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CONVERGENCES OF GA il'IES BETTER WITH TlME 

By Baek In-500 and Hong Duk-Hun 

1. l ntroduction 

1. H. Blake [1, 21 introduced the conc밍pt of game8 fa irer with time and 
established a fundamenta l Ll convergence theorem. 

A. Mucci [3. 41 introduccd the notion of martingales in the limit and proved 

an a. e. convergence for L1 boundcd martingales in the limit. these processes a re 

a special case of games fairer \'rith time. 
Recently Blake [51 again defined new concept of weak submartingales in the 

limit and it was proved that a uniformly integrable weak submartingale in the 

limit has an Ll limit. 

The purpose of this paper is to introduce a notion of games hetter with time 
which is a generalization of both games fairer γith time and weak 8ubmartin gale8 

in the limit. We also obtain Ll convergence theorem and a.e. convergence on 

atomic set. 

2. Convergence thcorem 

Throughout this paper, let (Q, .'?기 P) he a probability space and (Y .)'~l 

an increasing sequence of sub-u-fields of Y and (X，)n~ l be a 8equence of random 

variables adapted to (Yn)n~l' 

A stopping time is a random variable T assuming positive integel 、 a lues and 

the value +∞， such that (T=n)EYn for each Il. 

DEFINlTION [21. (X.).~ 1 is a gallle f airer with ti11le if for e、 ery e>O 

P(I E[XnIY ",1-X’,, 1> -e)-• o as 11 , nt-→∞ with tÖ ’'1t. 

DEFI:llTION [5) , (X.\~ l is a weak sαbmaγtingale iη the li11lit jf, for every 
e>O, there exist M 8uch that for n> 11l>M 

P(E [X. IYm1 -Xm늘O)~l -e. 

DEFINITION 1. (Xn)n~l is called a game betler with time if for every e>O, 

there exist M such that for any "> m> M 

P(E[XnIYm1-X"능 - e)능l-e. 
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We easil)' can find an example of a game better with time which is neither 

a game fairer with time nor a weak submartingale in the limit. 

First we 、vill show the L 1 convergence theorem. 

THEOREM 2. If (X.).=1 is a "'''10γ mly inlegrable gOllle betler wilh time. 

Ihen (X.)"=1 has an L1 limit. 

Before the proof is presented. the following two lemmas are necessar )'. 

We omit the proofs of the two lemmas. 

LEMìVIA 3. If a sequellce (a,.) =1 of real 1Iumbers is bou,uJed with Ihe property 

thal for every e> 0 lI.ere exists a posilive inleger M s“ch Ihol whenever p>q>M 

aþ -0.> -E. lI.en tlle sequence (o.) .=1 lzas a limit. 

LEMMA 4. If (X.).=1 “ ou씨ifor11lly ;,.Iegrable game beller wilh li，시e. tI.en 

for every e> O Ihere exisls a posilive integer M such Ihat wlzenever p> q>M 

hB ... (출)]'( I Xþ l + IX. I) <승， 

IOhere B • . (속 )"'1E {X.lY J - X.늘-축! 
þ.'、 ‘ / l - P' q- q- G J 

ond (f X，l，、.. is bOlmded for each AE Y .. for eνery n. 
ιA t' y..:;.-' f{. 

PROOF. Define a sequence of signed measures (,u,, ) ,, = 1 where μ. is defined 

on Y . b)' 

μ.(A) =!AX"dP. Aεζ. 
For each AεY‘. lim μ，.cA) exists. lndeed . consider for any . >0 

þ-= 
þ;;' . 

μ.，(A) -μ (A)늘μ ( An IB. J~내C) _ μ ( An IB. j소)I C) _~ þ'--'" r-q ..... -- ... ~rp\ L- P . • \ 2 / J / r.\ L- P .• \ 2 JJ J 2 

for al1 p. q for whicb AεY" with p> q> n. B)' Lemma 3 & 4. the sequence 

{μpCA)) of reals converges. Hence. let !J.(A)르limμ:.(A) for every AE‘:T •• 
P→∞· 
p;;,. 

Since (X.).=l is a uniformly integrable sequence 

I " .(A) I <∞ for all AεY.’ 

and so !J. is a signed measure on Y. by Vital.Hahn.Saks theorem. 

lt is clear that ".<<P for each κ and 50 there exists a sequence (Y. ). =1 
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which is a martingale a nd ν.(A) =. J 'y.dP for all AEY". It is important to 
“ A 

note that CY.,)"=I is a uniformly integrable sequence. This follows exactly as 

in [6: p5901. Hence, (Y ,,),.= I converges in thc LI norm. 

