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MULTILATERAL GENERATING FUNCTIONS FOR THE PRODUCTS 

OF HYPERGEOMETRIC POLYNOMIALS AND SEVERAL GENE 

RALIZED HYPERGEOMETRIC FUNCTIONS 

Bv H. C. Madhekar and N. κ Thakare 

1. In!roduction 

k . k+l By exploiting the properties of the differentialoperator À:c" + x" T' (d/dx). Patil 

and Thakare [8] obtained multilateral generating functions involving both the 
Konhauser Biorthogonal po lynomial sets. By resorting to the same technique the 
authors [7] recently obtained multila!eral generating functions involving the 

products of polynomials of Srivastava and Singhal [14] and several generalized 

hypergeometric functions. 
In this pa per 、.\'e obtain rnultila teral generating func!ion (2. 1) given 야low 

by adopting series rnanipulation technique and Gauss transformation for hyper
geometric functions. Our result is quite general in the sense that it is possible 

for us to obtain multilinear generating functions involving the products of 

several known polynomials including the classical orthogonal polynomials. 

The detailed discussion is postponed to appropriate sections. 

It may be mentioned that the main result obtained earlier by the authors [7] 

is different from the one obtained here. 

(2) For convenience, we shall write H (Yt , Y2' "', Yk) for 

6 m센B(jωj)냥F，κρ씨(οω1서) r꺼Ll (씨tIl낀l시j'’ tl까세'j) '’ (에bι(j)) 
L ( c(j) ); \ 지(y) J Y)~F J 

where f ;Cx ) and 찌(x) are nonzero real fun ctions, mjs are positive integers. δ 

i8 a complex parameter. 얘， α) stands for the set of β pa때leters 응 "'+1 
u u 

α+β -1 f' ","","--.'\ ".(j)" .J " ..... (j) 
」느좋;수느 (여β늘1)ι)，’ (b "') denotes t따h따e s쩍e택qu야ence 0이f B''' , com때p미lex잉x p떠aμra쩌me때t않떠e밍rs 

씬 b4ψ;?l”)t’ .. 기’ b얘g)시(j) in뼈de맹pe떠n띠d야en따t 0아f n꺼n/’s 、w…，V l빼l 
(j=l,’ 2ι， " ', k) • . 

2. Main result 

(2.1) 울 (δ)… 1 r. 。F，「”z ε1z 
η=0 … rι"， ‘ L δ 

xJ H (y l' "', Yk) 
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(f,(Y,)U,) ' ‘ (f~(yk)Uk)"' 
. -펴-!--.깅k! 

- ð-m 7"'01: 1; B' ; ... ; B‘' )/[6 +m: l. tn ,, "'mtl ‘ [a: 1] : [(b') : 1] ; ... ; [(ð… : 1] ; 
=(1- .. )-'(δ)m 야 F~ ; i; ë,; ••• ; ëll{ IV' '" . ~."'h' -""J [5; ~l [(;'); ~ l ;.::; Ìè;(" ; ~J ~ 

삼할 ￠써옮r .... Øk(Yk)(홉t') 
‘" ... here. 

k 

(2.2) 아=1-걷지(Yj)Ui (k=l. 2 •.. . ). '" is some fixed in teger ; and on the 

right hand we use the notation fo r t be generalized Lauricella runction of several 

variables defined and studied by Srivastava and Daoust [13; p.454]; see a lso 

Exton [4; p. 1oo] . 

PROOF. Firstly let us consider the sum 

∞ (/1(y,)U,)'‘ (자(y씨“.)이 
'" 끈.콰 (지m+ l:끼 H (y, . .... Yk)-끼t1 ! --"ζk ! 

∞ k [.’Ir ll’ 
=치”‘ R딘묘깅긍. =0센(α2)싸m+l:끼픽팍l r￡g -그(c깅Etf”씨)서ι] "까꺼， nψjμ! rηψjμ~(j.씨jιlι(ωy꺼잉j)η)"'끼 … 

. CØ/Y j))" "j“J 

•‘” 
where [(õ(j))]., has the interpretation 낀l Ib? )] ”II and so also for [(c(l)) lni 

By direct comp따ation the above expression reduces to 

∞ ~ ( [(õ(J))]" CØ ,( y ) ,,;"")" 1 OL ε (2+ "，)" __ rr l , .. -" .. ,-- rJ 
… '1> ...• r,=O …‘" j = 1 I [Cc' '') ] . " j! 

