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1. Preliminaries

Let R be a commutative ring with 1, and A a unitary commutative R-algebra. By
a derivation module of A, we mean a pair (M,d), where M is an A-module and 4 :
A—M an R-derivation, i.e., d is an R-linear mapping such that d(abd)=a(db)+5
(day. A derivation module homomorphism f: (M,d)—(N,5) is an A-homomorphism
J i M—N such that fod=4. A derivation module of A4, (U,d), is called a universal
derivation module of A if for any derivation module of A, (M, d), there exists a unique
derivation module homomorphism f: (U,d)—(M,8). In fact, a universal derivation
module of A exists in the category of derivation modules of A, and is unique up to
unique derivation module isomorphisms [2, p. 101]. When (U,d) is a universal
derivation module of R-algebra A, the A-module U is denoted by U(A/R). For our
convenience, U(A/R) will also be called a universal derivation module of A, and 4
the R-derivation corresponding to U(A/R). A list of basic properties are:

PROPOSITION 1. Let R[X] be a polynomial ring over R with X as a set of indeter-
minates. If U is a free R[X]-module with a set {u,:z€X}, where u,=u, if and
only if =y for z,y=X, as basis and d: R[X]—U be an R-derivation defined by
df=2,(@f/0x)u,, FER[X], then (U,d) is a universal derivation module of R[X].
(see [1,p.8, Satz 2])

PROPOSITION 2. Let A and B be commutative R-algebras, and §: A—B an onto
algebra homomorphism. If (U,d) and (V,0) are wuniversal derivation modules of A
and B respectively,

(V,0)=(U/((ker HU+A dker §)), 9),
where the R-derivation 0 : B—U/((ker §)U+ A d(ker §)) is defined by 0(b)=v(d(a))
for some ac§1(8). Here,

v: U-U/((ker HU+A dker §)) is the natural homomorphism.

Proof. V can be made into an A-module by defining av=-§{(a)v, for acA, v&V.
Then, (V,do%) is a derivation module of A. Since (U,d) is a universal derivation
module of A, there is a unique derivation module homomorphism f : (U,d)— (V, §of).
It is easy to see that ker f=(ker §) U+ Ad(ker §). Let g : v(U)—V be the isomorphism
such that gov=f. However, v(U) can be made into a B-module by defining &v () =v
(au) for some a=§1(4), and g is also a B-isomorphism. This proves the Proposition.
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COROLLARY 1. Let R[z] be a polynomial ring in one indeterminate x, J an ideal of
R[x] generated by {f}eer, fo©R[2]. Then the universal derivation module of R[x}/J
is (R[z]/(J+J"), 8), where J' is the ideal of R[z] generated by the derivatives
(fdVaer, and 0 R[x]/J—R[z]/(J+J") is the R-linear mapping such that 3(x™+J) =
ma™ 4 (J+J7),

PROPOSITION 3. Let Ay, ..., A, be unitary commutative R-algebras, and (U, d;) a
universal derivation module of A; for each i=1, eon. Let A=A Rr...QrA. U=,
(A24; U), and d: A-U is an R-derivation defined by

d(2a...a,,)
= 2a(Z]a1 @y ilinyen 20, Ddja,,)
where a,, € A;, and dq; denotes the omission of L2
Then, (U,d) is a universal derivation module of A.
(see [3, p. 52, Theorem 2]).

2. Derivation module of group rings

In this section, the structure of universal derivation module U(RG/R) of group ring
RG (as R-algebra) is explained. Every group G is multiplicative even if it is abelian.

THEOREM 1. Let G={g> be a cyclic group of order m, generated by g. Suppose that
V=(R/(m))G, the group ring of G over R/(m), where (m) is the ideal of R
generated by meR. Let 6 : RG—V be the R-linear mapping such that o(g")=rg!,
Sor all integer r, where F=r+ (m)ER/(m). Then (V,0) is a universal R-derivation
module of RG.

