
Kyungpook Math. ]. 
Volume 22, Number 2, 
December. 1982 

GENERALIZED LOGARITHMIC MEANS OF AN ENTIRE DIRICHLET 
SERIES OF ORDER ZERO ( 1 ) 

By Sa tendra Kumar Vaish 

1. Let f (s) =ξ a.exp(sÀ.) 、.vhere s=u+il, n+ l> it., it1 > o. lim sup 객원 ∞ 

n=l n_∞ ” 
=0. 1'ep1'esent an en tire function. The Ritt o1'der p(O<p<∞) of f (s) is de[ined 

[4, ρ. 78J as the limit su야rior of 믹싱앵짝으니. as (f→∞， with M(u) =sup 
‘ u 

ll f (u + it) 1 : -∞ <1 <∞). For a class of enti1'e functions of Ritt order zc1'o. we 
define L-order (logarithm ic order in the sense of Reddy) p* and lower L-order 

2’ as [3J: 

(1.1) aE암 :;?표뚫F뜨L=i:， l<À*<p*<∞· 
For f unctions of L-order 야 (1<야〈∞)， the L-typc T* and lower L-type 샤 

a re defined as : 

( 1. 2) lim 땐뾰햄EL=℃‘， 0<1섯T*<∞. 
a-oo 111 ‘ a" 

The logarithmic mean of f (s) is defined [1, p. 13J as: 
T 

( 1. 3) L(u)폈{숲f loglf(u+it) 1 씨. 
-T 

Also, for δ>0， we consider the following generalized logarithmic means of 
f(s ) : 

( 1. 4) 
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(1.5) L양(U) =g4-7%L(x)dx. 
0 

Our aim in this paper is 10 study some of the growth properties of the 
iogarithmic mean L (u) and the generalized logarithmic rnean L잉(q). ';ariQus 

constants have been defined and a number of relations involving these constants 

have been obtai ned. 
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2. Since 10gL융ó(IT) is an increasing con l"ex function of 10gIT [6. Lemma 21. 、，ve

may wnte 
o 

(2.1) log L잉(IT) = log L하(에+J팍ιdx. IT> ITo• 
q. 

“’l1ere U(x ) is a positive real valued indefinitely increasing function of x [2. 

p. 73). For 1<.0* <∞. let us set. 

(2.2) 11m SUP-맺2...=~. 0<β〈α 〈∞，
0→∞ …‘ a'-

and 

(2.3) suo 10" L앙 r 0') b 
lm t::」:흐:i:스<. O<q<，p<∞. 

q-∞ ‘ n'- ’ 

、Ve prove the following 

THEOREM 1. 11 L다(IT) is the getleralized logaritlzmic 1IIeatl oll(s) 01 L -order 

.0* (1<야〈∞) a1ld a. β P. q are t!ze C01zstmlts dζfi끼ed as i1z (2. 2) atzd (2.3). tlzen 

(2. 4) β<'.0* q<..o* p<.a. 

(2. 5) 

(2. 6) 

and 

(2.7) 

하 P>웅 eβ앙‘，8 . 

.0* q<.β{1 + log웅}<.α 

a+p* q<.e .0* p. 

PROOF. From (2.2). we have. for any öO and IT> ITo• 

(2. 8) (β -f)ITP‘ <U (IT) <(a+f)ITP‘. 
Also for h>O. we have 

(0 o+ho) 

(2. 9) log L잉(써IT)= logL앙째+jJ+f i판강dx. 
l fJ. q ) 

Using left-hand inequality of (2.8) in (2.9) . 、，ve get 

So 

rJ 0+110 

10gL앙(a+ !ztJ)>0(1) +(ß-f) j.-/'- ldx十U(IT)j 쁨 
" . u 

=0(1) +(ß-f)(p‘ ) -laP' (1-0(1)) +U(σ)Iog(l +h). 

log L’‘ð(IT+lza) _ 1 (A"" ß - f '- _,. __ , U (IT). ,-, .. 1 」一τ「〉-「「o(l)+월드(1 -0(1))+.JZ:싹log(1 H)1. 
( IT+ IztT)" - (1 + 1，시 ‘ P ‘ g ‘ ) 
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Taking limits. as a→∞， we get 

(2.10) P>(1+ h) • p' {β(ρ용) -1十α log(l +h)). 

