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SOME INTEGRAL TRANSFORMATIONS INVOLVING 

THE H -FUNCTION OF SEVERAL V ARIABLES 

By G. S. Olkha and V. B. L. Chaurasia 

1. Introduction 

Fol1owing the notations explained fairly fully by Srivastava and Panda [15; 

and [16]. the H -funct ion of several complex 、 ariables 2 1' Zr is def ined as 

below by means of t he mult iple contour integral 
H o, X ( i , i), ; ( u{·1. ‘“" ) r (( a) , 0’ · “ , 0"'1: ((0' ) ' 이 ; .. ,; ((0끼 ) ， .'시 J ; 4.1 

A , C: (B' , D’1; ‘ {BI". D’이 L ((,), ,'. "', , "' , ((d')' ö’ 1; "'; ICd l'J: Õ‘' J] ; .z, J 

=--上-J -- IRl(Sl) --- Rr(Sr)T(sp ·“, s，)강 --- z:’dS1 .. , ds" w= .,j - 1 
(2π/Q)’ i t 

(1. 1) 

where 

Ri(S) 

“~(iL 1 ~“’ (i) , þ) 
j딘l r [dj - j silj뜨「 [1 - bl +￠， Si 

nm 。“’ t= l. r 
j 지 f [1 -d?)+δ?)sJ E lr[b?) -썩i)sJ -
=ψ" + 1 j=ψfI + 

(1. 2) 

6 r u a.+ ε응하i\，] 
T (s" s.) =-----. j=lr J ;=1 J • , .. , ( 1. 3) 

‘ ” 응 ’ “) 윤 ’ (i) rr r[a; εéI~" s ;l rr r[1-c,+L:' e~"s;l 
j=À + l i = 1 I • j =l i = l J 

(i) ': _ 1 IJ . ,/,.(i) an empty product is interpreted as 1, the coefficients éI; ’ j = l , A ; ø; ’ 

j=l , , B(i) ; e?), j= l , , c, 야i) j = l . n<끼 and ;=1, ...• r , are pos. 

j ti vc n um bers. and λ， κω， v ( i), A. B ( i), C, D ( i ) are integers such that 0르2 

듣A， O든μ(i)르n<i)， C르0， and 0르ν(i)든B( i) . i = l , r. T he contour Li in the 

complex s(plane is of t he Mel1 in-Barnes type which runs from -/U∞ to + 10∞ 
(i) 

with indentations, if nec양sary， in such a manncr that all the poles of r [d; 

켜치1. 1'= 1 • .. .• u.c’) are to the right, and those of r [1-야i)十￠?) sJ , 

j= 1, ...• v(까 a띠 r[1- aj+침이i\，]. j = 1. " ' , iI.. to the left, of Li' the var 

l。이1S parameters being 50 restr icted that the poles are all simple and none of 

them coincide; and with the p~ints Zi=O, i 二1. r. being tacitly excluded, 
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the multiple integral in (1.1) converges absolutely if 

larg(z)1 <융Tj1! . i=1, .. .. ,. (1. 4) 

where 

T，=슬 (l’ ) - ~ (/' ) +윤"，~') - 윈 ",(1) - 윤 e(l)+ 화õ(’ ) 
l=l l l=λ+ 1 - 1 ;= 1 1" ' j=ViII+l '-' ;=1 -1 ;=1 

D‘” ( r) - ε δ~' -'> O. i = 1. …, r. ( 1. 5) 
} ~“‘ ')+ 1 

Wh enever. there is no ambiguity or confusion. we shall use a contracted no' 

tat ion and wri te the f irst member of (1. 1) in the abbreviated form 

Hgj 갑 강1 ; ... ;짜Z;3l단] 
Also 

( 1. 6) 

H O k ( i , i ) . , (uV1 . wj) F ’ l_ rO( IZ11 "" ’‘ Iz.I .... max{1zll . .... 1 ι ! }→0 
A. C, [8 ’, σ1; ... ; [ 8끼 D(')J Lz:J - loC lzlI ß, ... Iz,I.8., λ :=::0. min{l zd ..... ι !}-∞‘ 

( 1. 7) 

wbere. wi tb ; = 1, …• r , 

r"，， =min [Re(d~')/Õ;iJl. j= l , "', μ(’) 

lß,= max [Re(b;iJ- 1)φj(l)} , j=1, •• , 잉) ( 1. 8) 