Proof. Let R[z] be a polynomial ring in one indeterminate z, and J the ideal of
Rlz] generated by 1—z™ Then, R[z]/J—RG by x+4Ji—g is an isomorphism. By
Proposition 1, (R[z],d) is a universal derivation module of R[z], where d : R[z]—
R[x] is an R-linear mapping such that d(f)=f", the derivative of f in R[z]. By
Corollary 1, U(RG/R)=R[z]/(J+J’'), where J' is the ideal of R{z] generated by
mx™ 1. It is not hard to see that R{z]/(J+J)=(R/(m))G, by z+J-+J—g. By
Corollary 1 again, the corresponding derivation 8 : R[z]/J—R[z}/(J+J’) is the R-
linear mapping such that 9(a"+J) =ra"14 J+J". Hence,

R[]/ (J+JT"),0)=(V,d),

and (V,d) is a universal derivation module of RG.

THEOREM 2. Let G={g> be an infinite cyclic group generated by g, and let U=RG,
and d : RG—U be the R-linear mapping such that d(g™)=rg™! for all integer r. Then
(U,d) is a universal derivation module of RG.

Proof. d is obviously an R-derivation, For an arbitrary derivation module (M, §)
of RG, let 2: RG—M be the RG-homomorphism such that 1(1)=d(g). It is obvious
that 2 is the unique homomorphism such that lod=3.

THEOREM 3. Let G be a finitely generated abelian group, and be decomposed into a
direct product of cyclic groups, i.e.,
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G:G1><"'XG,}XG,@HX"'XGHP,
where each G;, i=1, ...,k is a jfinite froup of order m;, and for each i=k+1, ..., k+p,
G; is an infinite cyclic group. Let
U= (@ (R m)Guy) @ (Bt (RGO)w)

where each ((R/(m;))G)u; is an one dimensional free (R/(m;))G-module with {i} as
basis, for i=1,...,k, and (RG)w; is a free RG-module with {u;} as basis for i=k+1,

e kP Suppose that each G; is generated by g; then any element x=RG can be
expressed as

T= )T 0) 81 Gl p 2
Let d : RG—U be the R-linear mapping such that

d(z) =21 (0x/0g) u,
where 0x/0g; is the partial derivative of x with respect to g;. Then (U,d) is a universal
derivation module of RG. (To aveid any confusion later, we remark that in this

theorem U=U(RG/R), not U(RG/Z).)

Proof. It is well known that
RGERG1®RR(;2®R...®RRG;‘+P.
Hence, by Proposition 3,
U=ZE (RGRpe; U(RG:/R)).
By Theorem 1 and Theorem 2,
Jpy e [(R) m))Guy, for i=1, ...,k
URGR) = (g8 () i=k+1,..., k).
Also, it is easy to see that
_ ((R/(m))G)u;, for i=1,..,k
RG&rg; U(RG{/R) = {( /)u,, for i=k+1,. k+j)
By using Theorem 1, Theorem 2, and Proposition 3, it is not hard to check that 4 is

the corresponding R-derivation.
It follows that (U, d) is a universal derivation module of RG.

3. Algebraic integers of cyclotomic fields

Let Q(3/1) be the cyclotomic field of order n over the field, @, of rational
numbers. In this section, R will always denote the ring of algebraic integers of Q
(%1), namely, R=alg. int. {Q(#'1)}. In Section 2, we were interested in
U(RG/R), but in this section, we will study about the universal derivation modules
U(R/Z) and U(RG/Z), where Z is the ring of integers., Hence, all derivations are
Z-derivations, and R and RG are considered as Z-algebras.

Let 7,(x) be the cyclotomic polynomial of order #, and ¢ a primitive nth root of
1. It is well known [4, p.140] that R=Z[#]. Moreover, since =,(z) is a monic
polynomial in Z[z], R=Z[z}/(z,(x)), where (z,(x)) is the ideal of Z[z] generated
by 7,(z). By Corollary 1,

UR/Z)=Z[x]/(z,(2)) + (7, (2)),
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where 7,"(x) is the derivative of m,(z). It is obvious that
UR/Z)=Z[0]/(zy (8))=R/(z, (),
where (7, (6)) is the ideal of R (or Z[6])generated by =, (8).

THEOREM 4. Let R=alg. int. {Q/T1)}, where n=p=...p4%. Then, there exist
ideals I, ..., It of R such that (p;)CLC(p;*Y), where inclusions are proper, and
UR/Z)=R/[|®...BR/1I,.

The proof of Theorem 4 is formulated as a consequence of the following Lemmas 1
and 2.

