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THE TO-TOPOLOGY AND FAINTLY CONTINUOUS FUNCTIONS 

By Paul E. Long and Larry L. Herrington 

1. Introduction 

For a topologicaI space X and AζX， the O-closιre of A is defined (9) to be 

the set of aII xEX such that every c10sed neighborhood of x intersects A non­

emptily and is denoted by C1aCA). The subset A is caJled θ closed if Cle(A) = A. 

In a similar manner, the f}-inlerior of a set AζX is def ined to be the set of 

aII xEA for which there exists a c10sed neighborhood of x contained in A. The 

éI-interior of A is denoted by Inte(A). In particular, the concept of O-c1osed sets 

has been extensively studied by Professors Velicko (9) , Dickman and Porter 

(1) , Joseph (3) and others. With the definition of the θ-interior of a set, a 

new topology will be described which is related to the semi-regular topology on 

(X, T). The semi-regular topology, denoted by T" is the topology having as 

its base the set of aII regular-open sets in (X, T ) (2, Problem 22, p. 92). Recall 

that a set A is regular-open provided Int(Cl(A) ) = A. SpecificaJly, for any set 

A , Int(Cl(A)) is always regular-open. 

2. The T e-topology 

DEFINITION 1. An open set U in (X, T) is called éI-open if Into(U)=U. 

From the definition of f}-c1osed sets, it follo、、 s that the complement 01 a O-open 

set is O-c1osed and the complement of a f}-c1osed sot is éIοpen . According to (9) , 
the intersection of O-c1osed sets is f}-c1osed and the finite union of f}-c1osed sets 

i8 a 8-closed set. Therefore. arbitrary unions and finite intersections of θ때en 

sets are themselves éI-open. ConsequentJy, the collection of θopen sets in a to 

poJogical space (X , T) form a topology T e on X which 、ve call the T e-1opology. 

Evidently , T = Te if and onJy if (X , T) is regular. 

THEOREM 1. Let X be any topological space. 11 VζX is éI-open and xEV, 

thell the1’e exists a regular~open se! U such that xEUζCI (U)CV. 

PROOF. Since V is éI-open, there exists an open 5et W such that xEWζCI 

(W)ζV. But Int(CI(W)) =U is regular-open and it follows that xεUζCI(U)CV 

due to the fact that CI(W)CV. 
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COROLLARY TO THEORE\l 1. The set V is θ-open if and 0'μ'y if for each 

xEV there exists a reglllar-open U sαch that xεUζCI(U)ζV. 

Theorem 1 implies that in any topological space. T BζTs' The converse need 

not be true as the next exa미ple shows. 

Ex 이~，:lPLE 1. 'The topologies T s and T o may be different even in a completely 

Hausdorff space. Let X = (0, 2) be a subset 01 the reals R with the usual topol-
r ( 2η+ 1 2n - l \ 1 

ogy. For each kEN, delï ne Hk= U l(깊α꾀T’ 장징각j) ’.> k , η evenJ 

and topologize X using the following subbasic open sets: IVζX - 11) : V open 

in R) U IHkUG: kEN , GζX， G open in R and contains the point 1). Then 

U=(3/4 , 3/2)UH, is regular-open, but not 0• OpCil , ConsequentJy , T:; :?T o 

THEOREM 2. Let ACX be O-c/osed and let xεA. Thell there exists regαlaγ 

open sets which separate x a1μi A . 

PROOF. Since X - A is e• open and contains x , there exists a reguJar-open set 

U such that xEUcCl(U)cV by Theorem 1. Now Int(Cl(X • Cl(U)) ) is nonempty, 
regular-open , contains A and i8 disj이nt from U. 

A space i8 definecl to be almost-regμlar [SJ if for each xεX and regular-c1osed 

A llot containing x , there exist disjoint open sets U and V such that x드U and 

ACV. 

THEOREM 3. Let X be almost -reg“lar. The샤 each regulαr-opell 5e! in X i5 
also (}-open. 

PROOF. Since X is alrnost-regular, for cach regular-open V in X and xεv 

thcre exists a regular-open U such that xËUεCl(U)C二V according to Theorem 

2.2 of [8J. Thus each point of V has a closed neighborhood contained in V im­

plying that V is O-open. 

