loss coefficient
K, used in the present model was chosen to
be unity by matching a predicted jet deflection
angle with a particular measured value (8=
0.08 rad.) due to Lush [9] for ©@.=0.25, D,

0-4
Thaary:

=———= Pragsen! Study (o~ =10-3)

=~~ Goto 8 Drzewiecki (v to-clie]
— = Momentum rotio (2,

03

[ Experlment:
o Lush (91

D;= Dy = 0-482
032 F LR
Be= 10
AR=1-0

Jot Deflection Angle, B (rad)

02

[+] OI-I OI-Z 0‘-3 0‘-4
Control Flow Rate, Q.

Fig. 9 Variation of jet deflection angle with con-

trol flow rate for D;=0,. 482 and a;=15°.

=(, 482, and a;=15°, However, as shown im
Figs. 9 and 10, the present model predictions.
agree well with the experimental data [9] for
the entire range of the control flow rate used

and for the wall offset D, of 0.107 to 0.732.

03 T T T =T T T

)
Theory: (& =10 08
— Present Stuay (D= Dy} Dy = 0-4¢;
oo
| Experiment: (D;= D,}

- D, = 0-232
; Lush (93 '
H v D = oot © 2 s
-~ © D =023 (355%)

o2 ! R
< A D =o0482 a0, 4/ S
< a Dy =0732 0, = 0107 &/
2
<« .
< 0, = 0.732
2
B
=
Z ol k
k3
=

o 1 ¥
[ ] oz 03 04

Contro! Flow Rate, Q.

Fig. 10 Variation of jet deflection angle with
control flow rate for D; of 0.107 to
0.732, a:=15°, and B.=1.0.

5. Conclusions

A steady-state jet reattachment model was
developed for a wall-attachment fluid amplifier,
which is capable of accurately predicting the
reattachment position of a two-dimentional,
turbulent jet to an offset, inclined wall in the
presence of control flow.

It was found that the value of jet spread
parameter ¢ for the semi-confined jet in the
test amplifier is larger than a value of 6=7. 67
for a two-dimensional, turbulent free jet. With
o=10.5, analytically predicted jet reattachment
distances and jet deflection angles are in good
agreement with published experimental data
[3,91.

This steady-state model can be used to deter-
offset,
angle and length, etc.) of a wall-attachment

mine the inside geomentry (e.g., wall
{luid amplifier and also used for one to under-
stand the basic switching mechanism in a
wall-attachment device.
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