and 

(2.11) q>(1+h)-P'떠(p*)-1 +βlog(1+ h)) . 
Similarly. on using right-hand inequality of (2.8) in (2.9). we get 

(2.12) P<'α(p용)-I(I+h)←p. +α log(1+ι). 

and 

(2.13) q<.α(p융)-I(1+ h)-.o' + βlog(I +h). 
It can be seen after a long calculation that the maxima of the right-hand side 

expressions in (2.10) and (2.11) occur at 

(2.14) h=e 
(a-β)!p"'a 

and 

(2.1.5) 11=0. 

rcspectively. Substituting these values of h from (2.14) and (2.15) in (2.10) 

and (2.11). rcspectively. we get 

(2.16) 

and 

(2.17) 

ρ‘ P>뚱i앙ß. 

p* q> ,8. 

the last incquality in (2.16) follows from the fact that 

e'> ex for x>O. 

lt can also be seen that the minima ' of the right-hand side cxpressions in 

(2.12) and (2.13) occur at 

(~1~ h=~ 

and 
l/p lt-

(2.19 ) h=(α/ß)"" -1. 

respectively. Substituting these values of h from (2.18) and (2.19) in (2.12) 

and (2.13). respectively. we get 

(2. 20) ρ융 P<'α， 

and 

(2. 21) p* q<" ß (1 + log(α/ß))<'α， 

since 1 + log x<..exp(log x). 

Combining (2. 17) and (2.20). since p웅 q<.ρ* P. we get (2.4). (2. 5) and (2.6) 

fo11ow Irom (2.16) and (2.21). respectively. 
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To prO\-e (2. ï ) . 、ve note that 
~l/p' 。

U(q)<치 헬Ldx • 

.-\dding p* log L잉(q) on hoth sides of the ahove relation and using (2.1). we 

get 

9‘ 10gL‘ ð(") +U(,, )< p‘ 10gL‘ õ(e 1!P' o) . 

Dividing lhroughout by "P'. proceeding to limits and using (2. 2) and (2. 3) . we 

get (2. 7) . This co:npletes the proof of the Theorem 1. 

RE、IARK . In the relation (2. 5) actually ß<응ef3/" if a혀. and in relation 

(2. 6) β(1+log(a/ß))<a if a ""ß. Thus the eq uality in the relation (2.5) and 

(2. 6) will occur only if a=ß. Moreover. from (2. 5). ~홉""<p* P. or 

(2. 22) a +ß<e p‘ p. 

A comparison of (2.7) and (2.22) shows that (2.7) is a refinement of (2.22). 

THEOREM 2. [1 I(s) is an enNre I ,mclion 01 L-order p*(1 < p* <∞). 111 ... 

li삐in씨m 파g유L ex찌t .'i씨t“s 
0-∞ o 

log L‘ .(" ) 
il and 0ηly lf. 1im exisls. i1t which case 

(2. 23) 

Q __ CO (1 

1 프앨L * 1 log L얀(q) 
→-즌느~ =o~ 11m ---;:ii---

0-∞ (J r 0 ..... 00 (1<" 

log L‘ ð(q ) 
PR∞F. If Iim 파열L exists- then lt follows that lim -「「{ exiS잉 from 

0 .-∞ u"' 0-∞ " 

{ 2. 4). Wc. therefore. suppose that 

(2. 24) 
1 l영 L다(g) o 
1m D 

" ..... 00 a 
Yirst let. O<p<∞. then for any ,>0 and " > " 0' we have 

(2.25) (p - f ),,0' <Iog L’õ(") < (P+f)"" , 

J-Ience. for any ,,> O. 、.ve get 

=logL‘ õ( ,,+h<T) - log L‘ i") 
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< (P+f )(u + M )"' - (p- f) U" 

=P( p*h + ••• )uP' + f(2 + .<I‘h + •.•• )up
'. 

Therefore 

0+"" 

U(u) !앵(1+h셔 팍즈L dx < p( p*h + ••• )u. ' +f(2+찌+… )u. ' . 