Again, throughout the present paper, we employ in a bbreviation (a) to denote 
(1) the sequence 01 A parameters a l' .. . . aA ; for each ; = 1, "', r , (b' " abbreviates 

the seq uence of Bω para meters bU), j = l - -- -, B(끼 with simiIar interpretations 
l 

for (c), (i')) . etc. , ; = 1. …• r ; it will be understood, for example. that b(l) 
(2) 

=b' , b' -' =b", and so on. Also. for the sake of brevit)' , we u똥 the folloπmg 

contracted notations: 

(α(씨= 6 (@a )Lμ，ι(α(b(“(1 ))) 
/;'1'-- ' ’”l l= l ’ ” 

where (a). is the Pochhamer symbol defined by 

(a).=판댐ι={a;+l) (a+써 ;: ;:?: 3 ( 1. 10) 

2. Integral transformations 

We now state our main results by the following integral transformations ‘ 

’ e , , a ‘ , 
L U a / , 

、‘ 
F 8 

예
 

-( , 
「

W 
X 

i 
--J 

9 
1 +α. 1+β; y , z. - :<1. (1- .<)1) 
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X H
O
; 선(.'. ú ) ; “ ; ( lk) , r”L: lB’ .D’ ) ; .. ; [8 ‘.), D까 | ι .... J‘· 

연 ( a) .(b).( -1)" T (1 +β+ n) 
=ε “ … F, ( a + tz. b+ n; d , e; y , z) 
같 (1 +a).(l +ß).L" -, 

u O. ).+2: ( .... Ø" ) ; .,.; (. 1." V1rl) ru ω， ι .\.1. (1 +a-“ :h )o ........ J. 
“ A +2; C+2: (B’, 0") ; .. . ; [8…. D [r) l LU- f.oJ +a + ,,:h.. ".1. (-ß-ω-11 :11‘ .... 시. 

[(.) : 8 ' . " ', 8 '끼 ) ; [(" ) : κJ ; ... ; {(bb)) :ØI' )l : '1 기 
l씨: r. . Fll : l(t) f l . ; l(dl”).a1” l : ;」， @. l ) 

where Re(φ> -1, Re(ω+ 츠lhtd?)싸))>α j = l ..... “(η ， h，>α 1 t 1 징 a때 
conditions corresponding appψopriately to (1.4) and (1. 5) are assumed to hold 

for the multivariable H -functions involved. 

J x-P- 1(I - x)"-l eγx Ho. o ( i t ) ; -
- (‘1' ) .. …) 

U 
A. c. IB’D’J; ‘ [8…. Dl.l] 

x ,a 
끼l
l
l
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=Fl ex] -11q-P H o, l (“ v' ) ; (u(' ). 끼") 

‘ \ ‘ r A + l. C; [B' • .D'J; "'; [8…. DI.’1 

[ 
l-p hl h,1 l(a) 8 6( 1 

{“
(b') : ø')μ; ... : í(“@…(b l ')ινbl ')“…잉’" 

[(,) : "ι’ ’ "“…끼t끼') : [(d' ) , ò'히')μ’ [ (d('I : Ôψ"씨"까)η]μ’ zιμ씨，ι지(1ω1/0씨.J.’ (2.2) 

I '- , :-n J ( i) n,,( i) 1 where Re(þ)> O. Re 깨 +.맏idj' /ðì" 1>0, "i> O, 1> 0, ;=1, and CQ뼈tions 

corresponding appropriately to (1, 4) and (1, 5) are assumed to hold for the 

multivariable H-functions involved , 

∞ 

f e -ω1 p-I _, ., .. 0. 0 : (“111 ' , v'η); .. . ; (“.ι“'"η ’ ’
v{. )써“…”’') r다zι세， 1끼l'‘ (' - E(a. β;ω)H? 1 ,] dt ...... \. ..... '- ' _." .~ A. C: [8'. σj: ... ; IB lrl . Dlrl ] Lz:ll o 

=L(a)r(β)TCa+β2... ,,0. 1; (. ' . κ〕 ’ ‘; “ '". 에끼) 
(ωi “ A+I. C+I: [8' . 0") ; ... ; [8" ’. D'끼1 

[“+β : 11
" 