The proof will be completed by showing that 

JIι -Yml→o as n-→∞. 

To this end , write 

and 

‘.vhere 

기 X .. -Y.’ 1=λ. CX .. - Y .. ) + Jc.cCY ", - X .. ), 

JX'1‘ -JY’" ι.(X’Il- Ym)+，ι c(X .. -Ym) , 

C'"르 [X"‘ -Ym늑O} . 

Clearly J(X"‘-YII‘
)-• o as 1’[∞. 

Hence the proof will be completed by showing that 

ι.(X .. -Y .. )-• o as m→∞. 

0만~. (X m - Y m) = Jc.n B •• (승)(X .. -Y m)+ Jc.n[ B •• (승)fCX"‘ Y ",) 

드Jc•nB • .(승)(X.-Y. )+ fc.n[B •• (출)]‘(Xm-Y…)+좋 
드fc.(X.-Y씨 + fc.n [B‘.(승)] ’CXm-YIII)+좋 、v삐e 1l>11l. 

It follows f rom Lemma 3 & 4 that LimJcJX", -Y",) exists. 
m--∞ -

Thus, we should show that this limit is zerO. 

Suppose not: that is. lhere exists some r>O and Mr such that for all m>Mr 

ι (X.， -Ym)>r. 
Consider 

fc.X，펴C.nB •• ‘ .. ( ~ )Xm 1- ι+fc.n[8ι •.• (송)]'X'" +숭 
드Jc.n8 ... ’(소)Xm +k- fc .n[B’” ’(~ )]'X，까송+3i 
<[c.nB •••• (숭)X ",+k - {c.n[ B.’“(운)]'Xm따송 +송 
마.nB •••.• (숭)x"' +k+fc.n [B .... ( ~)]‘Xm+ k+송+송+송=fc.Xm +k+옹7 

for allm> max [M" N l, where M in Lemma 5 is replaced by N wben we 

substitute 융 for e. 
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Thus for all k능1 a nd 111> lIlax [M r' N J 

r <!c.(X"， - Y，)드 드fc，X，1l + * -L.Yrπ훈r 
A con tradiction arises as k→∞. 50. lir미cJX… Y ,) =0 and the theorem is 

m ..... od' -.. … 

pro、 eù .

Seco nc1 arily \Ye obtain a. e. convergence theorem for games tetter \\rith timc on 

a to111l C set. 

DEFI 'iITlO'i (7J. Let F be a famil)' of real .valued measurablc functions [ : Q 

- • R defined on a probabilit)' space (Q. Y . P). Let g be a lIlcasurable fu nction 

such tha t 

a) g드[ a. e. for a1l [1εF. 

b) if ι is a mcasura ble function 8uch that hS [ a. e. for all [EF. then h드g 

a. e. 

This funcrion g. “’hich is the greatest lower bound of the famil)' F in the 
sense of a. e. inequali t), is denote b)' eS8 inf(F). 

The follO\".jng two lemmas are necessary for proving the theorem. 

LEMMA 5. If (X .,)’‘=1 t"s a game belter wüh time, A t"s an atom 01 Y . An= 

eSS lnf {B1Bef-”‘ ACB) alld lim sup X =a> b= lim inf X 011 A. where α.b εRU 

{∞. 一∞} . the1Z l or every tEN tlzere exist m such tlzat t < m a1zd Am동A，. 

PROOF. Assume fo r every k능t Ak=Ak+ I ' put P(A) =a and a-b=β. We fir8t 

prove the lemma in the 않se of β〈∞· μt e>O 8뼈 that o<e <min(α， 융 ß). 

By definition of a game better with time. there exi8t8 M such that t드M and 

P(E[X. IYmJ -X",> -e)능1-e for every n. '" witb " >III> M . Since P(A)> e 

and E[X.lÿ끼η] -X" is constant on At for an)' n> ",> M> t we have E [X. I 

Y mJ -Xm> -e on A. 

On the other hand. there exist "1 씬>M 8뼈 that "1 <씬 and XιX'I~> 좋β 

on A. Then e <훈ß<X • . -X", <e on A. It i8 contradiction 

In the case of β=∞ we can easily prove the lemma. 

