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DOUBLE ß .CENTRALIZERS OF PRE-HILBERT ß -MODULES 

By Sanghun Lee and Yongchan Kim 

1. Introduction 

W. 1. Paschke [1] investigated right modules Over a ß용 algebra ß which 

possess a ß-valued inner product respecting the module action. We show that 

pre.Hilbert B-module X and double ß -centralizers M ( X. ß ) are isomorphic as 

pre.Hilbert B-modules. :vforeover, it is easy to see that pre.Hilbert B-module X 
is a self-dual if and onl~. if every map T in X ' has a bounded module map T흩 

such that (T. T‘)드M(X， B). 

2. Resnlts 

Throughout this paper , B w iJl be a B*.algebra with a multiplicative identity 

e. AlI algebras ha、 e the complex f ield C. We denote that X' is the set of aIl 

hounded module maps from X to B and denote that B' is the set of aIl hounded 

module maps 01 B into X . 

DEFINITION 2. 1. A pre-Hilbert B-modltle is a right B- module X equipped with 

a conjuga te-bilinear <, > : X x X-• B satisfying; 

(i) <x , x> :2:0, VxEX 

( ii) <x , x> =0 on ly il x=o 

(ii i) <"b , y> = <x, y> b, Vx, yEX, bEB. 

fhc map < , > will be ca lIed a ß-valued ù t1ler prodltcl on X. 

RE~[.\RK . (1) It is easy to see that <x, y> = <y, x>* from (i) . 

(2) <x , yb> =b‘ <x, y> Vx , yEX, bE B. 

For a pre.Hilbert B'module X , define [[ II x on X by 

[[ x [[ x = lI <x, x> [[ -ε 

PROPOSITION 2.2. (1) [[ xl [x =sup ([ l<x, y>[[ :yEX, [[y[[x드1 } 

(2) 1 χ [[x=sup {[[ <xb , y> 11 : bEB, yEX, II b[1드1 ， Ilyllx드1 ) 

PROOF. (1 ) By [1] . Proposition 2, 3, it is clear. 

(2) l' <xb, y> [[되Ixb l l x [[ y[[x드IIx[[ x[[b[[ [Iy[[ x드[[x[[x' Since <"b. y> = <X, 1> b. 
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sup[ 1I <xb , y> 'I : bEB, yEX, II bll :::;1, 1 >' lI x드1 } 

능sup [11 <x, y> e l :)'드X‘ IYll x드1} 

=lIxll x 

DE FINlTION 2, 3, A pre-Hilbert B-module X ‘,vhich is complete with respect 

to 11 I!x ‘vi l1 be ca l1ed a Hilberl B-lIIodule. 

The following proposi tion can be proved by thc similar method given in [3. 
Propo5i tion 5J. 

I)ROPOS lT ION 2.4. Let X (l1ld Y be Hilberl B-mod,des aud lel T' : X - • Y be a 

["ucti01l. lf Ihere ,'s a [:ι1lcli01l T" : Y←→X szκh Ihal 

< T'x, y> y= <x , T ’ y>x 

Ilteu T ’ aud T ’ are bounded ’lloduJe maþs. 

DEFINlTION 2, 5. By a double B-cenlralizer , we mean a pair (T', T ’ ) 5uch 

that 

/;*T'x= <x, T"b> x 

for xEX, bEB‘ T'EX’, and T IJEB’. 

REMARK. [n general, B becomes a Hilbert B-mcdule whcn we define < , > 
by <x, y> = y*x for x‘ yEB. Therefore, in the Definition 2.5" 앤T'x mcans 

<T냥， b> B' i.c. /;*T'x= <x , T"b> x means <T'x , /;> B= <x, T ’ b> x 

2'!OTATI01\ _ Tbroughout this scction , X 、，\.ill a[ways denote a pre-Hilberl 

B-module, and the set of all doublc B-centralizers will always be denoted by 

M(X ‘ B). 

For a prc-Hilbert B-module X. we let X' denote the set of hounded B-module 

maps of X into B (i. e, T(xb) = (Tx)b , xEX , bEB). Each x드X gives rise to a 

map xEX’ defined by i(y)= <y , x> for yEX. 

We will call X sel[-dual if .Ý=X’. For a trivia[ example, B is ilself a self 

dual Hilbert B-module , 

PROPOSITIO~ 2, 6. Let T" : B-• X be a bOU1uJ ed ’'1lodule maþ. Thell there is a 

um"que bou’uJed lIlodule ’nap T ’ : X-B such tlzal (T' ’ T' )EM(X , ß). 

PROOF, [IJ Proposition 3.4 shows that there is a boundcd module map T' : 

X-• B such tha l (T'. T")εM(X， B) . If there is a bounded module map 
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S' : X~B such that (S' , TηεM(X， B) , then 

b*S'x= <x , T"b> x = b*T'x VbEB , xEX, 

If b= e, then S' =T' , 

PROPOSITION 2, 7. Let (T' , T")EM(X , B). Theη II T'II=II T끼1. 

