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BIRECURRENT GENERALISED FINSLER SPACES 

By S. P. Singh 

Introduction 

Author and Sinha [2] have defined recurrent gencralised Finsler space of first 

order and studie:l the p' 얘erties of recurrent curvaturc tcm잉r field and recur

re~ce vcctor field. The object of present paper is t。 ‘!efine birecurrent gener 

a !ised Finsler spac잉. Au thor has a lso ωscussed thc propert ies of recurrence 

tensor and recurrcnt curvature tensor fields in t hese spaces. 

'yVe consider an n-dimensional F insler space F n endm.vcd with a local coordinate 

system Xl. The metric tensor gjj ( x , x) of F n is considej'ed here as non-symmetric 

in general. The spaces endowed with t his metric tensor are known as general

ised Finsler spaces and we denote them by GF •. 

The connection parameters for the locally Minkowskian and locally Euclidean 
‘ 

GF" are àenotcd by P샤 and r샤 respect ively. Let T ‘ be a 、.ecto r field of GF"’ 

then the two processes of differentiation are defined as follows 

씨
 

l ( 
T' .= irr‘ +ò ，，<성 T ’+ p :iTk , j-Vj .& , v j"" "'"... , .& kj 

and 

( 1. 2) T ’ lI= 6lTt - r:1aI1xk + r;;Tk, 

where 

잉
 

l ( ’ _. ‘h" r. = r ,:+c'" r jk ~ jk ' ...., jh' rk 

and 

(1 . 4) 1 ~ 7:'2 
Cijk=τoilk F (x, x). 

With the help of above covariant differentiations two curvature tensor fields 

K~hk and K~kh are defined. The commutation formular invv1v ing thcse rurvature jhk 

tensor fields are given as under [1]; 

1) The numbers in brackets refer to the references 
잉 2T- =T - T 

, (1"] , it • ti 
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( 1. 5) 2T: [jkJ = T람kj - zr:펴lkl 2) 

and 

(“ι1. 6야) 2았T i니I [j야써j샤씨k) = á야k TTiikikKtμjμkF+TikK;샤싸*“'j - 2앙T'、J까t 
‘\v이here 

( 1. 7) 

and 

(1. 8) 

~ .; ‘ 
r IÌk ) 二 P [꺼 =이jk) 

K~ ._ ， =KI-"LL l'. okk - .. ... jklt 

ln GF., the curvature 

tities 

( 1. 9) 

(1.1이 

f{' ... = -f{' ... . K ' ... = -K’ jkll- .... jhk’ jU- .... jhk' 

K;kh+Kkk1+K;lk=2AUlk|i l ; Igil, 

where (; ) denotes covariant derivative based upon the connection parameter 

given by 

(1.12) K;kh , ,+K;h/,k + K;lk .• + 2 [K;mkP낌)+K;’/lhP따l +K;”‘ IP따) =0 
and 

‘ 

(1. I3) K;

“
k“싸h 

= 2 [K;““싸"'씨t“IA?￠μ;싸h서l +K~m’m시kß’3G;Lj시씨l”1 +K;LL’”…"싸1끼A따A3짜k)J. 
Here g(ij) represents symmetric parts and g" is conjugate ten50r of g (i j)' 

Author and Sinha [2J have defined recurrent curvature ten50r field in GF . 

as under : 
The GF., in which there exists a non-zero vector vl such that the curvature 

ten50r ficlds K;k. and K;k. satisfy the relations 

(1 . 14) K' .... =v .K' jkh.l-vr" jRh 

and 

( 1. 15) Kj •• I I=t깨jkh 

respectivcly, are said to bc recμrre씨 GF. (or in brief RGF.) and the curvature 

tensor fields of these spaces are called recu.rrellt curvalure te1lS0T iela'γ'. Here 

V I is known as recurrence \'ector field . 

Contracting the indices i and " in (1 . 15) , \vc find 
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(1. 16) Kjkl ， = νJ'jk 

Transvecting (1. 15) by [, and using (1 . 8) . we write 

( 1. 17) K싸1 ，=v，K; .. 
2. Birccurrcnt r elat ive cur vature tensor ficld 

DEFINITlOKS. 1. An n-dimensional generalised Finsler space GF., in which 

relative curvature tensor field Kl.LL 5a rÎsfies the relation jkh 

(2.1) r)*h, 까a1mK 
where a'm is a n이z.zeγo recιrreηce tells0r field , is defined as birecurrent gener. 

alised Finsler space. 1 t is denoted by 2-RG F". 
2. T he relative curvature lensor field K; .. of 2-RGF. which sa떠ies (2. 1), 

is called birecurre1tt relalive CUToal tf.re tellSOT field. 

Some theorems on recurrence tensor field a , __ and birecurrent relative curva 
'"' 

ture tensor field K;kh are establi s뼈 în this section. 

The covariant differentiation of (1 .14) with respect to x’‘ yields 

(2. 2) 

(2. 3) 

Thus we state 

r;kh, l,n=(UI, 끼+ν써K;kh 

alm= (Vl, lIt + ν[v"‘) . 