{. ∞ .. (“f 꽉”끼l↑ } 딛=와0싼“+m+ε’m낀l 

r k l- J. - m- Im , ,, 

=(지m r" 끈.=o(X+m)x…ι 1 1 -잠지(y)"， I 
껴 [ (õ (J)) ]r/찌(Y;)“fγl 
j~l [( c(j))]"r

j
! 

Thus we obtain 
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(2았2껍때3잉) lnil옆탔윌ξ.=매0(α씨a치샤싸)μ… 
l ' nk 

= (i.) .. ()낀-m F않: ; :g::: (한m: m，.'프1 : 많 ;!: ;많:: fJ: 

￠써품r 야(Y.>(옮)’") 
where (}k is given by (2.2) , 

Let S denote the !eft hand side of (2. 1). By ofteil used Eu!er t ransformation, 
Qne has. 

∞ (a) .. , .-. " . ∞ 
S=(l - ;t)-. r:: •': ( -xl(l-x)) ’ ε (δ+11)“’ , V .. 

n=O 11 n, ..... HI =O … ‘"' 

(ll(Yl )" .>n, (fk(Y.) u야" • 
. H (Yl ' .. ‘ . Yk)-τ1 ! • Il

k 
! 

Using (2. 3) and wri ting the expansion of the genera Jized Laur icella funct ion 

involved , we obtain 

, ∞ (a) .. (xl(;t-l)) • • … … 
s= (1-xraM1.묘=o n n ! (δ+ ’‘ )싸 u-n- m 

k [(b(j ))J “ I 1l \ >>1/1 " 
. (δ + Jl + n싸m’” n -「]:Lri Pl(yl) l습니 i 

’ j=1 ‘’ )J n/'j! L \ ‘ / J 
where (}k is given by (2. 2) . T his can be fur ther simpJified to obta in fina! resu!t 

(2. 1) . 

It may be mentioned that our result generaJizes the consideration of Thakare 

and Karande [lïJ . 

3. AppJications 

(1) If wc se!ect I / Y j) =’Jt j= l; and 찌(Yj) = -Y, for each j= l , 2, "', k , we 

shaJJ obtain the resu!t (24) of Srivastava and Singha! [15, p. 1244] . 

lt may be mentioned that Sr ivas tava and Singhal [15] obtain their resu!t by 

indicating the use of tWQ techn iques; first being the use of Laplace t ransform 

and its inverse, and the second being the employment of differentia! operators. 

(2) By speciaJizing the parameters it is fai rly easy to obtain a la rge number 

of known or new multilateral/ mult iHnear generating relations invoJving gener

alized Rice polynomials. Jacobi po!ynomia!s, Laguerre po!ynomials. Hermite 
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polynomials, and their generalizations due to Brafman [lJ; Gould-Hopper [5J 

most 01 them Lahiri [6J; and Bragg [2J. But we shall not state them here as 

are expIicitly mentioned in earlier 、，vork 01 the authors [7J . HO\ve、 er 、‘ e shall 

indicate very briei ly some resu1ts "'λ' hich seem to bc nc\v and interesting. 

By specializing the parameters one can obtain a formu1a containing the pro 

duct of hypergeometric polynomial and se、 eral Brafman polynomials [l] which 

are given by 

Reca l1 

given by 

í , a α，. 기 r '(k, • n) . 기 
fnl k; β1 ， ,a, x」= k+pF이 β;， .. :.1.; x J 

Gould-Hopper generalizations of the Hermite polynomials 

[n/rJ 
g~(x， h)= L; 

… k=O 
% ’ 1.k .n-rk 

k ’ (n-rk) ! .. … 

=xt fFo[4(r, -n); -; h( 7/x)r] , (7능1). 

These are a particular case of Bralman polynomials. 

[5, p.58J 

We have, by selecting BCi) =C(j)=O, 지(Y;)=Y; and 까(y)=hi' (j=1 , 2, "', k) 

in (2.1) the folIowing multilateral generating function , 

。， k 

nj! 
(3. 1) L; δ (δ)"‘+ε，1 2Fl「?)! ”” ;: x l H, gX (y, AI) 

Rj ••••• n.=u ‘ ’ 一 J= 1. 