.... .II.J , [ω 8' ..... 8"' ) : [(" ) : p') ; ... ; [(b"' : ψ) ; 써1 1. (2. 3) 
IP+a+β : h" .. . h.l. [(c):e' • .... e“ ’ ) : [(d’ ) : ð" j ; " '; [(4 1•’) : ð' {O')} ; .i,/ w •• J 

where Re[p +a+낭 k， d?)/￡l)]>0， ReM+8+승 h .ë)/앙i)l>α hι>0， 
;=1 . J ; =1 . J 

Re(ω)>α 
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;=1. …, r , and the conditions mentioned in (1, 4) and (1. 5) are satisfied, 

F#。 띠-4 -ω -띠 0α. ", (“i ‘;’ fη) ;ν.“서. J x 흥(x +p) -(x+q이) - HÄ.ë , '[8', σ〕 , , [B”), DI”l Lz，{x/(x+PXx+q)}i，」 a 
0 

1-2ill ,,0 ; λ +1: (u' , ν); ... ; (ν . '<") 1 [흑-ω: hlo …. h.J 
=껴(깅+껴) HA+l C+1 [K R 1, [B(r) D1tl1 [[;ωhh .. .• h,J 

[(a) , 8' ..... 8<" J' [(b') , ø'J; .. . ; [(b"') , φrl] : z，(‘/p+、Iq)-Z~끽 

[(,) ε ..... '<"J' [(d' ) , ö'J; “ [(d(' I): δ1시 J' ，，(‘Ip+‘IQ)-야.J’ 
(2.3) 

(~.'-L ~l. ..1(i) /Á,(i) ...L '\ where Re(ω)>0， Re\，ω+잠t dI /δj' - 2)>0, hi>O, p,q are positive, i=I, 

" r , and the conditions mentioned in (1.4) and (1, 5) are satisfied. 

Proofs of the integral formulas (2.1) to (2.4) 

To establish the integral formula (2. 1), we start with the following result 

[13J' 

∞ (a)"(b)JI)" 
Fc(a, b; d; e, 1+α，1+β; y, z , -xl, ( l-x)1) =~ (1 ~딘r슨? 

u=u 

(a. β) 
Fla十 1t. b十 n; d, e;y, z) P~"' "'(1 -2x). O<x<I , 1I1 <1 (2.5) 

Now, muItiplying both the sides of (2.5) by f (x) , integrate it with respect to 

x between the limits 0 to 1, and then interchange the order 01 integration and 

summation (which is permissible) of the result thus obtained on its right 

handside. we find that 
l 

J F , (a , b, d. e. 1 +α， I+ ß; y , z, -xl, (1 -x) I)f(x) dx 
o 

∞ (a) ‘,(b). t" 
=~ / 1 ''' ' ; ,1' , • F l1 (a + n, b+n; d, e; y , 
"~O (1 +α .(1 + 이 ” 4 

f @ g) p;,-.e, (1 - 2x) f(x) dx , 
0 

If. in the integral relationship (2.6), we set 
β 0, ì. : (u' , v'); ... ; (“ ('1 , v(r)) rι x “ 1 

f(x)=x
W

-' (l -xY HÄ , 'ë , '[B' , αJ; : .. ~"[~( .I: D:'I] Lz~ ;Cl,J 
evaluate the x-integral by means 01 a familiar result [16, 

shall be led fai rly easi1y to our integral formula (2. 1) undcr 

ficient) condi tions stated already. 

(2. 6) 

( 2. 7) 

p. 131 (2, 2) ], we 

the various (suf-
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In order to derive the integral formula (2.2) to (2. 4). we apply the well 

knoWD results [5. p.286. 3. 197(7) ; p.399. 3.471(3)J and [7J respectively. and 

interpret the resulting integral as an H-function of r variables. we shall arrive 

at the desired integral formula (2.2) . (2. 3) and (2.4) under the conditions 

stated already. The various steps that mentioned are essentially simi!ar to 

those in our derivation of (2.0. and we omit the details. 