LEMMA 6. I[ (X.).: l is a gallle betler with tiηIe. A is an ato1/l 0" (Q. Y. P ) 

mrd A.=ess inf [BI BEY •. AζB) thell [or every ,,>0 there e"lsl MEN sιch tha/ 
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inf E [X_IY， ] -X，는 e 011 A , lor every I능M. 
’t/'2 t 
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PROOF. lt is sufficient to prove the lemma for sufficiently small e> O. Take 

e such that P(A)> e>O. Then there exist M such that P(E[X" l sr끼]- Xm> .-ε) 
> 1 ε for e\~ery 1ll, II such tha t II르m"2:.M. Since for every 11-1늘t늘M E [X Cl 

IY,]-X, is constant on A, and P(A,))e, E[Xm!Y，] -X，능 -e on A, for all 

rn;?l. Thercfore inf E[X ... IY.]-X.는 -e on A , 
m '2 t … 

TH EOREM 7. Lel (X.).~l be a game be/ler wilh li1lle S1IC/Z Iι01 J(，<∞)X: <∞ 

for a/J sloþþing lillle " alld A is a1l alom 01 Ihe þrobabilily sþace (Q. Y , P ). 

Iheη lim X n ext"sls mzd > -∞ a. e. 011 A. 
71-.∞ 

PROOF. Every random variable is constant a. e. on every a tom. So ‘ve can 

put X.=a. a , e. (11= 1. 2, ... ) on the atom A where P(A))O and a. are reaJ 

constants. Put A.=ess inf [B IBEY’‘, ACB). Clearly, A"EY. , A.그An+ l’ 

A"그A and A" is a tom of Y n for all 11. Suppose that Jim X ’‘ does not exist on 

A. Then lim sup X. =a)b=Jim inf X. on A for some a , b. We first prove the 

theorem in thc case of a-b is f inite. Then by abo \'C lemmas given e)O, there 

exists an integer 111 such that 

la., -a l < ~ ' .. i!:,f. E [X"， Iξ) -X'II> 응 on A 
4' ，，;:ε"“ 

and we can find an integer "2 such that 

10" -bl <후. A" 둥A" and inf E[X", IY .J - X .. > -측. 
”“ ” 이 ’11 '2 11 ; “ 2-

Con tin uing this process by induction, we can take integers "2.0_1' ''zk' (k=2, 

3 .• such that 

nZk - 1 <1l2k• !all u _1 -a l <몽 An21_.5? 

in f E [X,.IY""“] -x”r--1늘 - 21응r on Artii-,, 
m.2I1" _1 • 

la ，ι.- b l <똥 A’”싸…1“l 
. ‘ ’”…’”’~.‘:“~ 

Then we have 

μ.".，- .4’”x，긴l4---- X，ι 
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= JA." ‘E [Xn
‘ 

IYnι--， l - P (A”,.)an
” 

라" μ.'U_l 갇갚r) -PCA.“)a. 
늘P(A. )a"~ -P(A .. )a .. - ---"듬 

’ ‘ 2“-, 

능(a" -a.)P(A.) -~슨 “:>1_ 1 “’ ~~.‘-. 2-~ 

날 ，3P(A) 뜰r콰βP(A)-좋 

Define -r =’‘l on Ant-Ant-l (1 =2, 3, - -) and r=∞ elsewhere. Then T is a 

sto pping time, Take 0 such that 0 < 0 <ßP(A) , 

r ∞ r ∞ / 

J (，<∞)X선Ei) An， - A sJ-lX~육감J A.，， ~， -A.’‘Xnu 

능풍I-k-βP(A)- _"등rb융(~ βPCA)-...;...Î=∞. 
k= l l ι ι Jk= l \ 2 . ，~ 

2 ) 

In second casc of a - b =β=∞， 、"e can take a •. (i=l, 2, ~~-) such that a • . 
“‘ “ ·• l 

a" 능1 (k= 1. 2, 3 .... ) a nd others arc the same to the first case, Then we also 
" '"'‘ 

cun ha、 ek<∞)X:=∞ This contradicts the assumption and we pro\'ed that 

lim X il cx ists a.c. on ^. Now suppose lim Xn=-∞ 00 A. Then there exi sts 
”→∞ ”→∞ 

an m때1 
‘ m~n ， “ ι 1 

fine an integer 전 such that " 1 <씬 

and 

A 곡A. ， a .. <τ심")[an，P(A.) - P(An)J P(A) 

inf E[X_I Y .. J-X‘ >-슨 m),.
’ 

…." 에 

on Ani. By Inductlon we can take a sequence {?tk} such that 

n,._, <n" A...~A... a" <강"A'\"""' [a 
‘
P(A

” 
1) KAn--1)1 k' .... "i_l ...... ~~II/ ... 