COROLLιιR Y TO THEOlmM 3. If (X , T) is almost-regμlar ， then T,=Te 

PROOF. By Theorem3 , T ,CTe and by Theorem 1, TσC二1'5' Tberefore, Ts=Te, 

THEOREM 4. The space (X , T) is almost -reg“lαr if and only if T,=1e' 

PROOF. lf (X , T) is almo5:-reguJar , then T ,= T Ð by the Corollary to T heorem 

3. Conversely, if Ts=Tθ， let V be a regular-open 5et in (X , T) and let xEV. 

Theil V i8 also 8-open and by 1'heoTem 1 there exists a regular-open set U such 

that x드UζCI(U)ζV. Consequently , (X , T) is almost-regular by T heorem 2.2 
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01 [SJ . 

THEOREM 5. Let X altd Y be topotogical spaces. 1/ UCX alld VCY are 

O, oþe1l. then U x V is O, oþen ;n X x Y . 

PROOF. Let (x， y)εUX V. Then there exist 。야n sets U1 and V1 such that 

xEUICCl(U1)ζU and yEV1ζCl(V1 )ζV becallse both U and V are e'open. 

Therefore, (x , y)EC1(U1) x Cl (V1) =Cl (U1 XV1)ζUx V. Consequentl l', each point 

of U x V has a closed neighborhood contain어 in U x V which shows u x V is O.open. 

THEOREM 6. Lel W be e.open in Ih e þroduct space II X h• The lZ eι C!l proj­
aEJ ‘ 

ecliOl‘ IIa( W ) is O.oþe1l i1l X a• 

PROOF. r.et YaE1Ta( W ) and let [YaJ be a point in W suc:h that IIa(Ya)=Ya• 

No、.v since W is 8-0야n ， thereexistsa basicopellset U=U~ X U~ x ... x U_ x II -, “ I ν arfa •. .. a. 
Xι 5uch tha t [y JεUcCl(U)=Cl (Uh) x Cl (Uh)x ... x Cl (Uh ) X II X_ζW. 

“ α “ l ‘- “· α"oa、 a. “ 
Without loss 0 1" generali ty , we may aSSume that for some 1드j5，κ， α =aj" T hus, 

Y"ε1 IaCl(U)Cl(Um)CIIg(W) so that each poll1t of IIa (W) cornalns a closed 

Ileighborh。αI ll'i>1g 'il IIa(ß' ) . lt 10110',\ '3 that IIa(W ) is 'O-open. 

THEOREM 7. Lel /: X • Y be a /u uclio/t /rom X "'μo Y tlU!t is both opell Q 1ld 

closed. Then / preserves O-open sels. 

PROOF. Lct U be O-open in X and let yE/ (U). Thell tberc cxists an xEU 

suoh that / (x ) =y and an open 않t Uo Slmf(x) =yEf(U。)Cf(Cl(Uo))Cf(U). Nmv, the fact that f ls m t h omn and closed 

shows that /(uo) is an open set whosc closlIrc CI(f(UO))C CI(!(CI (UO))) =/(CI 

(Uo)) is contained in /(U) . This shows lhat / (U) is θ-opcn . 

THEORnl 8. Lc: / : X • Y te COllti;;lW::S. Jf V C Y Îs O-o/Jell. t:lI!n r 1、V ) is 
O-ope’‘ ùz X 

PROOF. Lot X""rJ (V) . T hen f(x)εV and there cxists an open set U 5uch 

that /(x)EUCC!(U)ζV beoause V is O-opcn. Thus, xεr 1 (u)ζr J (CI(U))ζ 
t - 1(V ). T he contin uity of f then g ivcs / - I(U) as an open set whose c10surc is 

contained i:J / - 'cV) 、.\'ruch Ò O\\'S that /-I (V ) is O.opcn. 

3. Faintly-continuous funcf ions 

DEFl'lITIO'l 2. Let X and Y bc topologicaJ spaces. Then / : X • Y is f ainUy 

COnliljιo“s if for each xEX and O-opcn V contnining / (.<), thcrc exists an open 
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set U containing .• such that f (U)cV. 

As will be demonstrated shortly, the concept of fain t ly-continuous is a very 

、veal‘ form of continuity, Perhaps the concept could have been better namcd 

f)-continuous, but that notation is already reserved for a different kind 01 non. 

continuous function. (See, for example, Definition 2 of (6J. ) 

THEOREM 9, Let [ : X • Y be given. Then t!zey are equivale씨 

(a) [: X• (Y, T ) is [aintly-conlinuous. 

(b) [ : X • (Y , Te) is conlinuo1<s. 

(c) T Jze inverse image o[ each f)'oþen set in (Y , T ) is oþen in X . 

(d) The inverse iη'/Gge o[ each {}-closed se! in (Y, T ) is closed in X. 