Since f and h are arbitrary and 50 making f • o and h• O. we have 

(2.26) Iim supJel.싹 〈썩· 
O~ U 

!Proceeding in a similar way, 、，'e easily get 

U(u)!Og{난7ï}감σ햄L dx> P(p*h- ••• )uP' -f(2 야h+… )uρ 

This gives 

(2.m !im inf Jel.열사p‘p. 
0_∞ σ 

Thus. for o <p <∞， the re!ations (2.26) and (2.27) give us 

(2.28) j많쁨2.. = p*p. 

lf p=O. then (2. 26) gives IimJel.땀 =0 and if p =∞. then taking an a rbitra 
0 • " 00 (J' 

rily !arge number M in place of p -f and proceeding as aboγe. we get Iim 
6←~。

U(U) 
-←」→←-=0。

uP 

The equality (2.23) follows from (2.24) and (2.28). 

THEOREM 3. For every elltire Iztnclion I (s) 01 L-order 야(1<.0*<∞) and 10ωer 

L -order 깐 0<상〈∞). 

(2.29) O.많l브많:많않힘짧?뜸댐펌;않빠f{꿇g암노-(ð +δ%씨+꺼1)싸) 

10 order to pro아ve t야this theorem 、we need the followi ng !emmas: 

LEMMA 1. Uò+1 L( u) is an increasing convex lunc/ioll 01 U6+ 1L양(u) . 6+1 

LEMMA 2. For .<1> u. we have 

L (u ) _ 1 +1 

( 2. 30) L*õ(u) < :;뚱{-<τ슴-τ:;rL상(.<1) . 
v . ‘ Jl -0 
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LEMMA 3. We have 

(2. 31) li lTl sup쁘양연LrP‘ 
q-∞ inf log <1 、1."

The proofs of the above three lemmas are given by the author ([5]. [6]). 

LEMMA 4. We fj 1ld 

log L‘ /시 
α. 32) 많 펌-김§암-〈g:. 

This lemma follows in view of (2. 30) and (2. 31) . 

PROOF OF THEOREM 3. It is readily seen that 

50 that 

tha t is 

f. "' 'l' ' ~，'- _. L __ 1'"~ .... __ , l 1 r L(x ) :L H(ð +l)logx +logL얀(x) i =- {7pri t l ,"" . ... / & .... 0 .• , ...... 0 ~ ò ... ~ " J - x l L*aCx) J 

(δ+ l) log 움+logL성(<1) -log L양(<10난월윗 뿐 

o 

(2. 33) log Lψ)=log껴(써쁨삶 
q, 

where 

(2. 34) r L(x ) J>. ,,) 
(x)=l캘GT-(6H)) 

increases with x, by virtue of Lemma 1. Thus. for <1> <1Ü' (2. 33) gives 

。·

log L앙(<1 2)>I꽉상dx>m(<1)log <1. 

Hence. 

lim S때 까(0)〈llm sup프한딴i 
O→∞ mr ’「∞ mr ‘ u ...... <.A,.! ~--- lOg (J 

which gives the desired result in view of (2.32) and (2.34). 

THEORE:.r 4. If 

lim ~~l' log l~g L*ð(<1 ) 
，j잃 ;if-「R;;L-= B· 。〈B〈A〈∞，

then 
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log L양(u) _ 1 _ 1 ~" _ logL잉(u) 
짧lnf-TR「〈τ' Ê 엔많 sup U(u) ’ 

,"IIere U(u) is giu"" by (2. 1) . 

The proof of this theorem foJlows on 1he lines 01 Theorem 3 obtained by 1he 

author [51 . 

FinaJly. we ha\'e 

THEOREM 5. 11 L얻(u) is IIIe geμeralized logarit Jz mt'c ’nean oll(s) 01 L -order 

p* (l <P‘<∞) . L -type T ‘ and lower L-Iype t*. tllen 

lim sup강E〈Ti/(5+ l ) 
0_∞ in'f (/* 、， '/(õ + 1 ) • 

PROOF. From ( 1. 3) and ( 1. 5). we ha‘ e 
o T 

L얀(u)=lim! 1" , . r r xδlogl/(x+씨 Idx d시 
T→∞‘ 2Tu“ ó ':"'T 

，J엎 ft { (으L 
δT i 

Therefore 

oE힐SF편각，(냥1)많 ?S? 댐쁨 
Hence the result follows in \'iew of ( 1. 2). 

University of R∞rkee ， 

Roorkee 247672. (U. P.). 

India. 
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