ò-m 7"'1: l;ü ; ... ;O/[ò+m: 1. ml . ... ， m~ ) : [a: 1] õ-••- -. = (1- x) -aCo)… 6;" - ... F;: ;:~: ... :~( " ..... ., ; [δ l J;---; 

τ늄7:' hl(옳r μ(앓)"'J 
、;l，7here

k 
(3.2) 6 , =1 ε~y α . (k= l. 2, ... ), 

R l=l j j 

Sr1vastava [16] POInted out that the Folynormals Hn，….ν (x) defined by Lahiri 

[6J and g: (x) defined by Bragg [2J are pa따u비뼈lar cases of g:(x, h) by sho，、w써‘VIll냐l 

Hn.m. ν (x)=υn g:(x, -l) =g:Cνx， -1); and g~(x) = g~(mx， -1), 

Hence from (3.1) one can obtain corresponding formulas lor the polynomials 

Hn.n‘ ν(x) and g~(x). 
For Gegenbauer polynomials [9 ; p.2801. we have 
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(2v )". c ν'_1 기 
c;(x)=「FLx” 2F lA(2, -η); v + 1I2 ; 수+J 

x 

Hence (2.1) yieJds as a speciaJ case 

∞ 「 一 ~~ A' ., k C:/, (y) nl 
(3· 3) nl 탁.=。 (δ)，싸”‘ 2FIl … ‘”“ ;;xj딛l강마듀α1 

-ô-m , ,- , ( k. l ) f 
=(l-x)→(δ)mAk m(k)H‘ [δ+m， a; V1+τ .... lJk +τ， δ; 

’ 2 . , 2 
(y; - l)"ï ( y; - 1) ,,; x \ 

각~ . . o o. 다~’ 강피"". )’ 

( k ) TT Cn) where "". is given by (3. 2) ; and ,., H~'" denotes a generalization of the Hom 

function H . ’ see Exton [4, p.97] . 

In particular one can have a bi1ateral generating function in view of the 

reJationsh ip [9, p.254 eq.1] in the form; 

(3.4) 울 (m+ ，，) !P~:~-’“ -n)(x) 파gt” 
n=O "'TTO 、 ‘ V) n

= 21+0+ß (x + 1) - I-o-ß (1 +a)씨 (l-ly) -1-0-’” 

/ (y2 - 1 t2 (x - l \ 
. H ,( l +a+ m , l +a+β V++， I+a; • 4]L T판냥~J \ 2- ’ 4(1 -ty/' ( x ',-1) (1 -ty) ) 

where H 4 is Horn ’ s lunction; see Exton [4, p. 36J. By choosing 1 +α= 1) and 

taking the Ji mit as x• 1 one can easiJy obtain a generating reJation (8) 01 [9, 

p. 279] . AJso by using the result (7) p. 255 of [9J in (3.3) one can get, 

(3.5) 
∞ ( rr_m_ 1I ，'-m_n、 C~(y) ‘ ,g (m+1l) ! Pn아n “ … “ , (x)견;r t” 

= (-띠-α - ß)m(픔l.)(당l.)’--0[1 +웅(X-1)YI]α +.8 -11’ 
. ’ 

f n. . 1 n(y~ - 1)(1 - x )-/" 4 、
.H4( -α-β+ m. -a : u+ :: • -a-

\ “ ’ 4[2-(1-x)y t) J" ' (x +1)[2- (1 • x )ylJ j" 

From (2. 1) one can deduce, 

∞ r_"’ _ :r .. . .，. o ， .rCν~(y) "’ 

(3. 6) ”l 탔.=o(δ)"'+ 1:n， zFll ...... ,;;; x J 딛lτ꾀rtl 
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습 。F， I ’사3J스」 
I= r+ l .. ~ L ιj ’ ‘ J n, ’ 

=(J -x) -"(δ)m μ감←m C，썩k+ l )( (δ + m， b
r

+
1
, "', b

k
, a 

'J.) 'J 

1 " ( yï • 1)α (y; -1 )α ; 
ν1+τ υ，+숭， cr+ l' ...• Ck' δ，←←-2--' .: 

4μk 4μZ 

Yr+1Ur + l 

μk 

Ykαk 

간순끄:; ), μk ’ 

where 
, k 

(3.7) μι=1- ε y ，α - r:: u" (k = 1, 2, "'). 
j=1 r-/ I= r+ l ‘ 

In particular by using the result-l of [9, p, 254], (3.6) yields, 

(3.8) 
∞ (a .ß- m- L 1t‘) r C” (y1) 
ι (111+εn)! P‘., --'--- }'‘’ (x) rr 강늑←α 

n•,"' , II.= (J ’”f ~ ,,l j= 1 k;υ /; J 

k 

n 
l=r+l 

η
 J “ 

) 
-! 

