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EXTENSIONS OF TOPOLOGICAL ORDERED SPACES
By T.H. Choe and S.S. Hong*

0. Introduetion

Since Nachbin has shown in [10] that every completely regular ordered space
has an ordered compactification, now known as the Nachbin compactification,
recently there has been a growing interest in extensions of topological ordered
spaces (see [2], [3], [4], [6], (8], [10], [11], [12], [13]).

Using filter traces, Banaschewski has characterized in [1] various extensions
of topological spaces. In particular, he has shown that for any topological
space there are two extremal extensions namely the strict one and simple one
and that any extension of a topological space is in a sense situated between
the strict extension and the simple extension.

In [12], Y.S. Park has introduced the concept of bifilters with which he has
constructed the Wallman type compactification of a topological ordered space.
Also in [6], Hong has constructed the zero-dimensional ordered compactification
with maximal clopen bifilters,

Our purpose to write this paper is to set up a systematic method to study
extensions of topological ordered spaces as Banaschewski dees for those of
topological spaces in [1]. In this direction, we use open bifilters on Hausdorff
convex ordered spaces to characterize their extensions.

It is shown that the underlying ordered set of a Hausdorff convex extension
of a topological ordered space is completely recovered by the trace open bifil-
ters. Then considering any family of open bifilters extending neighborhood
bifilters, we construct the strict and simple extensions of a Hausdorff convex
ordered space which have the same properties as those of topological spaces.
As a byproduct, we have a characterization of o-H-closed ordered spaces by
the fact every maximal open bifilter is convergent. Also, we show that every
Hausdorff convex ordered space has an o-H-closed extension,

For the terminology not introduced in this paper, we refer to [10].

*This research was aided by MOE Research Grant (1981).
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i. Extensions of convex topological ordered spaces

In this section, we show that the order on any Hausdorff convex extension
of a topological ordered space X can be recovered by a natural order on a set
of open bhifilters on X. Thus open bifilters are shown to be a nice tool for the
study of extensions of topological ordered spaces as open filters are for that of

extensions of topological spaces.

1.1. DEFINITION. A topological ordered space (X,.9,=) is said to be convex
if the set of all open increasing sets and all open decreasing sets forms a
subbase for .97, equivalently, for any neighborhood N of x&€X, there is an
increasing open neighborhood U of # and a decreasing open neighborhood ¥V of
x with UNVCN.

Let TPOS denote the category of topological ordered spaces and continuous
isotones and CTPOS the full subcategory of TPCS formed by convex topologi-

cal ordered spaces,

1.2. PROPCSITION. The category CTPOS is closed under the initial mono-sources
in TPOS.

PROOF. Observe that a mono-source (fz_) " in TPOS is in.tial iff itis initial in
Top and in the category Ord of ordered sets and isotomes. Then the statement
is immediate from the fact that the inverse image of an increasing (decreasing,
resp.) set under an isotone is again increasing (decreasing, resp.). We omit
the detail of the proof.

Using the above proposition and the fact that 7P0S is an (epi, initial mono-
sources) category, the following is immediate from [5].

1.3. COROLLARY. CTPOS is epiveflective in TPOS and hence CTPOS is pro-
ductive and hereditary in TPOS.

We note that real line with the usual topology and the usual order is convex
and hence every completely regular ordered space is convex. Thus every com-
pact ordered space is convex as known in [10].

The following definition is due to Park [12].

1.4. DEFINITION. A pair (&, &) of filters on an ordered set X is said to he a
bifilter on X if it satisfies the following:

(1) 5 has a base consisting of increasing sets,
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(2) Z has a base consisting of decreasing sets,
(3) For any FESF and any GEZ, FNG=¢.