LEMMA 1. Let n=p%, t>1,p\t, and let 0 be a primitive nth root of 1. If r=6*"%,
T is a primitive (pt)th root of 1, and p=mn,(t)r, for some non—unit r<R.

Proof. In case n=p%g?, t=¢f and 6*°7'¢# is a primitive pth root of 1. It is well
known [4, p.139] that
p=(0"* 9P _1)#-1 4 where u is a unit in R.
Since t=¢f, 7, (2) = (2 —1)/(2F1—1). Substituting 6" for z and clearing the
denominator,
((9Pa—1qﬁ—1_1) 7 (6;,51—1) :0Pa—1qﬁ —-1.
Hence,
=01 — )2 (0" 1) 1, (6 M
Since #°7**"'—1 is a non-unit in R,
p=m,(t)r, for some non-unit r in R.
To prove the Lemma, we use the induction on the number of distinct prime factors
of t. Let

t=gfqfr...qfr, and s=gqP... g
Then n=p"ghqfs...q;*. Since m(x)zzf(x"~1)"(”d’,
it
where y is a Mébius g-function [4, p. 136],
wy(x F N m, (2) =7, (20F).
Substituting 27! for z, and using the fact that 7 is a primitive (ps)th root of
1, by the induction hypothesis,
p:ns(ﬁﬁ"—l‘l’s)rl, where r; is a non-unit in R.
Thus,
p=r (0" D r=m,(0)r,
for some non-unit r in R.
LEMMA 2. If n=p*1...p0p%,
(i) C(m4 (0)) C (o L),
where @, is the derivative of x,, and the inclusions are proper.
Proof. In case n=p% (zr*1—1)7,(z) =x+*—1. By differentiating both sides of the
equation and substituting 8 for z,
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(047 -1) 7,/ (0) =potis.
Since 6#°-1(=6"1) is a unit in R, =, () O (p%).
On the other hand, since p=(#*"'—1)#-! (unit in R),
o (6) =p=~1(6** " ~1)#2(unit in R).
Hence,
(%) Cry (B) C (p=71).
We use induction on the number of distinct prime factors of 7.

Suppose that z=pep,1...p;%, and t=p,"...p,%.
As in the proof of Lemma 1,

7 (2 VY1, () =7, (29%).

Taking the derivatives of both sides of the equation, and substituting & for z,
7 (0" Dz, (0) =p0* -1z (67°).

By the induction hypothesis,

(o™ < (z, (6#9)),
and hence,

(74’ () D (pepr™i... %)
By Lemma 1, p=x,(6**)r, for some non-unit in R. Hence,

Ty (0) =pe-1r6?" 17, (047,
By the induction hypothesis again, (z, (67%)) C (py%~L..p271),
Thus,

(73 (0)) C (P 'L D).
This proves Lemma 2.
Proof of Theorem 4. It is explained in the beginning of this section that U(R/Z)
=R/(z, (8)). By Lemma 2,
(B17..5%) C (zy (0)) C (2L ).
R is a Dedekind domain, and hence, let
(ma' () =TI b,
be the factorization into prime ideals. Let
Iiﬁ;[&_{%”&
then (p)CLc (pY), for i=1,..., %, and
(g (0))=1...1,.

{1, ..., It} is a set of pairwise relatively prime integral ideals of R, and hence by the
Chinese Remainder Theorem

UR/Z)=R/5...Li=R/I\®..®R/I,.

THECREM 5. If R=alg. int. {Q(*vT)}, U(R/Z) is a finite abelian (additive)
group.



36 LY. Chung

Proof.: By Theorem 4, U(R/Z)=R/I,®...DR/I,.

R is known to be a free Z-module of dimension N, where N=¢(n) which is the
number of positive integers less than or equal to # that are relatively prime to
n. Let {4;,...,An} be a Z-basis of R. Then R/(p%) is isomorphic to a direct sum of
N copies of Z/Zp; (Notice that we have been using (p;%) as the ideal of R generated
by #:%, hence the ideal of Z generated by p;% is denoted by Zp%.) ;D (p#) implies
that the order of the additive group R/I; is less than or equal to that of R/(p),
which is finite. Hence, each R/I; is a finite abelian group and U(R/Z) is a finite
abelian group.
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