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CONVERGENCES OF GAMES BETTER WITH TIME

By Baek In-Soo and Hong Duk-Hun

i. Introduction

L.H. Blake [1, 2] introduced the concept of games fairer with time and
established a fundamental L, convergence theorem.

A.Mucci [3, 4] introduced the notion of martingales in the limit and proved
an a.e.convergence for L, bounded martingales in the limit, these processes are
a special case of games fairer with time.

Recently Blake [5] again defined new concept of weak submartingales in the
limit and it was proved that a uniformly integrable weak submartingale in the
limit has an L; limit.

The purpose of this paper is to introduce a notion of games better with time
which is a generalization of both games fairer with time and weak submartingales
in the limit. We also obtain L; convergence theorem and a.e. convergence on
atomic set.

2. Convergence theorem

Throughout this paper, let (2, %, P) be a probability space and (& ),_,
an increasing sequence of sub-g-fields of ¥ and (X,),_, be a sequence of random
variables adapted to (& ), _;-

A stopping time is a random variable 7 assuming positive integer values and
the value +oo, such that {r=#}&.5 , for each n.

DEFINITION [2]. (X)), , is a game fairer with time if for every >0
P(E[X, |5 1-X,I> —&)—0 as n, m—oo with > .

DEFINITION [5]. (Xn)nzl is a weak submartingale in the limit if, for every
>0, there exist M such that for a>m>M
P(EIX,|5,] - X,=>0>1-¢.
DEFINITION 1. (X),_, is called a game better with time if for every &>0,

there exist M such that for any #>m>M
P(EIX, |5, -X,>-e)>1-¢.
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We easily can find an example of a game better with time which is neither
a game fairer with time nor a weak submartingale in the limit.

First we will show the L, convergence theorem.

THEOREM 2. If (X)),_, is @ uniformly integrable game better with time,
then (X,),_, has an L, limit.

Before the proof is presented, the following two lemmas are necessary.
We omit the proofs of the two lemmas.

LEMMA 3. If a sequence la,},_, of real numbers is bounded with the property
that for every €>0 there exists a positive integer M such that whenever p>q>M

a,—a q> —¢, then the sequence la,},_, has a limit.

LEMMA 4. If (X)), is a uniformly integrable game beiter with time, then
for every >0 there exists a positive integer M such that whenever p>g>M

][B ()% 1D <
e _2"

(3l VI . __&
where Bp.q(T)_{E (X, |7 ] -X = T}'
and J AX p} _ is bounded for each ASF . for every n.

PROOF. Define a sequence of signed measures {u,},_; where g, is defined
on %, by

p,(4) = jAX,,dP, Aes,,

For each A&5,, lim up(A) exists. Indeed, consider for any >0
p—o0

pzn
€ \l¢ & \jc 5
#,(A) =t (A) 2‘“#(‘40 [Bp. q(_z‘)] )' “e("m [Bp- 4(T)J ) ]
for all p, ¢ for which A5, with p>¢>n. By Lemma 3 & 4, the sequence
{up(A)} of reals converges. Hence, Ilet v,,(A)Elimgxp(A) for every AES ,.
pﬁtOO

p=n
Since (X,),_; is a uniformly integrable sequence

|u (A)| oo for all A&,

and so v, is a signed measure on 5 , by Vital-Hahn-Saks theorem.
It is clear that v, ((P for each #, and so there exists a sequence (¥,),_,
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which is a martingale and v,(A)= fAYndP for all A=¥ . It is important to

note that (¥,),_, is a uniformly integrable sequence. This follows exactly as
in [6:p590]. Hence, (¥,),_; converges in the L; norm.

The proof will be completed by showing that
fIXm—Y,,,]—*O as p—oo,

To this end, write
[ XYl = (X, -Y,) +[c e, X,),

and [X =¥ = [ (XY, + [ o(X, =T,
where Cp=1{X,-Y =0
Clearly f (X,,~Y,)—0 as m—oo,

Hence the proof will be completed by showing that
fc_(Xm-Ym)—»O as m——oo,

0=Je. XY =fe. 18, ) = Yo+ 1[5, ) K=Y

< X -Y )+ X =¥ &
cunBl s )% W fc N[Ban(S)] «C w t 5
Sfc,(Xn*Yu) +fcnn[3,.,.(%)] (Xf,,—Ym)+7 where #2>#1.

It follows from Lemma 3 & 4 that Lim|, (X, -Y,) exists.

