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APPROXIMATION THEOREMS IN THE THEORY
OF PSEUDODIFFERENTIAL OPERATORS

Q-HeunG CHol

In this paper we shall continue the study of the approximation theorems in the
double pseudodifferential operators as in the single pseudodifferential operators.

1. Preliminaries

The class S, 5" denote the Hormander's class and the single pseudodifferential
operators we consider are of the form

Au(@) =g [fata & wuty e <aya.

The amplitude a(z, £, y) is assumed to belog to one of the following classes.

DerFINITION Let 0<p, 6;,0,. We say
a(x, &, ) ES, 5.5 (Q@XQXR") if, on compact subsets of Q3<Q, we have
iDyTDx‘sDe“a(x, g |<Ca+ |£]m—pxa|+5,\ﬁn+52w7;_

2. Multiple symbols

We now study operators of the form &(D, z;, D) and their associated multiple
symbols,

DerINITION 2.1. We say b(&;, 21, &) €Smrm, if for K compact we have
D, Dy Deseb (B, 21, 1) | <o gy (L4 | £l ymme 71902181 (1op | & ymims a1 0, 151
for z;€K and §ER™
For convenience we shall assume that 5(&;, 21, £) =0 for large x;. Let

b(&s,m, &) =Se7i% " (&, 11, &) day.

DefINITION 2.2. The double pseudodifferential operator B=5(D, x,, D) is defined by
the formula

@1 Bu@=-aaya [0 m tein i i) dtidnds,
for ue<l. Equivalent to (2.1) is the formula

(Bu)" (&2) :*(‘2*7%;.“[ b(&s, x1, & e Cmidy (£ dédx.

= @}{‘)TJZ (&, o, ) () dy.

Consequently, we can write
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2.2 b(D, xy, Dyu(x) :"@%j;fa (z, &)= 50 5 dé,
where
(2.3) @@ )= _@%ﬁ'"ffb (€py ap, S et i d e ds,

= ‘E}?)_,,‘fé (Gt m, S e dy
LEMMA 2.1. Let p(S)<Sps, — co<(m<ro, and b(Ey, xy, E) =plE) /1 p(E). Then b
(D, 2y, D) : IS is an identity.
Proof. By the Fourier inversion formula,
1 fpe (% & = P o S E N A S
w(igf)ﬁ"_“‘eu CRp a0 dE da=p (6 4(8).
Therefore we get

b(D,x, Dyulx) = ——=c - ety (&) di=ulx).
T

3. Approximation Theorems for the double pseudodifferential operators

LEMMA 3.1. Let p;&S74(Q), m; | —co, j>0. Let pcC (DX R" and assume there
are Cupp, p=pla, ) such that
I DDep (2, &) <Chg(1+ &)
If there exist py-»co such that
]
P2 8) =8 pile, =G+ (50w,
then peS5(Q) and p~2 p,.

The proof may be found in Taylor [3]. Using this lemma. we analyse the amplitude
alz, &) in (2.3).

THEOREM 3.2. If b(%y 2y, &) €8p4r, has compact support in x-components, then
ac St with m=m+my, 6=0,+8s, provided 0<.0<p<1. Furthermore, we have the
asymptotic expansion

(3.1) ale, O~ L D (5 2 2 s
leiz0 .

Proof. By Taylor's formula we have

bt g 80 =5 Lo B 1 O st Run $)
where
MURIE " ;\{1),_“;(1 — NGNS e,y Srde,
hence

[Ry(n, )] <Cy sup D70 -ty 7, )it
N0 0

Taking inverse Fourier transforms w.r.f. » vields
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3.2) a(2,8)= B D5 G0, 2,8) et + R (2, )
where Ry(z, &) :—(—2—%7,7

belongs to S, 7 *~»'¢!. To complete the proof, we apply Lemma 3.1. So it is only
necessary to verify the following estimates:

(3.3) |By(z, &) < Cy(1+|&])m=te-dN,
(3.9 | D.AD¢a(x, &) | < Cap(1+ 1) HD,

To prove (3.3), note that, if 4&S, 5,5™ ™, then
(3.5)  |Deb(&0 1, &) | <C, (1 &) )meme 7150 (14 | & ymatde (1+ | p]) ™