3. Applications 

At the outset we should remark that the integral formulas (2.1) through (2. 4) 

of the present paper are quite general in character ‘ indeed these and their various 

specia1ised forms considered in the procced ing sections can be suitably applied 

to derive several intergral formu las involving a remarkably 、，vide variety of 

useful functions or prod uct of several such functions ; which are expressible in 

terms of the E. F. G or H functions of one or more variables. T hus the various 

results presented in this pa per and of cou rse. in our earlier works [9J through 

[llJ caD be first reduced fairly easily to hold for the product o f several H -fun c­

tions and hence also G-fup.ctions. E-funct ions or Wright’ s generaJized hyper­

geometric funct ions and so on , of di fferent arguments. In passing ~\-e should 

recall the fact that a great many of the special function, that oCCur in problemô 

of applied mathematics and mathematical analysis can be expressed in terms 

of the G-function. and hence also as an H -funct ion. εvidentI y ， therefore. OUf 

results should apply not only to t he simplc special functions of mathematical 

physics such as the Legenure functions. the Bessel functions J,(x) or I J x). 

the Whittaker function M“ ’(x). the c1assical orthogonal polynomials of Hermite. 

]acobi. Laguerre. etc.. which are all particular cases of the hypergeometric 

function pFq. but also to the relatively more involved Bessel functioDs Kν(x) or 

Y J x ). the Whittaker function W ‘ .II(X) , their various combinat ions and other 

related functions. 

Now. we turn to the special cases of our results con tained in (2.1) to (2.4) . 

Obviously. for r=2. our integral formulas (2.1 ) to (2.4) wou ld provide us with 

jnteresting formulas involving the H -function of two variab1e!.". already given in 

[2J. [4J. [IJ and [13J . 

If. 、.ve use the known relationship of the multivariate H -function with the 

generalized Lauricella function of severa! comp!ex variables [15. p.272. eq. 

( 4.7)) in our main results. we get the corresponding integral formulas for 

t he generalized Lauricella function of several complex variables. Here it is 
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remarkable to note that if we take r = 2. IJ’s. ø’S. δ’ s. e’S. h1• " 2 to=l in the 

results obtained by (2.4) and make use of the formulas [6. p. 231(3) ], we get 

a result obtained by Gupta and Srivastava [3. p. 496(22)J . 

Again. if we take y=2=0 in (2.1) . it gives 

J ω 1 ," , ß x- '(l- x)" F .(a. b; l + a. l+ ß ; - xl. (1 - X) t) 
o 

H ~α’ 2μ: (“"ι úη): ... : “ω‘v끼， l ' . / dx=ι; A. C: [8' . D'J : .. . : [(8 "' . D"'I Lι ~1o，J u. ..， -~o (1 +α). (1 Tβ) 11 LI' 

Hα l +Z: ( u' . 0" ) ; ... ; (“ ' l , "‘" ) 
A +2. C+2: [ 8' . D"J; “ [B\' ). D‘"J 

[ Il-ω : 11， 시 (1+a- 00: 11 .. ...• h,l. [(a): ()’ • O {~J : 

[1-ω +a + ": h" ‘'. ',J. [-ß ω-n : hL ••••• h.J. [(c): e' • .. .• e’" J: 

[(1’) : 끼' J : ... : [(1" ' ) : ø…1; Z.' l 1. (3. 1) 
[( d’ ) 이 .. . : [(d"' ): Ò…J: 서」’ 

where Re(a)> l , Rcu+2Ehd(’)/앙 ))>0.11，> 0， /// < 1. O< x < l. ;= 1. … r . 
、 ; = 1 • 1 J r 

and the condit ions corresponding appropriately to ( 1. 4) and (1 . 5) are assumed 

to hold for the multivariate H-functions involved. 

The above integral formula given in (3. 1) ap야ars t o be new and for r=2 i‘ 
yields a well known integral formu la already obtained by Mittal [81 . 

In passing. we should remark here also that for r = 1 (2. 1) red uces to an 

a nother interesting integral formula given by Cha urasia [2J. Here. it is 

worthy to note that for r=l (3. 1) gives us a resu lt recently obtained by 

Mittal [8J. 

Also. in view of the reduction formula [16J. t he integ-ra l formu la (2. 3) 

reduces to a result obtained earlier by Chaurasia [1 . p. 129. eq. ( 4. 2) J. 

In the last. if we 5et r=2. IJ’ 5. ø’ s. e’ s. δ’ S. h1' h2 equal to unity. in (2.1) , 

we get another interesting integral formula given by Sharma [131. 

We conclude our present paper by t he remark that in the preceding papers 

we have obtained multiple integral t ransformation involving thc H -func tion of 

severa l complex variables with a product of t wo H -functions. 
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