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Development of Degenerated Beam Elements Using

Higher-Order Displacement Profile
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Shin, Young Shik

Abstract

The degeneration of two c¢lasses of thick beam elements has been conducted, one (DB6)
based on the conventional Timoshenko beam assumptions whereas the other (DB7) based
on the assumed cubic axial displacement profile. While an adjustable shear correction factor
is required for the DB 6 element to compensate for the unrealistic distribution of shear strain
across the thickness, the DB 7 element assumes the more realistic quadratic profile of shear
strain at the outset. With the plane-stress continuum solution as reference, solutions obtained
by these two element models are compared with the analytical Timoshenko solution, the
analytical thin beam solition and several available solutions of other existing beam elements.
The result indicates that the performance of the higher order beam element DB7 is consist-
ently superior to any others. This is true for the whole range of asbect ratios of beam, in

both static and free vibration analyses.
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#* 1. Various configurations of Timoshenko beam «.
Element [Ref.] Interpolation order (ﬁ% R enes, Yo o8 | Now.
Archer 101 w,-cubic @ 0
Severn 183 . w, 6
Davis et al. [19] w,~liner O O
Kapur [20] ws-cubic (2,8) Wi, W, x
w,-cubic @) O w,, Wey =
Carnegie et al. [g1] | w-oubic 4,8 w, 8
#~cubic O—0O0—0O0—0
Dong and Wolf [ozy | w-auad (3.6 w, 6
§-quad. Oo—O0O O
Nickel and Secor (TIM7) w-cubic (3,7 w,W,s, 6 at end nodes
[16] #-quad. O X O |6 only at the central node
D.L. Thomas et al. [23] w-cubic 2.6 w, 6, T
7-linear O O
J. Thomas and Abbas [24] | @~cubic 2.8 Wy Wy
f-cubic @) O 8, O,:
Hughes et al. r11] | w-linear o w, 8
6-linear @] O
Kanok-Nukulchai et al. w-cubic @50 w, 6
[12] 6-quad. O O
Tessler and Dong (T2CL6) w-cubic (3,6) w. 6
(131 | é-quad. Oo——0 O

* Description of nodal degrees of freedom
w="Total deflection
wy=Bending deflection
w,=Shear deflection
6=Bending rotation
7=Shear strain

3 2. Configurations of present beam elements
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Configuration of proposed: Timoshenko
beam element (DB 6)
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& 3. Various shear coefficients recommended
for rectangular cross-section

Reference ' Shear coefficient %
Timoshenko [14] } 2/3
Goodman [31] 1?1[1__:)(%6?;)3[;{.3(2 —B)
Mindlin a2l | /12
Roark (331 | 5/6
Reissner [17] l 5/6
Cowper [34] ] 10(1+»)/(12+11v)
Stephen (81 | 5+0)/(6+5)
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Configuration of proposed higher order
beam element (DB7)
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# 4. Tip displacements (inch) of a cantilever beam under a transverse tip point load
L/h Continuum Timosh%rg«:o k %%nzol‘;‘rion P'%l\gnsga?gxeon Classical thin
U y ;
solution solution DB 6 element DB7 element beam solution
1.0 0. 5264X10-° 0. 5333><10‘6 0.5333Xx10-¢ 0.5282X10"¢ 0. 3333X10"¢
(1.311)** (1.31D (0. 342) (—36.683)
2.0 0. 3050X 10-° 0. 30671078 0. 3067X10-% 0. 3059 10-% 0.2667X10"%
(0. 557) (0. 557) (0. 295) (~12.557)
3.0 0. 956310 0. 9600X10-° 0.9600X10"° 0.9591 <10 0. 9000} 10-%
(0. 361) 0. 361) (0. 267) (—5.912)
4.0 0. 2206610~ 0.2213X10°* 0.2213X10-* 0.2212X10™* 0.2133X10"*
(0. 317) €0.317) (0. 245) (-3.335)
8.0 0. 1719110~ 0. 1793107 0.1723X10-8 0.1723X1¢"® 0.1723X 10"
(0. 227) 0. 227) (0. 227) (—0.704)
10.0 0.33458x 10~ |  0-3353X10 0. 335310 0. 3353102 0. 333310~
(0. 215) (0.215) (0.215) (—0.383)
16. 0 0. 13662X10~2 0.1369X102 0.1369X10°? 0. 1369102 0.1365X1072
(0. 205) (0. 205) (0. 205) (—0.088)