PROOF. The implications fo Ilow easily fro m the definitions. 

A funct ion [ : X • Y is called lO eak!y-con/illliOUS [4J if for each xεX and each 

open 않t V containing [ (x) there exists an open set U containing x such that 
[(U)ζCl(V). 

TH EOREM 10. I [ [: X • Y is weakly-colltÎll“ous , t!zell f is fa i’.tly.cO/!“’lUOltS. 

PROOF. Let xEX and let V be a {}-open set contain ing [ (x ). Then there 

exists an open 않t W such that [ (x)E WcCI (W )CV. Now, since [ is weakly. 

continuous, there exists an open set U containing x such that [ (U)cC1(W ) 

CV. Consequently [ is faintly .continuous. 

EXAMPLE 2. A faintly-continuous Íunct ion need not be weakly-continuous 

Let X = [O, l ) with topology {Ø, X. {I}} a nd let Y= {a ,b, c} wi th topology {Ø,Y. 

[a} , {b} , {a , b}} . Finally, Ict [ ‘ X -.Y be defined as [ (0) =a and [ (1) =b. Thcn 

[ is not weakly-continuous at x= O, but [ is faint ly-continuous since the only 

{}-open set in Y is Y itself. 

Theorem 10 and Example 2 now a 110“ us to see the positjon faintIy-continuous 

functions occupy among other well.known non.continuous functions. Fkst . 

however, we should recaIl the definit ions of almost-continui ty and Ii-continuity: 

a funct ion [ : X • Y is alη'lOst-ca끼im，""s ({}-continuous) if for each xEX and each 

regular-open V (open V) conta ining [(x) , thcre exists an open U containing x 

such that [ (U)CV (f(CI(U))c Cl(V)). Now it readil)' follows that 

continuity킹a lmost-ccnt inuity::;.{}-con t inuity::;.weak -continuity::;.faint-continuity. 

These implications, aside from the last one, are explored in [6J . 

THEOREM 11. Le/ (Y , T ) be an 이끼os/ - regular sþace and [: X • (Y, T ) a 
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fαintly-coηtinκOltS lunc#on. Then I is almost.contηutOus. 

II 

PROOF. Since 1 : X• (Y. T) is faintly.continuous. then 1: X • (Y.Te) is con­

tinuous. But (Y. T) almost.regular implies Te=T, by the Corollary to Theorem 3. 

Thus. 1: X • (Y. T,) is continuous showing that 1: X • (Y. T) is almost.contin-

UQUS. 

COROLLARY TO T!-lEOREM 11. I! (γ. T) is al끼oSI-regμlar and 1 ‘ Y• (Y. T), 

l"e1l t“ey are eqt“ valent 

(a) 1 is la Í11tly-conti’“‘OllS. 

(b) 1 is lUeakly-colllj1lltO“s. 

( C) 1 is O-co1lli’U/.Ol.• S 

(d) 1 is almosl-co때nuous. 

ln the above Corollary. if a lmost-regular is replaced with regular. then we 

may add continuity 10 the Iist of equivalences. 

T !-lEOREM 12. 11 1 : X• Y is laintly-co/l lùmons and AζX. IhB12 I 1 A ‘ A• Y 

is la;'ltly-co씨Utl/.O t.“-

PROOF. Evident. 

For a given 1 : X • Y . the graph map g: X • x x Y is defin떠 as g (x) =(x.[ 
(x)). 

T HEOREM 13. I! Ihe grapι 1Ilap 011: X • Y is l a’Iltly-conli’ut01/.S, theJ‘ 1 is 
l aitztl y-continuo“s. 

PROOF. Lιet xεX and let V be II-open in Y containing I (x) . Then X x V is 

11-0야n in X x Y by Theorem 5 and contains g(x) = (x. / (x)) . Since the graph 

map g: X • X x Y is faint ly-continuous. there exists an open set U containing x 

such that g(U)ζXX V. T his implies that I(U)ζV so that 1 is faintly -contin ' 

UOUS. 

THEOREM 14. 111 : X • Y is toeakly.co찌씨uous. thell the graþh lIlaþ g : X• 
X x Y is laintly-colltill“oμs. 

PROOF. 1ιet xE X and let W be a 11-0야n 똥t con taining g(x). Then there is 

a cIosed neighborhood. hence a closed basic open set CI(U x V). containing g(x) 

and Iying inside W. Thus. g ( x)= (x , / (.<)) EC1 (U x V) = CI(U)xCl(V) so that 

l (x)ECl(V) . Since 1 is weakly-continuous, there exists an open set UoCU con. 

taining x such that lCUo>c CI (V). Consequently , g(UO>ζCI(U) x CI (V)ζW show. 
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ing g to be faintly-continuous. 