PROOF. IIT끼 l =sup( lI T"b ll x : I lb ll드1) 

=sup( II < T’ b, x> 11 : Ilbll<I , IIx l lx드1) 

=sup(llb*T’xll : II bllS;;I , II x ll x드1 ) 

=sup (11T'x ll : Ilxllx드1) 
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DEFINITION 2.8. Let (T' , T ’ )EM(X, B) , (S' , 5")EM(X, B) , α a complex 

n umber. We define a vector space and norm structure on M(X , B) as follows 

(i) (T', T")+ (5'’ S") = (T' +5'. T" + S") 

(i i ) α (T'， T") = (αT'， ã T") 

(iii) 11 (T' , T") II=IIT이 1 (or II T ’ 11 ) 

In (IJ , the scaJar muJtipJication on X' was defined by (αT)(x) =αT(x) 101 

αEC， TEX'. Similarly, we define a scalar multiplication on B' , 

P ROPOSITlON 2, 9. M (X , B) is a pre-Hilbert B αodule. 

PROOF. Lct (T', T"’)EM(X, B). If we define (T' . b)(x) =암T' (x) ， (T" 'b)(y) 

= T" ( by) , and (T’ , T" )'b=(T"b , T".b) (xEX , y , bEB) , then <x. (T" 'b)(y)> = 

<x , T" (by)> = y*b*T' (x) = y*(T'.b)(x) . Hence, (T" b, T" .b)εM(X . B). Thcrefore 

M(X , B) is a right B-moduJe , We define < ',' > : 1ν (X ， B) xM(X , B)~B by 

<(T', T") , (5' , S’)> = <T"(e) , S’ (e)> x' Since (αT) (x)=ãT(x) (TEX' or TEB') , 

< . > is a conjugate-bilinear map. l t is easy to see that thc map <, > satisfie~ 
(i) and (i i) of the defini tion 01 a B-vaJ ued inner prod uct. Fínalìy , 

<(T' , T")-b. (5' , S")> = <(T'.b , T ’ . b) , (S' , S")> 

= <(T" .b)(e) , S"(e) > x 

=<T ’ (e)b , Sν (e)> λ 

=<Tτe) ， $끼e)> x b 

= < (T', T"), ($', S') > b 

Hence ,V] (X , B ) is a pre-Hílbert B-modu le, 

THEOREM 2.10. Let X iJe α pre-Hilbert B-ηwdαle. Tllen X (lt.ι1 M(X , B) are 

t'somorphic as pre-Hilbert B • modules 
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PROOF. Define F ’(r) : X-• B by F ’(r)(Y) = <Y. x> . 

F"(r) : B-• X by F"(r)(bJ=xb. and 

F:X- • M(X. B) by F(x)= (F' (r)' F"(x)J 

for x , yEX, bEB. lndeed , <y, F ’ (rP)> = <y, xb> =b* (y, X> =b*F' (r)(Y) for 

x , y in X and bEB. Therefore F ’(r)' F"(r) ' and F are well-defincd. Hence we 

have 

F ’(ar)(y) = (y, ax> =ã:F'(r)(y) = (aF'(r ))(y) 

F'(ar)(b) =axb=aF’ (r)(b)= (ã:F'(r))(b) Vx. yEX. bEB , αEC. 

Hence we know that F is a linear map. Furthermore 

IIF(x) 11 = 1IF'( r ) lI =sup I 1IF'(r)(Y) 11 : yEX. lIy ll x드11 

=sup 1/1 <y, x> 11 : yEX, IlY1 1x드1) 

=llxllx 

lf (T'. T ’ )EM(X. B). then b*T ’ (x) = <x, T" (b)> x for xEX, bεB. Fix b=e, 
/、

we have T ’ (x)= <x, T" (e)> X' Thus T ’= T"(e) , by W. L. Paschke 111 Define 
/、‘

a mapping G : M ( X. B)~X by G((T ’ . T"))=T" (e) . Since 1I1"' (e) IJ = IJT"(e) lJ = 

IJ T ’ IJ . G is an isometry. It is easy to see that F and G are module maps. In 
fact, one checks that they are inverses of each other. By [1] Theorem 
2.8, applied to the map F and its inverse G. we have <x. x> x= <F (x) , 

F(x)> M(X.B)' It is not hard to show that X and M(X. B) have the same inner 

product. 

COROLLARY 2.11. Lel X be a þre-Hilberl B-modκle. The>' X is a self-dttal ,j 
m여 0711y il every 11laþ T ;" X' Jzas a bottnded modιle maþ T* 51'clz tllal (T , T* ) 

εM(X， B). 

COROLLARY 2. 12. 1/ X ;s a sell-dιal Hilberl B-modttle. Ihe1l ,,( X ') =ll(B’). 
(We denote that n(A ) is the number of A) 

PROOF. Proposition 2.6 and Corollary 2.11 

COROLLARY 2.13. Lel B be a B*-algebra. Tlzen B= IT (e)! TE.9J(B) }. where 

,9f(B) is Ihe sel 01 all bo"뼈ed nzodule maþs 01l B. 
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