=
Thus, we should show that this limit is zero.
Suppose not: that is, there exists some 7>0 and M, such that for all m> M,

f (X, =Y, >
Consider
f oo mgj Cal s .,(—Z—)X i H‘ﬁf Ic.n[BM (%)]”X wt
Sfc..nsm.,.(%)"f m+f=_fcm[3m. (L) Ent
SfC.nB.....({-)Xﬂ“rk'fc,n[s_..,,( ] Kt

R A
1
B
S[c,rw.,...(%)X"Hrf"“LfC.n[aff.....(f;)]’ i [

for all m> max [M,, N], where M in Lemma 5 is replaced by N when we

substitute —g— for e.
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Thus for all 2=1 and #_>max IMr' N]
3
r<[C.(Xm—Ym)gmgfc_xmé-k —[\C_me 47

A contradiction arises as k—eo. So, lim[. (X -V
In— »

)=0 and the theorem is

m’

proved.
Secondarily we obtain a.e. convergence theorem for games Letter with time on

atomic set.

DEFINITION [7]. Let & he a family of real-valued measurable functions f: Q
—R defined on a probability space (2,.%, P). Let g be a measurable function
such that

a) g<f a.e. for all fEF,

b) if k& is a measurable function such that 2<f a.e. for all fEF, then hi<g
a.e.

This function g, which is the greatest lower bound of the family F in the
sense of a.e. inequality is denote by ess inf(F).

The following two lemmas are necessary for proving the theorem.
LEMMA 5. If (X ),_, is a game betler with time, A is an atom of 5, A,=

ess inf {B|BES,, ACB] and lim sup X=a>b=lim inf X on A, where a,b ERU
{oo, —oo}, then for every t&€N there exist m such that t <m and A,SA,.

PROOF. Assume for every k>f Ak:A,e+ p put P(A)=a and a-b=p5, We first

prove the lemma in the case of 3<oo, Let €>0 such that 0<e <min{a'. —é— ,5}.

By definition of a game better with time, there exists M such that <M and
PEX |5 ,)-X,> —e)=>1-¢ for every n, m with #>m>M. Since P(A)>¢

and E[X”Ifm] —-X, is constant on A, for any n>m>M>t we have E[X,]
F,-X,>—¢eon A

On the other hand, there exist #;, #,>M such that n, <, and X, - X, > %,’3’

on A. Then e<—2—-ﬁ <X, X, <eon A. It is contradiction.

In the case of f=co we can easily prove the lemma.

LEMMA 6. If (X,),_, is a game better with time, A is an atom on (2,5 ,P)
and A,=ess inf{B|BESF ,, ACB] then for every e>0 there exist MEN such that
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inf E[X |5 ,]-X>—¢ on A, for every t=M.
m>t

PROOF. It is sufficient to prove the lemma for sufficiently small e>0. Take
& such that P(A)>e>0. Then there exist M such that P(E[X,|.5 | -X, > —-¢&)
>1—¢ for every m, n such that n>m>M. Since for every m=>i>M E[X
|#,] -X, is constant on 4, and P(A)>e, ElX, |5 ,]-X,=-¢ on A, for all
m=>t. Therefore rlnn}ft EX, |F,]-X=-¢con 4,

THEOREM 7. Let (X,),_, be a game better with time such that f(r <m)X:' oo
for all stopping time © and A is an atom of the probability space (Q. ¥, P),
then lim X, exists and > —oo a. e. on A.

Hn—rc0

PROOF. Every random variable is constant a.e. on every atom, So we can
put X, =a, a.e. (#=1, 2, --) on the atom A where P(4)>0 and a, are real
constants. Put A, =essinf {B|BES¥ ,, ACB}. Clearly, 4, €5, A4 DA,
A, DA and A, is atom of 5, for all #. Suppose that lim X, does not exist on
A. Then lim sup X, =¢>b=lim inf X, on A for some @, & We first prove the
theorem in the case of ¢—»5 is finite. Then by above lemmas given >0, there
exists an integer n; such that

a8 . €
Eam—al <—;4—u, ”:gfg' E[X i,ﬁf’“m] —Xm> — 5 on A”:

mn

and we can find an integer », such that

e, ~b1 <2, 4,54, and inf EX,5,)-X,> -5

m>ny
Continuing this process by induction, we can take integers #,, ;, #,, (k=2
3, --) such that

k-1 <n3k' ! aﬂu_l —'Gi <+4j‘ Aﬂ QA

2h-2 fze”

inf E[X

i
M>Hapy

iﬁ'"m] X Smemt— i

Ry ™ 22k—1 Mapy”

rarm _bI <§“' A"zl-l

24, . and inf E[X,|5, ] —X,,E;?g,,- on 4,

">

Then we have

[As,._. —A;.,,X:zg. :fAn"_-_Xii't, -fAn:;Xn,.zf‘Anu_,Xnﬁ, - P(An;,)an:.