THEOREM 2. 1. Every generalised F i1zsler space o[ [irsl order [or tolzich 

reCtlrrence vector field V I s찌찌es 

v'.m+VI V’”윷O 
is also a birecurrent ge1zera lt'sed Finsler sþace bιt the converse is not trιew 

general. 

Commuting the indices 1 and /Jl in (2. 1) and subtracting the result thus 

obtained from it, we get 

(@2.」4”) K;k%hι’.lt씨"“…’m’”l - K;k빼h. tJ……’”씨l“， =(0까a11J““’””1”t〔- aι"끼까'J/ 
By virπr다- t，ωue of commutation formula ( 1. 5). the equation (2.4) takes the fo rm 

(2. 잉 K;μ”찌IK찍;*샤h -K지rkh'띠K;Lm께I-K찍;찌;μm…， -K찍;kkr껴K;μm ， -2K낀jk샤kι. r」A;μ'm써m찌n서1=2강a까a，.찌， 
Thus we have 

THEOREM 2.2. 1η 2• RGF. ’ 
the recurrence tellsor fie!d is not symmetηC tn 
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ge1wra!. 

Differentiating (2.5) covariently ‘"ith respect to x' and simplifying with the 

help of (1 .14) , (2. 1) and (2. 5), we have 

(2.6야) v. a[μl“m’껴;사k샤h + 2vn까vrK~김kkA;LIm씨] = a까〔υ띠h씨싸’m 
whiκc이h yie려l버ds 

(2.7) 갱[μ암% ν파ml = Ur， n이1m] + a (lmj.n 十νrAGml ’ n since K~kh ~ O. 

Accordingly we have 

THEORE Yl 2.3. J1I 2-RGF •• the recurrence te"sor field salisfies the relation 

" , 
νna[lm] + νηVr~ÚmJ = V r. nLl"[fm] +a [1m] , 11 +V,ß [1…], 11 

The covariant differentiation of (2.7) with respect to x' gives 

(2.8밍) Vn•κ’ s a [1써m]π+v싸r l1이;Lμl…써m씨]+v’”꺼"Vν‘a악[!υIμ“씨’U끼끼n끼까1/ 

+vιrζ‘ nß싸A식[hμb…써싸’m씨ι서ι]. ，十 Uιrι’，ß식[1，써싸’m씨”씨샤]，μ’끼n + ν끼rß피1U/“써싸m씨n씨]，μ’끼n“ s 

Noting (2.3). the equation (2.8) becomes 

(2ι.9) a.,
‘lS a [1m시1 +a nsμ， 'νι}사r」Ar;;)L’”찌11]

r 
十 V .. ^ 니 [1m] 

Commuting the inJices μ and s in (2.9) and subtracting the obta ined result 

fro m it. \vc get 

(2.10

…
0이) a 싸G [l씨 +ιν" ß이;“써‘ 

Hence \ve ha ve 

THEOREy! 2.4. [n 2- RGFn• Ihe rι[atiotl 

a씨 (a[lliπUfA?써 
is true. 

By vir tue of commutation formula (1. 5) and (1. 9) . the equation (2.10) y ields 

( 2.11 ) 2aψ3](a UmJ +vr6. ~ln() = a l r써지ιa[l껴;1t」 -z이11.;]a !1m j .r + νpIr???s이“1/] 
←-2vζrι1ρ왜석4’“‘”써s 

T、녕ak싸i“mg c야yc이lic permu
따tation of the ind ices 1. íl a nd s in (2.11) an c1 noting (1. 10), 

W C obta 1n 
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( 2. 12) o (;;;aï)m f- a (삶바v，=a김AIn- lsl ;qgrq+융전사까-씌ιa1;， r 

1 n." 
+ 2νPK/，AJi김-ν'. P~ (강llJ m + v，~ (펜: 딩1 ’ 
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where bar Qver indices represents ske\y-symmetric part a nd the index bet￦een 

box is unaltered under cyclic permutation oí indices. Accordingly we state 

THEOREM 2. 5. 111 2-RGF . 

" ..., 
a (if$ a']m ~ a [M ð.~ilnv， = a rm ð (l l’ lsl .qg +?hm 〔!iafI;-A l강 OIJ m.r 

+ ÷UpxrI!s A뇨끼 pAt;;A;r;+u피i받꾀l 

The cova riant differentiation of ( 1. 12) with respect of x’ gl ves 

(2 . 13) 0 1• 낀ItIl +akH얻hl + aJrnK~lk + 2v" (K~nfkP펴1 + K;m.P낌1 +낀mlP짜] 

+ 2IR· p rm +KI p ‘.. + K ’ P ., j =O jmk" I'IIJ. I% ' 
.... jm/f" [fkJ,tI 

, •• jrnl'" 11rk] .1J 

by means of (1.14) and (2. 1). 