* Continuum solution is taken from the converged FEM solution, using 8 elements across the thickness
in all cases, and the numbers of elements along the beam axis are 8,16, 24,32, 64,80 and 128 respe-
ctively for L/k=1,2,3,4,8,10 and 16, to maintain the element aspect ratio (L¢/h*) of 2.

**Numbers in parentheses indicate the percentage discrepancies from the continuum solution.
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NORMALIZED TIP DISPLACEMENT, W/W

"05[ CE=1zx10°pSt GEE)2

106 = k=516 !p=1.ow

o3t |  —
g TIMOSHENKO BEAM SOLUTION
é 102 L
g "

N
1ol F N\ AREMERT)
PN g pamp— T
100 }— R ]
\___ pB7 e
099k SOLUTION
HELEMENT,. -
098 e
Ve
057+ i THIN BEAM SOLUTION
096+
;
095+ '/'
094 . M ] ! L
2 3 4 8 0 i

BEAM LENGTH/THICKNESS ASPECT RATIO, L/h

Normalized tip displacements of a cantilever beam as a function of the beam aspect ratio.

B52% W3- 198249



]

+—DB6 y

/- DB7 74
/7 [———THIN BEAM

1 ll
y {-———PLANE STRESS CONTINUUM /
i A

Lth=20 th =40

Z
7~ 7

L/h =80 L/h =160

Sketch of the deformation profile of the
free end cross-section for cantilever be«
ams of various beam aspect ratio.

a@ s

E;BOX,Q‘P?IFE,E {A 386 (x=213)
P£=72526 10" Iosec /in" o DB6 (k= S/6)
V= :
o [ o pae k= 21LY
g ] T | _
-3 ;:: LI J1Y
gg A | o THIN BEAM
= T —
=z¥ \
-8 ELEMENTS
o \< (33 DOF'S ]
Se | rand -
5
gm
£ .08
0.9¢ {a) FIRST MODE

1 1 !
1 2 3 10 20 50

BEAM ASPECT RATIO, L/h.

NORMALIZED NATURAL
FREQUENCY, fn / £ confiouum
2 03

r\v.

S

1 ] 4 10 20 59
BEAM ASPECT RATIO, L/h

a8l 6.
elements, and the thin beam solutions

o} 7ol no] AHEHS A HE S
ulg] DB7 8471 AQ AR HRBERE 2
AFE& ¢ 4 9lch. =g Stephen®d] o & At
2 A s k=302 6 Poisson 108 418
3} DB6 §.4-7} Timoshenko®¥1} Reissner? 7}

A g k=5t k=% 8% DB6 ot
F& A9 Fx 9l

2% 7414 DB69 DB7 8.40) o3 HEA
FEHE AFEe] o w2t 8 B 2k
o)k 35t vl 23tz ok ol B B 8.4 FelA
DB7 847t AFES F7b Sl whet s

