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A NOTE ON S-CLOSED SPACES

Moo Ha Woo, TAIKYUN KWON, AND JUNGSOOK SAKONG

In this paper, we show a necessary and sufficient condition for QHC spaces to be
S-closed.

T. Thomson introduced S-closed spaces in [2]. A topological space X is said to be
S-closed if every semi-open cover of X admits a finite subfamily such that the closures
of whose members cover the space, where a set A is semi-open if and only if there
exists an open set U such that UCACCI U. A topological space X is quasi-H-closed
(denote QHC) if every open cover has a finjte subfamily whose closures cover the spa-
ce. If a topological space X is Hausdorff and QHC, then X is H-closed.

It is obvious that every S-closed space is QHC but the converse is not true [2]. In
[1], Cameron proved that an extremally disconnected QHC space is S-closed. But S-
closed spaces are not necessarily extremally disconnected. Therefore we want to find a
necessary and sufficient condition for QHC spaces to be S—closed.

A topological space X is said to be semi-locally S—closed if each point of X has a
S-closed open neighborhood. Of course, a locally S-closed space is semi-locally S-
closed.

THEOREM. A topological space X is S-closed if and only if it is QHC and semi-loc-
ally S-closed.

Proof. Since X is semi-locally S-closed, there is an open S-closed neighborhood U,
of x for each z&X. Then {U,:2€X} is an open cover of X. Since X is QHC,

there is a finite subfamily {U,,:i=1,2,---n} such that X=U CI U,c,:Cl(_tJ1 Uy X
i=1 =

is S-closed by the following lemmas.

LeMMA 1. If U is an open set in X which is S-closed in its relative topology, then
Cl U is also S—closed.

Proof. Let {G,} be a semi-open (in CI U) cover of C/ U. We will show that
{UNG,} is also a semi-open cover of U. It is sufficient to show that for each a, we
have

Inty (UNG,) cUNG.CCly (Inty (UNG,)) )
Since G, is a semi-open set in CI U, we have

Inte; yGoaC G CCley y(Inte yGy) @

To prove the last implication of (1), we take any element x € U such that x &
Cly(Inty (UNGy)). Then there exists a neighborhocd N of £ in U which is disjoint
with Inty (UNG,). Since U is an op=a sat in X,
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Intg (UNG ) = Intey o (UNG) 3
and
Inter o (UNG,  UnIntg oG, H
Thus we obtain
=N Intg (UG, -~ NoIntey g(UNG)
N (UnIntey oGO =N Nntey 06,

Since N is a neighborhood of 2 in U it is also neighborhood of z in CI U. Thus we
have & Cley y(Inte; pG). By (2). we obtain 2#G,NU. Thus {UNG,) is a semi-
open cover of U, Since U7 is S-closed, there is a finite subfamily {G,, N U..., G,,N U}

of G, U} such that U UCly (G, nUY. Therefore, we have a finite subfamily
]

1Ga i 21,2 a) such that

Cl U =Cley U =Cly y(UCIy (G U
= uCles (Cly Gy, Uy
EEE
- ;J (jl([ o ((;m D

»
(G Cl(;[ oGy
i1

LeMMA 2. If a topological space X is the union of finite number of open S-closed
subspaces, then X is S-closed.

Proof. Let U, V be open S-closed subspaces of X and X=UU V. Let {GJ be a
semi-open cover of X. Then {UNG,} and {VNG.) are also semi-open covers of U

and V respectively. It is sufficient to show that
Inty; (UG UM G Cly (Inty (UNGL))

It vcU and 22 Cly nty (U7 G)) . then there exists a neighborhood N of x in U such
that N7 Intp (UM G,) =6, Sinee Intp (UG = UNInt G, we obtain

O =N Intg iU MGy = NP iU Int Gy =N Int G

Thus ae2Cl{Int G Since Tot GG, CiInt G,), a does not belong to G,.  There-
fore we have x#2G, U, Since U,V oare S closed,

U= OCIy UGy UCHUNG,) 0 )
cLCl G,

and
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V=UCH(UNGy,) = U (CLUNG) 11V)
Jj=1 i

cUCl G,
i1

Therefore X is S~closed.
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