From (3) of the above definition, for any bifilter (%, %), the join filter
(FVE) of F and Z exists,
1.5. DEFINITION. Let X be & topological ordered space.
(1) A tifilter (¥, %) on X is said t) be an oper bifilter if F and & have
hases consisting of open increasing sets and open decreasing sets respectively.
(2) A bifilter (F, Z) on X is said to converge to x if 5V % converges to x
in X. In this case, x is also said to be a /limit of the bifilter (&F, &).
NOTATION. Let X be a topological ordered space and for any zEX, let
{!X(.t) (.@X(x), resp.) denote the filters zenerated by increasing (decreasing,
resp. ) open neighborhoods of x. If there is no confusion on X, then 3X(x)
(.@X(x),resp,) will be denoted by 9(x)(Z (x), resp.). Clearly (J(x), Z(x)) is
an open bifilter. If X is a convex topological ordered space, then a Dbifilter
(F. Z) converges to x if J(ADCF and IS Z.
1.6. DEFINITION. Let X and T be topological ordered spaces. Then T is said

to be an exfession of X if X is iseomorphic i.e., homeomorphic and order
isomorphic, with a dense subspace of T.

Let T be a Hausdorff convex extension of X, i.e., T is a Hausdorff convex
ordered space of which X is a dense subspace. For any =T, let F p be the
trace filter of ST(t) on X and jff the trace filter of & 1',(t) on X. Since X is
a dense subspace of T, (# 8 ?:) is an open bifilter on X and for any {EX,
ﬁf:&}(@) and gfi:.@x(t). Since T is a Hausdorff space, for any i€T-X,
(.ﬁ'l,?t) is not convergent in X.

In all, &(T)={(F , @’)E.‘ET] is a set of open bifilters on X extending

{(3X(x), g X(x))[xEX] such that for t€T-X, (F , 5’;) is not convergent.
Now we introduce the order relation on @(T) as follows:

(ﬁ'r, gt)é(ﬁ"'r, gt,) iff ﬁ'tg.ﬁ't, and &, gg‘.

Using this notion, one has the following:

1.7. THEOREM. For any Hausdorff convex exiension T of X, (@(T), =) is an
ordered set which is order isomorphic with T.

PROOF. The first part is immediate from the fact that the order relation on
@(T) is defined by the inclusion relation of filters. For the second part, defline
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a map ¢ : T—@(T) by e(D=(F P & :)' Clearly e is onto. Suppose ##¢ and
hence we may assume #=¢’. Since the order in a Hausdorff convex ordered
space is continuous, there is an increasing open neighborhood U of ¢ and a
decreasing open neighborhood V of ¢ with UNV=¢. Hence UNXEF , and
VﬂXG{Ef. Thus (ﬁ't.ft)#(ﬁ'r, 55,—)' ine,. e(®)7e(t"). Hence e is one-one
onto.

If t=¢ in T, then vST(t)EST(t’) and QT(Z");.@ T(t), so that F ‘;.5!7 t, and
:,’,ﬂ;t,g‘??t. Hence e(#)=e(t’). Thus e is an isotonc. Suppose ¢=£¢" in 7. Again
using the fact that the order in T is continuous, there is an increasing open
neighborhood U of ¢ and a decreasing open neightorhood ¥V of ¢ with UNV=2.
Hence UﬂXEﬁ"f and VﬂXG?r,. If .ﬂ"gﬁ't,, then UﬂXEﬁ“{, which is a
contradiction to VNXEZ o Thus % Iﬁﬁ' e ie., e(®)=e¢(). In all ¢ is an

order isomorphism.

The above theorem amounts to saying that the underlying ordered set of a
Hausdorff convex extension of X is completely determined by trace open bifil-
ters on X.

2. Striet extensions of convex topelogical ordered spaces

In this section we introduce strict extensions of convex topological ordered
spaces and investigate their properties.

For a Hausdorff convex ordered space X, let 7 bhe a super set of X, i.e.,
XCT. Consider a family (& 2 E?-’”)IIET} of open bifilters on X such that for
any x€X, (F » 3?‘!)=('8(x),_@' (%)) and for any t&T—-X, (F B g;r) is not con-
vergent. For any increasing open set I/ of X, let U= [T |UcF# f} and for
any decreasing open set V of X, let V= {fET]VE_;’;f:J.

Using the above notation, one has the following.

2.1. PROPOSITION. Let U, V be increasing open seis in X. Then onc has,

D U=4¢ iff U=¢.
@ Unv=wnv*
@) UNx=U.

Dually the corresponding properiies for decreasing open seis in X also hold.
PROOF. It is straightforward and we left the proof to the readers.