From (1 .12) and (1 . 14). the equation (2.13) takes t hc form 

(2.14) (01• - v.v，)K;.까 (a' n - v.v.) K;hl +(a,
’‘ 
-vhV.) K;lk+ 2 [K;’nk써1 . ' 

+ K'" .P ‘’” +lr p .”l 
l =0 Ih'" [!k]. 1l ' 4.J.. j’11' ''' [hk] . nJ 

In view of (2. 3) , above eq uation reduces to 

(2.15) K ‘ ν 一 2K‘ p ”” =O j[ kh" 1], n .... 41. jm [k'" iïïj
‘” 

Thus ‘,ve \V rl te 

THEOREM 2. 6. 111 2- RGF . . Ihe Bioll이i ide시사Iy lakes Ih. f orm 

’ V Il -2K':._ .. "P~~ =0 i (kk "/1 ’ jm[k" h/J , n 

3. Bi recurrent Castan‘ s Cun ature t .n50r field 

DEFI)l (TIO:-lS. 1. An" 이mensional generalised Fi nsler space GF.. in which 

Cartan ’s curvature tensor field K ':LL satisfies the relation ikh 

(3.1 ) K싸| 1m=almK;kh ， K;*션0， 

‘\.hcre a1m is a non-zero recurrence tensor field , is called birecιTTe1lt g encr alised 

Finsler space. It is denoted by 2-RGF. in br icf. 

2. T hc curvature tensor field K뇨. which satisfies (3. 1) i5 defined as birecur 
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rent curvature tensor fieldo 

Trans、recting (3.1) by 1'. we lind 

(3. 2) K:kh ! (m=a1mK:kh 
by means 01 (1.8). 

Contracting the indices i and h in (3. 1), we have 

(3.3) Kjk1lm=G 1mKjk 

along with Kjk낯O. 

Taking covariant differentiat ion of (1.15) with respect to xm, we get 

(3.3) K;싸m=(Vl\m+까%)K;kh 
ty virtue of (1.15). 
FK1m (3.1) and (3.3) , we write 

(3.4) a씨=v， lm+vlvm 
Hence we have 

THEOREM 3. 1. Every recurrent generalised Fi’'51er 5Pace ollirst order iη 
μ'le seη5e 01 Cartan lor which recαrrence vector field V[ satisfies l’ 11m+ ν，Vm윷o is 

al50 a 2• RGF n bnt the converse is nol trαe in gelleral. 

Similar to that of Theorem 2.2, we state 

THEOREM 3.2. 1η 2-RGF n' the recttrrence tensor field ajm is nat sym
…

etric 

in general. 

Commuting the indices 1 and 1n in (3.3) and subtracting the result Irom it , 

we obtain 
(3.5) Kjk11m -Kjk 1 ，ιJ二 (atm-aml)KjkO 

Using Commutation formula (1. 6) and equation (1. 16) in (3.5) , we get 

(3. 6) 챔l싫ImF -KμKjml-Kjp야μ -2K써 파m) = (alm - al
”
I] Kl@

Differentiating (3.6) covariantly with respect to x" and noting (1. 15), (1. 16). 

(1. 7) and (3.6) we have 

(β3.7끼7η) (Oh며K샤씨) 1μ.K썩t;l“μ， 
+2ν%h AtClm쩌) 1니씨”μ)Kj샤 k 

Thus we state 

THEOREM 3.3. In 2-RGF". the relalion 
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(ò.Kj시 1. K;,mF - v. (K PkK~ml + K ;pKμ1)=(싫 (1m] 1. +싸꾀"'] 

+2% ALml !n)Klk 

holds good. 

T he covar iant differentiation of (1. 13) with respect to x' yie]ds 

(3. 8) % K;kh + akn K;hI+ah껴;Ik+F% [KZk a”‘r;;+KZharJlrX+KX값r:~l 

+F[K낀μμ*μ(@6mr;:p끼)기ι1，시’”까>J+ K:'짜따hι(Ò.…，r끼;;kpμ)이l“n+K따찌’ 
+K씬;’…RkA;까K;m.ß“] +2 [K;mIAg싸+K;mkAgllln+K;mAArjkll ”] 

in view of (1. 15) (1. 17) and (3.1). 

Simplifying (3. 8) with the help of (1. 13) and (3.4) it gives 

(3. 9) vl l씨k. +vkl ，.K;.써h| ，，K;Ik+F [(8mr;;) |”KXk+K짜(åm파)1. 

+ Kgl(amr ;;)|
”
l =2IK;，따Al |”+K;mk돼1] 1. + K;mkß7Ik] I.l 

which takes the form 

(3.10) K; [k.vl] l.-FK，짜hO관펜I1 !”=2K;mll혜 In 
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by vi rtue of (1. 9). The indices between hoxes are unaltered under cyclic change 
of indices and bar represents represents skew-symmetric part. 

Accordingly we have 

THEOREM 3.4. bz 2- RGF n' l1Ie Bialtclzi idenlity f or Ilze curvalμγe lensor field 

K;kh takes the form 

K; [싸 
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