3. Functions with extremely-closed graphs 

DEFINITION 3. 1'he graph G(f) 01 1: x • Y is extremely-closed if for each 

(x.y)중G(f) there exists an open set U containing x and a &-open 5et V con­

taining y 5uch that (U x V) nG(f) =ø. 

1'he proofs to the next two theorems follow easi!y from the above definition. 

1'HEOREM 15. The graPh 011: x • y is extremely~closed z'’1 alld 01l1y illor 

each xEX aη，d y ,p/(x) there exists aη open set U coηtainzηg x and a &-open set 

V contaz'‘ηing .y such thal I(U) n V =φ. 

1'HEOREM 16. The graph 011: x• (Y. T) is extreη，ely - closed il and only il 

Ihe graPh 01 1 : X• (Y. Te) is closed. 

1'HEOREM 17. 111: X • (Y, T) is laiηtlyτonti찌ωus aηd (Y , T e) is Haz<sdorll, 

theη 1 has an extrenzely-closed graPh. 

PROOF. We know that 1: x • (Y, T 0) is continuous because 1: X • (y , T) is 

faintly-continuous. Since Te is Hausdorff, the graph 01 1: X • (Y, T 0) is c10sed 

[2, 1'heorem 1, 5(3) , p. 140J. 1'hus, 1: X • (Y, T) has an extremely-closed graph 

by 1'heorem 16. 

1'HEOREM 18. Let Y be c01llpietely H ausdorll and let 1: X • Y be laintly­

contillαoιs. Then G(f) is extremely-closed. 

PROOF. Let xEX and let y용I(x). Since Y is completely Hausdorff, there 

exists a contÌnuous g : Y • R such that g(f(x)) 'i'g(y) . 1'hus, there exist open 

disjoint sets W and G containing g(f(x)) and g(y) , re5pectively, such that g-l 

cw)ng-\G) =ø. But g-l(W) is θ open by Theorem 8 and the fact that every 

open subset o[ R is Ð-open. Therefore, there exists an open U containing x such 

that ICU)cg - 1(W) 50 that 1 (U)ng-\G)=ø. 1'heorem 15 now implie5 that the 

graph of 1 is extremely-closed. 

The graph of 1: X • Y is called strollgly-closed [5J if for each (x ,y) fEG(f) 

there exist open set5 U and V containing x and y, respectively, such that (Ux 

Cl(V)) nGC/) =ø. 

1'HEOREM 19. Let 1: X• Y Jzave an extremely-closed graþh. Then f iws a 
strong!y-ciosed graPh. 
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PROOF. Let xEX and y ，εf(x). Then by Theorem 15, therc exists an open 

set U containing x and a e.open set V containing y such that f (U ) nv=rþ. 

Since V is θopen， there exists an 0야n 않t V o such that yEVocCI(Vo)ζV sO 

t hat f (U ) nCI (Vo) =rþ. lt follo1\'s that the graph of f is strongly.closcd by thc 

first Lemma of [7). 

From Theorcm 19 and [5) we now see the position of extremely.closed graphs 

as fo lJows: 

extremely.cJosed graph ~ strongly.c1osed graph ~ closed graph. It is shown in 

[5) that a closed graph need not be strongly.closed. Our last example shows 

the first implication above cannot, in general, be reversed. 

EXAMPLE 3. Let Y= [0,2) and let G. be defined by 

rr 2"+1 2,, -1 \ l 
G.= U l\감하괴)"， 진값각)") : n> k , n is oddJ , kEN 

Let H. be defined as in Example 1 and topologize Y using the follow ing sub 

basic open sets: (VζY - (1) : V 0야n in R) U {H . UG: kEN , GζY， G open in R 

and contains the point L} U {Gþ' UO: kEN). Now define f: X • Y by f (x) = x for 

a lJ xEX where X is the space given in Example 1. Then f is continuous and 

Y is Hausdorff which implies G(f) is strongly.closed by the Corolla ry to 1'heo. 

rem1 0f [히 . However, the point (1, O)$G(f) , but for each 0야n U containing 

1 and each e.open 있 V con taining 0, (U x V) nG( f) ，얘. 1'herefore, G(f) is 

not extremely.closcd. 

1'he Universit y of Arkansas at Fayctteville and 

LSU at Alexandria 

U.S.A. 
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