”
J 

-



( 
; 

l 

; 

• 

-
α
 

A 

-h 

a 

--(‘ 

( 
E 

P 

=21+α+5(l+x) l a-β(1+α)싸l-a-m‘ ”H;fkμ써+셔새1) ( 1 

+녕βr샤써+ 1에l'’ ’ 1+αak+ßk ’ 1 +αb十얘g ’ ν꺼1 +융’ "까’， lJ，π+웅’ 1+αιr샤싸+ 
(yf-1)펴 (l-l)α3 

1+α ← τ ---까 

4μk 4~k 

(Yk- 1)Uk x-l \ 
’ -걷Pτ-’ τg파-;;-J’ 

(Y' +1- 1)U'+1 

2μ@ 

where /lk is as given by (3. 7). 

By using earlier mentioned result of Rainville [9, p. 255J , 、，ve have from (3.6) 

c~' (y.) 
(3. 9) 울 (m+ε까) ! p(a-m-zn，， g-m-zκ〉 (x) h 」L」「Uηj

n‘”씨=0 ..... ~ , - '~i/ .... m+ i:'n‘ j~l (2ν)n/ "'j 

k 

n 
l= r+l 

(a/-nl. β -n/) 
l (y ,) n, 
(-αl-gJ)nt ui 

=( _1)m(_ α - ß)m(갤L)α(쓴L)η →a2밭β m ωH4(써(-α β+m. αr+ 1. 
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αk' α νl+fr， ·, ur+융 α'+1- ß싸 ， αk-ßk' 
(y:-U(1-x)jf @3-l)(l-x)2샤 (x-l)u ,+, 

-a- β " .... :::: ?.A ‘ ρ 16 갱 , 16 À~ ι ^k 

(x-l)u k 2 \ 

2Àk ’ (X+l)Ak J 

where Å.=I-+(l -x) 2:느 y μ -+(x-I) 숨 (YI -1)ι， (k=I , 2, …). “ l=l 1 / 4 1=r+l j l 

In (3. 6) replace x by 웅. each y/ by 꽁， ò' by 1 +a, each 때 1+α1 and 

taking limits as a→∞ and each b/→∞ one obtains 

(3.10)이)μn‘”’컸묘;0 (0써， 

” 

cν”; r“y 、μ ”끼 
I 

T ， (α，) .. rr . L~~o (y/)u;"/(! +a/)n, 
I=r+l ‘ j 

l-a-m (r) TT~<(k+ 1) (. , , 1 1 
=강(1+α)mμk Hj tI+α+ m; )J j +τ νr+놓， 

1 끼 ” 。

(y; -1)u; (y; -1)μr -Yr+lur+1 
l +a~ ， 1. " '， 1+ι ， 1 十α → … -• 

'+1’ /l' ~ , """ 4μ; ” 4μ; ’ μ* 

where μk is given by (3. 7); and 

(k) TT ", (n) 
H~~")(a;cl' "', Cn: xl' "', Xfl) 

-Ykμk -x \ 

μk μk / 

(k) T1 (n)( x k +' X =1im ~") H~")( a, e, .... εC，. ι ， ι ι - LL, , 」늬 
C→∞ 1 、 ‘ ’‘ i “ " ê ) 

In fact the relations (3.4) and (3.5) , are essentially eqlllV.1 lent and so als。

(3.8) and (3.9) , due 10 fairly known result , 

(a. β-1/) ， .. ,_( l-x \ n n(-a- ß-n-l.ß-II) I X十 3 \ 
p~u..I-' -")(X)=\T) P~ / ~ ;~~)， for each integer n늘O. 

Also it should be noted thal since, 

L~a)(x)= lim p~냥) (1 - 2xß), one can derive formula (3. 10) as a 빠lng case 
“ β→O “ 
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of formula (3.8) or (3.9). Results (3. 4) and (3.5) are respectively contained in 
Results (3. 8) and (3. 9) ; see Exton [4, p. 98] for necessary formulas needed for 

such reduction. Also one can easily obtain respectively the formulas (5), (29) 

and (30) of Srivastava and Singhal [15] from relations (3.10), (3. 8) and (3. 9) 

by recalling lhat, 
( n) 

(Q) H ‘ (a , 이 "'， bn; C1• C
Il ’ 진 ...• x,) 

(n) 
=F~'J(a. b1• b" ’ C1' •••• C

1,; X1> .... %1,) ; 

see Exton [4 , p.98] . 