Therefore i
|Ry(0, )1 <Cy _sup _|De6(&+tm, 7, &) {n1Y
<Cyysup (1+ [§+ep D)oo (L 1S s (14 [
If v is large, we obtain a bound

|Ry(r, &)1 SCA+1ED™ PN+ DM for 171<118),

feiz 1pn(y, ) dy. The general term in the sum in (3.2) clearly

and
[Ry(p, 8) | <Cp(1+[9])7™ for lf|§2|77|SCM(IJr%iEl)’M/Z(l‘F|77|)_M/2-

From these estimates, (3.3) follows.
To prove (3.4), write

DADa(2,8)=_ T Cuy | [ (3=2)"(E—E) P60 680 Db (52, 9, §) dyde

artar=

Thus we need a bound
(3.6) |[[sreaeiom oD ey, 5, ) dydsy) <C1+ 1)
The left side is equal to (with b,=y13)
jszreﬁﬂe—fvbazhél (2 6—& &) |2imedds

:J‘(E’*'ﬂ) 7e~i1'ﬂD€lazl;1 (E+77’ s 51) lEFfdn'
The integrand in this last expression is bounded in absoluste value by
Crl&4n] 17! (A4 [y )metde (14 [E])mete 0w (1+ |9 |) ™
by (3.5). From this, (3.6) easily follows, and we obtain (3.4).
Recall that if a(z,&) €Sy, the single pseudodifferential operator A=a(z, D) is
given by

Au(z) = e*ta(z, &)a(§)ds.

_1
(2z)*

THEOREM 3.3. Let a(z, &) eS8 and b(&y, x1, &) €S, Suppose b(&s, 11, &) has
compact support in xi-components and (0<0<p<1 with 6=01+06s Then c(z,D)=
a(x,D)b(D, 1, D) ES5s (m=m+ma+ms) has the asymptotic expansion

3.7 c(x, &) ~§] ¢ (x,8)

where



78 Q~Heung Choi
1 ar
ez, &)= m%“v“&i:@—r 0 *a(x, é)aézﬂD Bb (&g, 1, &) ‘Ez:f
Proof. Using Fubini Theorem, for u&<) (with B=&(D, =y, D))
1 " [
@,;;rje” ralz, &) Bu@) dse
----------------- L [ om0 ate e b e v 60 e dvdtadty

From this, we hav

C(I, El)

clx, D)u(z)=-~

(27z)n [festem s o0t 000 3 ) dyds

(2_[> J" Ta(a, &b &ty 1 EN AT

By Taylor's formula, we have
a(r, &+ m»::‘lzz,\ ~~~~~ Lo a, £ rya) (g, 60,

b(&r+m,m, &) ).: - '—ﬁﬁaez’g‘(’ [$:3 ,kl)lef eyl (77,51)

where
rnvla) (g, &) = 1T"z"f A—6N19N (2, &1 ) dt
IOICADE »M(—N}ﬁl =080 4,5, 8.
Therefore i
a(z, 514‘77)17(;1’%7], 7 &)
:rg <m§ - T@TU *+80:,%a (., fl)aez%(fz, 78 lep=2) Frnte) (6.

Taking inverse Fourier transforms with respect to % yields
ez, &)= Zvcr(x; §) +nle) (2, &)
where Fy(e) (5, &) ==yl [ Smy(@) On 600, Then dlearly e (x, &) €8, 7079

with m=my+ma+ms. To prove |ry|<Ci1+1&D™ @ N and c(x, &) €S7; it is only
necessary to verify the following estimates:

(3 8) lJ"x vﬂﬁaﬁ ‘Sb( =2 nkl)lm*’x N( kﬁa \1)d7/ < C\'L{l Il)m fo- J)N
.9 e mrarate, ) rah) (g E0dn| < e (1t &) 6N,

(3. 10 |f i opetf. calr, &) 0, (20,9, &) Legmed7] <0 cp (1 (&) mie- DN
for Nla-+ 5|<2N,
(3.11) DADEe (2, 8} | 2 cqp(1y [E RO D
The proofs of (3.8), (3.9) and (3.11) are similar to the proof of Theorem 2.2. To
prove (3.10), we obtain
! ezl ,Tm a} ”‘a(x SI)U f b E 7, 51)]”—51<17’ii

ol A moetet i (1 g ) oy
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With sufficiently large v, we obtain (3.10). This completes the proof of Theorem.
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