"~ 
...... P(A) 

a nd inf E[X".IY.J -X. > -+ on A ‘. Then wc ha ve 
"'능n. ‘ “ 2‘ 

... 

Gμ .. “’「새-A.，꺼Xζn“긴녕JA •. μ‘껴Xn‘. -JA .. 꺼Xζ’‘.르Aμ .. ι.ι꺼­
늘JAι (X •• ", -
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는P(A.‘_)a"._. - P(A.‘)ani --슨r 
2 ‘ -

~P(A.“)-초r르P(A) -초.~P(A) -훈. 
- ‘ 2" ‘ 2“ 4 
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Define r="1 on Aι， -A'l; and . =∞ otherwise. Thell T is a s topping time. 

Take e such that 0 <e <P(A) 

fc，<∞힘 =효fA.， - A .. • X월횡(P(A)-씀，)늘흉(P(A) - 좋)=∞ 

This contradicts our assumption. 

COROLLARY 8. Lel ( X.).=l be a game[airer 10ilh tim. s쩌 thal fc， <∞) IX,I < 
∞ [or every stoþþi1tg lime r alld an alol1l A o[ þrobabilily sþace. Thell lim X. 

"-.∞ exists and r:s fiuite a. e. OJ1, A. 

PROOF. By the similar method. we can easily prove it. 

THEOREM 9. Let (X .,)n=l be a game belter 10illt ti’% SMCk tkat s:p f 1 Xx l 〈∞

mu1 lel A be all alom o[ tlle probabi/ily space. The1! lim X" e"ists and is [inile 
’‘←.0。

on A. 

PROOF. Suppose that limX’‘ does not exist on A. Then lim sup X ,, = a> h= lim 
’l→∞ 

inf X'J on A for some a, Ù르R and clearly a - b =β<∞ So we can takc the same 

llk as in the f irst case of prcvious theorem. Then we have for cvery k with 

"211드’” 

JA .. • ,_ A . .. Xl1’=μ’“ A •• … .. 잭E깐%때쩨쩨{ακ짜찌Xκ%찌’mlYIlκgξξζR힌센，.l넓라’”… .. ….“펴냥， -A w꺼A.’”…’ .. κμκκ‘써 2츄쓸) 

능라바래과JAμμA.“’”’ι쉰기사-사-.'1"’ X’ 

=래IA’”…’”ι…3씌‘ι…꺼-4FF잭E꾀댐E터E[XαX’‘…‘"'πI Fκκκκ”‘““’”ι.-μ-카.J - P(A.“)싼)a씨앙a%상”“n 츄 
능〓 Ix. - ~ξ~)-P(A. )a. - ~ . 
~’‘ ’‘ "u→ 2-~ 1l -1 I " u ,, >> 2~ 

능+ßP(A)-(τ등r+-갚 
“ι z 
쉰 ßP(A)-햇2' for "쌀m 
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and 

Ja IX .. 1 능JA".A.， I Xm l + .. . +JA.…_A ... IXm l 

~(쉰P(A)-.)+ ... +(함(A)-슛)르(융βP(A) -ε) .k 

Take • such t hat + ßP(A)> <>0. Then as k→∞ lim fo IX ., I =∞. This com 

pletes the theorem. 

Now we consider the foIIowing example. It shows that if A is not an atomic 

set. the a. e. convergence is not assured. To show this we shall construct a 

counter example. Let Q = [0, 1] and P be a Lebesque measure on Q. Define 

X ,.(x ) =l if xE[k2-". (k + 1)2-"] andX,,(x) =O otherwise. τvhere n=k+2". 0드 

∞ 

k < 2". Put Y.= o-(X , . .... X.) and Y=o-( UY.) . Tben .9’ contains 00 atoffilC 
” ‘ n=l “ 

set and (X r. )"= 1 is a game bet ter with time which does not converge a.e. 

Kyungpook University. 
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