Now we are ready to introduce the order and topology on T. Let .5 be the



Extensions of Topological Ordered Spaces 155

topology on T generated by {U|U: increasing open set in X} U{V|V: decrea-
sing open set in X}. Using the result in Section 1, we define the order on T
as follows: /=¢ iff ﬁ'c:ﬁ" and ﬁ“t'gf Then (T,.5,=) is a topological
ordered space which wﬂl be agam denoted by T.

2.2, THEOREM. The tepological ordered space T is a convex extension of X.

PROOF. Since X is a Hausdorff convex ordered spece, the inclusion map X
— 7T is an order isomorphism. Using (3) and the dual of (3) in Proposition 2.1,
X is a topological subspace of T. For any {&€T, take an increasing open set U
and a decreasing open set V with /€UNV, then UGF and VEZ . Hence
UOVE.}'!VF;F Since UNVCUNV, ﬁ'\/f converges tu { and XEF vaft
Thus t&X. Therefore T is an extension of X. For any increasing open set U
in X and teU, suppose {=¢#. Then UeF zgﬁ- . SO that #€U0. Thus U is
again increasing in 7 and dually for decreasing open set V in X, V is also
decreasing in 7. Hence T is a convex topological ordered space.

2.3. DEFINITION. The extension 7° of a Hausdorff convex ordered space X
constructed in Theorem 2.2 will be called the strict extension of X associated
with the set ‘(.5?-' )ltET] of open bifilters on X, Also an extension E of a
topological ordered space X is said to be strict if £ is a strict extension of X
associated with some set of open bifilters on X.

Let us try to find a condition for which the strict extension 7 of X would
be a Hausdorff extension.

2.4, DEFINITION, (1) For open bifilters (%, ©) and (¥, &) on a topological
ordered space X, (S, %) is said to be contained in (F’, &) if FTF"’ and
ZCZ’. In case we write (F, @)C(F ', &),

(2) An open bifilter is said to be a maximal open bifilter if it is a maximal
element with respect to the above relation ©

By Zorn's lemma, for any open bifilter (&, &), there is a maximal open
bifilter (&, %) with (F, @)C(&, #). Using this, one can easily show that
an open bifilter (&, #") is maximal iff for any increasing open set U with
UNHNK#g for all He&/, K€%, U belongs to & and dually for decreasing
open set V with VNHNK#¢ for all HE&, KE%, V belongs to ¥ .

With the same notation as that in Theorem 2.1, one has,

2.5. THEOREM. Suppose X is a Hausdorff convex ordered space. If for each t€
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T-X, ( ?t, & r) is a maxtimal open bifilter, then T is a Hausdorff convex ecx-
tension of X.

PROOF. Take two distinct points s and ¢ in 7. If 5,/€X, then cither s=¢ or
t=s. Assume s=f. Then there exists an increasing open neighborhood U of ¢
in X and a decreasing open neighborhood V of s in X with UNV=¢. Then U
and V are clearly disjoint neighborhoods of s and ¢ in T respectively. If s, t€
T—-X, then (ﬁ"s, fﬁ) and (ﬁt, g?f) are distinct maximal open bifilters. Hence
either F 3925*" , or gg’siﬁ' e Suppose F gﬁ' z' then there is UES suﬁ' e By
the above characterization of maximal cpen bifilters, there is H&F : and K&
«?r such that UNHNK=¢. Then U and HNK are again disjoint neighborhoods
of ¢ and s in T respectively. If gfsg;?:’ one can also find disjoint neighbor-
hoods of s and ¢ by the same argument.

Finally suppose s&€T - X and ¢&X, then (5 o L’fs) can not converge to f.
Thus one has cither F =9 (VEF or Z=F OFZ, Assume §, (OLEF
then there is UE&X(t)—ﬁ' o Thus there is HFEF . and K E;’{g"s such that UN
HNK=¢. Therefore U and ANK are disjoint neighborhoods of ¢ and s in T
respectively. Similarly, for the case of & X(t)$ _j;’s one can find disjoint neigh-
borhoods of s and ¢, This completes the proof.

Using the above, we have the following interesting result.