Ergx] 4 a3 A (Convergence behaviour)g

M2 TRLANE STRESS \\ﬂ ]
g | SOLUTION

=3 100[—1 T : 1
)
=
S 098f
5
NG 096+ o
2
8ot (¢) THIRD MODE
zx /

0.92 / | 1 : L I

R B 1020 50
BEAM AsPECT RATID, L/n

MO —pLane sRESS SN
S 100 1 SOLUTION — ]
<z 100
5 |
ERE) : |
30
MY 096~

{

=
2F 094 ) FOURTH MODE

092 ,

{

4 TO—Y %
BEAM ASPECT RATIO, L/h
Q2T T T T T T

—_PLANE STRESS \
| soLumon N

100] b T

<

°

@©
I

(2> FIFTH MODE

094 |- /
0.92 \ ! ]
1

NORMALIZED NATURAL
FREQUENCY, fn/f continuum
2
o~
T

- $ 1 )
2 4 10 20 50
BEAM ASPECT RATIO, L/h

Comparison of normalized frequencies of a cantilever beam using the DB 6 and the DB 7

KR ARERRCR



% 5. Natural frequencies (f.) of a simply-supported thick beam (L/r=10) using different types of
beam elements and their percentage discrepancies(s) from the analytical Timoshenko solution.
Numbers in parentheses mdmate No. of elements and No. of dof’s, respectively.

2 _g % . o ﬁr:?ih‘rt;t;«aﬂ Atchﬁﬁ%lo 1 *I‘%x?) ) [aznzc%] 'I‘Ie)ﬂzr [?:x;]d Present beam elements

8 %@:‘é E@ So[:oljon (20, 49) (10, 40) | T2CL6 (10,40) | DB6 (10,40) | DB7 (10,41)

§ E‘E @ N Ia %e | fa %e | fa % fa [ %e fu %e fn [ %e

~¢1 8. 36487)9. 8696| 17. 99/8. 3802 0.298. 3876 0.27] 8.36493 0.001| 8. 3651 0.003 | 8.3649 | 0.0004

2 265. 1965/39. 478| 56. 68/25. 396/ 0.79/25. 352 0. 62| 25.199 0.01 | 25.204] 0.031 25.1982 | 0.007
3 43. 775 |88. 826]102. 91|144. 391! 1. 41/44.166| 0.89 43.798 0.03 | 43.834] 0.134 |43.786 0. 025
4 56.9016/157. 91/182. 46 56. 802 1. 61)56. 614 1.27 55.9017| 0. 0002| 55. 9017 0.0002/55. 9010 |—0.001
5 62. 500 [246. 74/204. 73:63. 875/ 2.1963.242| 1.17| 62.610 0.16 | 62.747, 0.381 |62.693 0. 294
6 65. 958 |355. 31/438. 69,66. 963 1.52!66.619| 1.00| 65.9581 0.0006| 65.9581| 0. 0006/65.729 —0.347
7 81. 088 |483. 61/496. 40;83. 647, 3.1682.325/ 1.53 B1.398 | 0.38 | 81.781 . 0.855 |81,345 0.317
8 87.588 |631. 65623. 64/86. 027/ 1.64/88.186| 0.68 87.601 | 0.02 | 87.599 | 0.012 [87.572 '—0.018
9 99. 483 |799. 44|703. 591103. 79| * 4.33101. 48/ 2.01) 100.23 | 0.75 | 101.12 | 1.650 {100.14 0. 660

10 113.43 }986 96770. 10]116. 77! 2.06{114.00' 0.50; 113.60 | 0.15 | 113.52 | 0.080 [113.27 |~0.140

[
|
|

% 6. Natural frequencies (f.) of a simply-supported thin beam(L/r=50) for different types of beam
elements, and their percentage discrepancies(e) from the anaytical Timoshenke solution.
Numbers in parenthesis indicate No. of elements and No. of dof’s, respectively.

s B¥. ~ ﬁl?:l%ggfarz Archer[10] { Dong and %e:rf:;rﬁ?ﬁl Present beam elements

2 [SEE 7| colution | (o0, 40) | ol [2201 “racL's —— e

T [§85Re L . (10, 40) (10, 40) (10,40) | DB7 (10,41)
SR | weln | we | n we | of | we | £ ] % | | %
1 9.78902!9.86965 0.8239.7907 0.0209.7954 0.07] 9.78909| 0.0007] 9.7893 0.003 | 9.78908 0.007
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