4. Other apphcations 

Select "'j=l (j=1, "', k) ; and apply the result (2.4-4) of [3, p.28] to obtain, 

(j) 
r _ m_“ n. , k [(b''')J ι 

(4.1) ι-::; (if) …..I... rιF ， \ ’” “‘’ : ’ x \ rr --=-→낭LL . 
,n,=O …, -… ‘ L. v • .J J글 1 [ (c、 )J '" ’‘', l 

Q ( .) I r !n f ;(y 、 끼 
I +Cω Fb(1)[-m. ?j;a;?=;3; (- 1)l+Bω+C‘” 피히r」 

= (1_%)-a(이m BJ감-m다’ i;e: ; ;e::’(암쓰느'. 1) :업 ”; 
[(b') : IJ ;"'; [(b''') : IJ; X U1 ~ \ 
[(<') : lJ ; " '; [(<이1) : 11; τ윤끄따’ ok ” 야 / 

k !.(yJ 
whele 6=l-g펴파"j' (k=1, 2, "-), and 

ü), ._ '\ ________ <- _ ... L . __ _ __ _ _ __ ~.t: v v) ..... _ ... ~~t_ .... .. ... I _1.(j) 
(1- ( bV J

) - 1L) represents the sequence of BVJ pararneters 1-b~'-까， 

1-b없I -n j W때 similar interpretation for (1- (C(j)) -"j)' 

When 、，ve a l1mv each 찌(Yj)~∞. we obtain 

(j) ‘ r k [(b''')] '" u‘ ’ r_ II1_.I'N_ n: 1 
(4. 2) ε (δ).， 사 H-「7rL」-LFl ! ”“11 .. :;; x J 

”‘ ’ ",= 0 ,,- 'ni -r ι ”‘ l;;;:1 [(c…)] '"’‘j! r .. L. ~ 

1: 1; B’ ; ... ;B‘') ([ð -r- nl: 1 . .... 11 : [a : 11; 
= (1-x)-. (，δ)mFÔ ‘ 1; C'; ... ; CC'이----: [6: 1) ; 

[(1') : IJ ; “ ; [(b‘!)) : l J ; _ε \ 
((c l ) : 1); '''ò [(c(t l ) : 1]; x-l ’ “ i ’ • “/ 

Relation (4. 2) contains the result (4.1) of Saran [10, p.786] . 

If summations involving n2• • ••• nk are absent. and x• o in (2. 1) we shall 

obtain a Iinear function 
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(4 밍 울 (ð' )m+n Þ+‘Fd(ι -r.), 11, 이’ ( ,-; ?, ì’rþ(씨1 íL싹E 
”=o p ‘ TI ß .. ...• ß.; \ [(y) J .. " J 

rA(p.õ+m) , /1 \, ...• u,; / ftI 、 þ .. .. 1 
= [1- [(y)IJ -ð-m(ð').’ μnF」 ( ?갱는τ.) rþ(y) I 

”‘ pT’ . L ß, ..... ß.; \ l-HY)" J 

It may be seen that (4.3) easily follows from (2.3). Above relation is given 

in Srivastava [11, p. 66J; see also Srivastava [12, p. 203J. 

One can obtain by direct computation a further generalization of aboγe result 

in the form , 

∞ r&(ι -n). 11\ • ... . u, ; / ‘ 、 p 1 r Ff ι" ‘ 
(4. 4) ε e •• ~.F， I .. ( 응묶 ) 띠(x) 1 ..lL윤"-

n=O “ ,. ‘ ’ L β， . β , \ J I,.X; / J n ’ 

∞ F F1 a , 안μ a，+야 11 “ ‘F l f (x) | 』LιL- k=o P* q+” r+ll껴，. κ. μμ， .... b，+μ""/' J - -k! 

_ (al)n' "', (ai) 
E - ” , (끼능0) . 

(b l )", " ', (b j) n 

Incidently (4. 4) contains the result (3.3) of Srivastava [16, p.460]. Relation 

(4. 4) is also to be found in Srivastava [11, p. 67J. 
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