2.6. DEFINITION. A Hausdorff convex ordered space X is said to be o-H-closed
if whenever X is a subspace of any Hausdorff convex ordered space T,X is
closed in T.

If the order in a topological ordered space X is discrete, then X is ¢o-H-closed
iff it is H-closed. Moreover, it is clear that every compact ordered space is o-H-
closed.

2.7. THEOREM. Let X be a Hausdorff convex ordered space. Then X is o H-
closed iff every maximal open bifilter on X is convergeiut.

PROOF. Suppose X is o-H-closed and there is a maximal cpen bifilter (&, %")
in X which is not convergent. Take any element w&X and let T=X1J {w}. We
denote the strict extension of X associated with ((H(x), Z())|x&X} U (L,
F)} by T, i.e. (ﬁ’w, gw)z(,es”/, 7). Since (&, %) is a maximal open
bifilter, by the above theorem T is a Hausdorff extension of X, which is a
contradiction to the fact that X is o-H-closed. Conversely, suppose X is a
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subspace of a Hausdorff convex ordered space T. Pick any t=X and let 2 (L,
resp.) be the trace filter of 19T(t)(gr(t).resp.) on X. Since (&, £) is an open
bifilter on X, there is a maximal open bifilter (&%, &) on X with (&, £)C
(&, %). By the assumption, (&, &) converges to ¥ in X and hence to % in
T. Since (&, &) converges to ¢ in T, (F, &) also converges to f. Since T is
a Hausdorff space, /=x=X. Hence X is a closed subspace of T.

For any Hausdorfif convex extension T of X, let sT be the strict extension
of X associated with @(7) as in Section 1. Then one has the following:

2.8, THEOREM. For any Hausdorff convex extension T of X, the identily map
lr 1 T——sT is a continuous order isomorphism.

PROOF. By the definition of s7 and &(T), it is clear that the map @(T)——sT
defined by (F » %

2 )
Z
the identity map L. T ——sT is an order isomorphism. For any ¢&sT, let U

——¢, is an order isomorphism. Hence by Theorem 1.7,

(V,resp.) be an increasing (decreasing, resp.) open set with :&UNV. Hence
UesF =90 , and Ve gz"!:.@'(t) ot Thus there is U 16«9(3) and VIEQ (#) such
that U NXCU and V,NXCV. Hence U NV CUNV. Thus JUV is a neighbor-
hood of # in 7. This completes the proof.

2.9, DEFINITION. A convex ordered space X is said to be regular if for any
¥&X and any increasing neighborhood U of #x there is an increasing open

neighborhood N of x with NCU, and dually for any decreasing neighborhood
V of z, there is a decreasing open neighborhood M of x with MCV.

Clearly, every completely regular ordered space is regular, and in particular,
every compact ordered space is regular. The following theorem says that there

are plenty of strict extensions.

2,10, THEOREM. Every regular extension T of a topological ordered space X is

a strict extension of X.

PROOF. Let sT be the strict extension of X associated with @(T). By the
above theorem, it is enough to show that the identity map 1 sT—T is con-
tinuous. Take any #&T and let U(V,resp.) be an increasing (decreasing, resp.)
open neighborhood of # in 7. Since T is regular, there is an increasing (decrea-
sing, resp.) open neighborhood U 1(V " resp.) of ¢ with U 1QU(vf;V. resp. ). Let
U2=U1ﬂX and V2=V1ﬂX. Then U_ﬂl:’? is a neighborhood of ¢ in sT. Take
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any seﬁ'o. For any increasing open neighborhood P of s in T and any decreas-
ing open dneighborhood QolsinT, PNXEF ,and QNXEZ . Since U &5 E
Uzﬂ(PﬂX)ﬂ(QQX)¢¢ and hence Dﬁﬂﬂ({’ﬂQ)#gﬁ. Thus seﬁl, 1 B [72;?1_
Dually one has V&V . Therefore U N VZEUIUVIQUQV, so that UNV is
also a neighborhood of ¢ in s7. This completes the proof.