300 Baek I'n-Soo and Hong Duk-Hun
=fA.,.,,E [X,,u|5"- ] ~P(4, )au
zfAﬂn—x(Xnm«-t 22k -1 ) P(A )a”n

=P(A, Je, -P(A Jo -5

Ragpr” Rygpoy LS T 22k -1

z(a”ﬂ—x . aﬂsl)P(Aﬂu) ™ ‘__;._E{’:T

BP(A) M T =g .5’P(A)——

Define t=n; on A, -A, (=23, ~) and t=oo elsewhere. Then ¢ is a
stopping time. Take e such that 0<e {FP(A).

[(r<0<:} :‘l;:' Awy—Ariy m jﬂu,. .ﬂAn:. May

i }25(7 SP(A)- £ Y=oo

> L spay-
k=1\ = Z

In second case of a—b=5=0o0, we can take a”‘(:' =1, 2, ---) such that B =
";z.,.21 (k=1, 2, 3, ---) and others are the same to the first case. Then we also
can have f(t <m}X : =oco, This contradicts the assumption and we proved that

lim X, exists a.e. on A. Now suppose lim X, =-co on A. Then there exists

n—0os R—0Q

an integer #, such that ¢, <0 and inf E[X |5 ]-X o % on A, and we

m>n,
fine an integer n, such that 1, <n,

1
A”‘QA”“, G"=<'})(—AJ‘[G”'P(AHI)—P(AH)]
and inf E[X,|5,1-X,>-+

m>n,

on A_. By induction we can take a sequence {n,} such that
nk—1<nk’ A”l’—lgAﬂk! aﬂh<_.ﬁ]:ﬁ [aﬂﬁ_x'P(A”k-{)_P(A"’ﬁ-:)]

and inf E[X, |5, EE o >—? on A,. Then we have

M=,

As. ,-—Au. g Rsoy & ' T o daye 3 k=1 & aﬂl
[ fA ” fA Xn A E [Xr: If_” ] —P(Aﬂ)
24‘;1:... (XH!—I - k—i )_-P(A"J) aﬂn

o
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=P, Ja, ~PA 08, - zkil

>P(4, )-—E_>P(4) -

k.l."

o
Define t=n; on A, -A, and t=oco otherwise. Then 7 is a stopping time.
Take e such that 0<e <{P(A)

JesconXE =5 [, X2 (P - = J= T (P - &) =0

This contradicts our assumption.

COROLLARY 8. Let (X,),_, be a game fairer with time such that [ . ., 1X | <

oo for every stopping time T and an atom A of probability space. Then lim X,
H—0O
exists and is finite a.e. on A.

PROOF. By the similar method, we can easily prove it.

THEOREM 9. Let (X,),., be a game beller with lime such that sup f [ X, | <oo
n

and let A be an atom of the probability space. Then lim X exisis and is finite
R—00
on A.

PROOF. Suppose that th does not exist on A. Then lim sup X =a>0b=lim
H—oo

inf X on A for some a, Y=R and clearly a—b=53<20. So we can take the same

n, as in the first case of previous theorem. Then we have for every # with

oy il

f A= Auys Xt :f Avnr—Amy B X | 5 ng,] 2f Aunsyy—Auna (X ta i

o2k
2];1.,.‘-41,“ Ao k—fAn. fias fm,, oy T

:fAnn-lE [XﬂstlF"u—u] —P(Aﬂu)ann i zgk

zfﬂn;...(xrzg;,,_ z)k 1) P(A )a "’-,—2*-

2
1 = (3 [
ET‘GP(A) ( g2h=1 +'22k )

1 5
2? ,QP(A)—'W for nzkgm
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and

fglxmfzfm.-m, | X, +"'+fA.,,_,—-An,. [ X

>(L-sPcA) &)+ +( 58P - ?kfe_—.z)z(—;—ﬁP(A)—e)-k

Take e such that %,SP(A)) e>0. Then as k—co, lim fﬂ | X,,| =oo. This com
pletes the theorem.

Now we consider the following example. It shows that if A is not an atomic
set, the a.e. convergence is not assured. To show this we shall construct a
counter example. Let 2=[0,1] and P be a Lebesque measure on Q. Define
X (x)=1if x€[k2™", (k+1)27"] and X,(x)=0 otherwise, where n=%+2v, 0<

(=]
k2%, Put F ,=0(X,, +, X,) and F =0(U.§1' o)+ Then ¥ contains no atomic
w=

set and (X,),_; is a game better with time which does not converge a.e.

Kyvungpook University.
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