3. Simple extensions

For a Hausdorff convex ordered space X, let [(F P ;’ét)[tET} be a family of
open bifilters on X and the order = on T as those in Section 2. Now let us
define another topology fﬁ on T as follows: j"p: {ACT| for any i€ A4, there
is UE,?%’"? and VE;;@I such that (WNVYU €A}, Then it is immediate that
5 is a topology on T. Hence (T,f’p, =) is a topological ordered space which

b
is denoted by Tﬁ. Using the above notion, one has,
3.1. THEOREM. The topological ordeved space Tp is an extension of X.

PROOF. By the proof of Theorem 2.2, X is an ordered subspace of TP' Since
any increasing (decreasing, resp.) open set in X is again open in T}3 and any
open sct in T‘h contained in X is also open in X, X is an open subspace of Tp.
Moreover for any IETP and any open neighborhood A of #, there is UE%F "
and VE(?;"; such that (TNVHYU I CA. Hence ¢=2UNVCANX so that (X,

b7

Thus Tp is an extension of X.

3.2. LEFINITION. The extension T/,— of X constructed in Theorem 3.1 will be
X YWET) of

called a simple extension of X associaied with the famly ((F r 22‘7:
open bifilters on X. An extension of X is zlso said to be simple il it is a

simple extension of X associated with some family of open bifilters on X.

For any Hausdorff convex extension 7 of X, let p7° be the simple extension

of X associated with @(T).

3. THEOREM. For eay Hawsdorff convex exicusion T of X, the identity map

1 pT—T is a couatinvous ovder isomorphism,

PROOF. As the proof of Theorem 2.8, 1, is an order isomorphism. Take any
open set A in T and let t&4, then there is an increasing open neighborhood
IJ of t and a decreasing open neighborhood V' of ¢ such that UNVZA. Then
UﬂXEfﬂ, VﬂX(‘—:_‘Z{’i and ((UNXDOUVNI DU NI CUUVCA. Hence 4 is also
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open in pT. Thus 1T is continuous.

Theorem 2.8 and 3.3 amount to saying that the topolozy on any Hausdor(f
convex extension T of X is coarser than that of the simple extension of X
associated with @(7) and finer than that of the strict extension of X associa-
ted with &{T).

Using the same notation as that in Theorem 3.1, onz has,

3.4, COROLLARY. Suppose X is a Hausdorff convex ordered space. If for each
ET-X,(F p <7 ) is a maximal open bifilter, thea T!j is @ HaousdorfF extension
of X.

PROOF. By Theorem 2.5, the strict extension T of X associated with {(&F "
gf”t)]tET} is a Hausdorff convex extension of X. Since ¢(T)={(&F ’ gf}EtET},
szpT. Since the identity map 1 b Tp——eT is continuous, T;, is also a Haus-
dorff extension of X.

We note that the simple extension T of X need not be convex. We define
another order =, on 7T as follows: we keep the order on X and for any t€T —
X, t is not comparable with any element of T except ¢ itself. Then clearly
(T F =) is a convex extension of X, which will be denoted by T’p.

Using this T'p, one has the following.

3.5. THEOREM. Every Hausdorff convex ordered space has en o0-H-closed exten-
sioi.

PROOF. Let X be a Hausdorff convex ordered space and 7 a set containing
X such that {(&F e gZ“)IJET—X} is the family of all non-convergent maximal
open bifilters on X. Let T’p=(T, T » =") be the extension of X constructed as
above. Then T’p is a Hausdorff convex ordered space. By Theorem 2.7, it
remains to show that every maximal open bifilter on T’p is convergent, Let
(#,7") be a maximal open bifilter on T’P and let (% ,resp.) be the trace
filter of Z(# ,resp.) on X. Then there is a maximal open bifilter (&, Zz)
containing (&, % ). If (&, &) converges to =X, then (#Z,%") also conver-
ges to x in T’ﬁ. If (&, &) is not convergent, then there is some #&T with
(F, D)=(F » g‘). It is again easy to show that (%, #7) converges to ¢ in
T'P, and we omit the detail of the proof. This completes the proof.
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REMARK. If a Hausdorff space X is considered as a topological ordered space
with the discrete order, then the extension T’p of X in Theorem 3.5 is pre-
cisely the Katétov extension of X,

McMaster University, Hamilton, Canada
Sogang University, Seoul, Korea
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